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preface 

In this book an account is given of the mathematical theory of gaseous 
viscosity, thermal conduction, and diffusion. This subject is complete in 
itself, and possesses its own technique; hence no apology is needed for 
separating it from related subjects such as statistical mechanics. 

The accurate theory originated with Maxwell and Boltzmann, who 
established the fundamental equations of the subject. The general solution 
of these equations was first given more than forty years later, when wit hin 
about a year (1916-1917) Chapman and Enskog independently obtained 
solutions by methods differing widely in spirit and detail, but giving iden¬ 
tical results. Although Chapman’s treatment of the general theory was 
fully effective, its development was intuitive rather than systematic and 
deductive; the work of Enskog showed more regard for mathematical 
form and elegance. His treatment is the one chosen for presentation here, 
but with some differences, including the relatively minor one of vector and 
tensor notation.* A more important change is the use of expansions of 
Sonine polynomials, following Burnett (1935). We have also attempted 
to expound the theory more simply than is done in Enskog’s dissertation, 
where the argument is sometimes difficult to follow. 

The later chapters describe more recent work, on dense gases, on the 
quantum theory of collisions (so far as it affects the theory of the transport 
phenomena in gases), and on the theory of conduction and diffusion in 
ionized gases, in the presence of electric and magnetic fields. 

A brief historical summary of the development of the mathematical 
theory is given at the end of the book. 

Although most of the book is addressed to the mathematician and 
theoretical physicist, an effort has been made to serve the needs of labora¬ 
tory workers in chemistry and physics by collecting and stating, as clearly 
as possible, the chief formulae derived from the theory, and discussing 
them in relation to the best available data (Chapters 12-14, 16.7, 17.4, 
17.7). For similar reasons two index tables (pp. 403, 404) relating to the 
numerical data for particular gases referred to in the book have been added. 

We wish to express our thanks to Prof. J. Burnett, who read the book 
in manuscript and made several useful suggestions and corrections. In 
a book of this kind it is too much to hope that there remain no errors 

* The notation used in this book for three-dimensional Cartesian tensors was 
devised jointly by E. A. Milne and S. Chapman in 1926, and has since been used by 
them in many branches of applied mathematics. 
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of printing or even of argument, and we should welcome any corrections 
which readers may send us. 

We wish to thank Dr T. L. Ibbs for putting at our disposal, before 
publication, some of the results of his work (and that of his colleagues 
and pupils) relating to thermal diffusion. 

Special attention has been paid to the choice of type for the multitude 
of symbols required in the book; distinctive kinds of type have been used 
for scalar, vector and tensor quantities. A list of many of the symbols 
used is given on pp. xxi-xxiii, with references to the pages on which the 
symbols are introduced: it is hoped that this will be helpful to readers. 

Our thanks are due to the officials of the Cambridge University Press 
for their willing and expert help throughout the printing of this book. 

S. C. 



XI 


NOTE REGARDING REFERENCES 

The chapter-sections are numbered decimally. 

The equations in each section are numbered consecutively (not decimally) 
in heavy type, i, 2 .... 

References to equations in the current section give only the equation 
number; in other cases the equation number is preceded by the section 
number. 

References to periodicals give first (in italic type) the name of the 
periodical, next (in Clarendon type) the volume-number, then the number 
of the page or pages referred to, and finally the date. 
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INTRODUCTION 

1. The molecular hypothesis. The purpose of this book is to elucidate 
some of the observed properties of the natural objects called gases. The 
method used is a mathematical one. 

The foundation on which our work is based is the molecular hypothesis of 
matter. This postulates that matter is not continuous and indefinitely 
divisible, but is composed of a finite number of small objects called molecules. 
These in any particular case may be all of one kind, or of several kinds: the 
number of kinds is usually far less than the number of molecules. Free atoms, 
ions and electrons are considered merely as special types of molecule. The 
individual molecules are too small to be seen individually even with the 
most powerful ultra-microscope. 

The joint labours of experimental and theoretical physicists have sug¬ 
gested certain hypotheses regarding the structure and interaction of 
molecules: the details are, however, known for very few kinds of molecule. 
The mathematician has therefore to consider ideal systems, chosen as 
illustrating the particular features of actual gas-molecules that are to be 
studied, and to work out their properties as accurately as possible. The 
difficulty of this undertaking imposes limitations on the ideal systems which 
can be used. For example, if the systems are not spherically symmetrical, 
the investigation of their interactions includes the solution of some 
difficult dynamical problems: the mass-distribution and field of force of 
a molecule are therefore usually taken to be spherically symmetrical. As 
this book shows, the investigations even then are very complicated; the 
complexity is enormously enhanced when the condition of spherical 
symmetry is relaxed in the least degree. The special models of molecules 
that are considered in this book are described in 3.3. 

2. The kinetic theory of heat. The molecular hypothesis is of great 
importance in chemistry as well as in physics. For some purposes, parti¬ 
cularly in chemistry and crystallography, the molecules can be considered 
statically; but usually it is essential to take account of the molecular 
motions. These are not individually visible, but there is evidence that they 
may be extremely rapid. An important extension of the molecular hypo¬ 
thesis is the theory (called the kinetic theory of heat) that the molecules 
move more or less rapidly, the hotter or colder the body of which they form 
part; and that the heat energy of the body is in reality mechanical energy, 
kinetic and potential, of the unseen molecular motions, relative to the body 
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as a whole. The heat energy is thus taken to include the translatory kinetic 
energy of the molecules, relative to axes moving with the element of the 
body of which at the time these molecules form part; it includes also kinetic 
energy of rotation, and kinetic and potential energy of vibration, if the 
molecular constitution permits of these motions. 

Since heat energy is regarded as hidden mechanical energy, it must be 
expressible in terms of mechanical units. Joule, in fact, showed that the 
ordinary measure of a given amount of heat energy is proportional to the 
amount of mechanical energy that can be converted, for example by friction, 
into the given quantity of heat. The ratio 

Measure of heat energy in heat units _ 

Measure of the same energy in mechanical units 
is therefore called Joule’s “Mechanical equivalent of heat ’ ’—usually denoted 
by J. 

3. The three states of matter. The molecular hypothesis and the kinetic 
theory of heat are applicable to matter in general. The three states of matter 
—solid, liquid, and gaseous—are distinguished merely by the degree of 
proximity and the intensity of the motions of the molecules. In a solid the 
molecules are supposed to be packed closely, each hemmed in by its neigh¬ 
bours so that only by a rare chance can it slip between them and get into a 
new set. If the solid is heated, the motions of the molecules become more 
violent, and their impacts in general produce a slight thermal expansion of 
the body. At a certain point, depending on the pressure to which the body is 
subjected, the motions are sufficiently intense for the molecules, though still 
close-packed, to be able to pass from one set of neighbours to another set: 
the liquid state has then been attained. Further application of heat will 
ultimately lead to a state in which the molecules break the bonds of their 
mutual attractions, so that they will expand to fill any volume available to 
them; the matter has then attained the gaseous state. At certain pressures 
and temperatures two states of matter (liquid and gas, solid and liquid, or 
solid and gas) can coexist in equilibrium; all three states can coexist at a 
particular pressure and temperature. 

4. The theory of gases. In a solid or liquid the mutual forces between 
pairs of neighbouring molecules are considerable, strong enough, in fact, to 
hold the mass of molecules together, at least for a time, even if the external 
pressure is relaxed. A static picture of a solid is obtained if the molecules 
are imagined to be rigid bodies in contact: a molecule can be supposed to 
possess a size, equal to the size of such a rigid body. 

The density of a gas is ordinarily low compared with that of the same 
substance in the liquid or solid form. The molecules in a gas are therefore 
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separated by distances large compared with, their sizes, and they move 
hither and thither, influencing each other only slightly except when two or 
more happen to approach closely, when they will sensibly deflect each other’s 
paths. In this case the molecules are said to have encountered one another; 
expressed otherwise, an encounter has occurred. Obviously an encounter 
is a less definite event than a collision between two rigid bodies; definiteness 
can be imparted to the conception of an encounter only by specifying a 
minimum deflection which must result from the approach of two molecules, 
if the event is to qualify for the name encounter. 

When the molecules are regarded as rigid bodies not surrounded by fields 
of force, their motion between successive impacts is quite free from any 
mutual influences: each is said to traverse a free path between its successive 
collisions. The average or mean free path will be greater or less, the rarer or 
denser the gas. 

The conception of the free path loses some of its definiteness when the 
molecules, though still rigid, are surrounded by fields of force. The loss of 
definiteness is greater still if the molecules are non-rigid. The conception 
can, however, be applied to gases composed of such molecules, by giving to 
encounters, in the manner described above, the definiteness that attaches to 
collisions. 

Collisions or encounters in a gas of low density will be mainly between pairs 
of molecules, whereas in a solid or liquid each molecule is usually near or in 
contact with several neighbours. The legitimate neglect of all but binary 
encounters in a gas is one of the important simplifications that have enabled 
the theory of gases to attain its present high development. 

5. Statistical mechanics. In ordinary mechanics our aim is usually to 
determine the events that follow from prescribed initial conditions. Our 
approach to the theory of a gas must be different from this, for two reasons. 
Firstly, we never know the detailed initial conditions, that is, the situation 
and state of motion of every molecule at a prescribed initial instant; secondly, 
even if we did, our powers are quite unequal to the task of following the 
subsequent motions of all the many molecules that compose the gas. Hence 
we do not even attempt to consider the fate of the individual molecules, but 
interest ourselves only in statistical properties—such as the mean number, 
momentum or energy of the molecules within an element of volume, averaged 
over a short time interval, or the average distribution of linear velocities or 
other motions among these molecules. 

It is not only necessary , for mathematical reasons, to restrict our aims in 
this way: it is also physically adequate , because experiments on a mass of gas 
measure only such “averaged” properties of the gas. Thus our aim is to 
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find out how, for example, the distribution of the “averaged” or “mass” 
motion of a gas, supposed known at one instant, will vary with the time; or 
again, how a non-uniform mixture of two sets of molecules of different kinds 
will vary, by the process that is known as diffusion. 

In such attempts, we consider not only the dynamics of the molecular 
encounters, hut also the statistics of the encounters. In this we must use 
probability assumptions, such, for example, as that the molecules are in 
general distributed “at random ”, or evenly, throughout a small volume, and 
moreover, that this is true also for the molecules having velocities in a 
certain range. 

The pioneers in the development of the kinetic theory of gases employed 
such probability considerations intuitively. Their work laid the foundations 
of a now very extensive branch of theoretical physics, known as statistical 
mechanics, which deals with systems much more general than gases. This 
applies probability methods to mechanical problems, and as regards its 
underlying principles it shares some of the obscurities that attach to the 
theory of probability itself. These philosophical difficulties were glimpsed 
already by the founders of the subject^ and have been partly though not 
completely clarified by subsequent discussion. 

In one aspect, the theory of probability is merely a definite mathematical 
theory of arrangements. The simplest problem in that subject is to find in 
how many different ways m different objects can be set out in n rows (m > n), 
account being taken of the order of the objects in the rows. A great variety 
of problems of this and more complicated types can be solved, in a completely 
definite way. 

One such problem throws some light on the uniformity of density in a gas. 
Consider all possible arrangements of m molecules in a certain volume, sup¬ 
posed divided into n cells of equal extent, m being very large compared 
with n. The number of different arrangements, if regard is paid only to the 
presence, and not to the order or disposition, of individual molecules in each 
cell, is n m . Among these arrangements there will be many in which the total 
numbers of molecules in the respective cells 1 to n have the same particular 
set of values a x , a 2 ,..., a n , where of course 

a x +a 2 + ... -\-a n = m. 

It is not difficult to show that, when min is large, the great majority of the 
n m arrangements correspond to distributions for which every number a x to 
a n differs by a very small fraction from the average number mjn per cell. 
Hence, if we regard the original n m arrangements as all equally probable (on 
the ground, for example, that all the cells are equal in volume, and that there 
is no reason why any particular molecule should be placed in one cell rather 
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than in another),* we are led to conclude that in any arbitrarily chosen mass 
of gas the density of the molecules will almost certainly be very nearly uniform 
throughout the volume. 

It needs little consideration to recognize that this somewhat vague 
statement is very different from the original results about the arrangements 
of the molecules: those results are completely definite, or at least are expres¬ 
sible in the form of inequalities with narrow limits: moreover, they depend 
on no assumptions as to a priori probability. Every statement about 
probability depends, in a similar way, on some assumption as to a priori 
probability, and is less definite than the results of the arrangement theory. 

Similar considerations as to arrangements can be applied to the distribu¬ 
tion of a given total amount of translatory kinetic energy between the 
molecules of a gas when the mass-centre of the whole set is at rest. Here it is 
assumed that all velocities of a given molecule are a priori equally probable. 
The result obtained is that the velocities of the molecules are almost 
certainly distributed in a manner agreeing very nearly with a formula first 
inferred (from intuitive and unjustifiable probability considerations) by 
Maxwell. The a priori assumption cannot be verified: but it can be shown, 
using a purely dynamical theorem due to Liouville, that as the state of the 
gas varies with the passage of time, the “arrangements” which are found 
initially to be most abundant, as regards both space and velocity-distribu¬ 
tion, will always remain most abundant. Hence it is concluded that the 
uniform density and the Maxwellian velocity-distribution will always be 
the most probable, though a particular mass of gas may, very rarely (with a 
degree of improbability that can be estimated), pass through a state which 
departs to some extent from these usual or normal conditions. 

These results of statistical mechanics, and others of a like kind, illustrate 
the use made of probability in the kinetic theory of gases. The results 
obtained in this theory are usually stated in a quite definite form, but the 
validity of the conclusions cannot be assessed higher than that of the argu¬ 
ments leading thereto. Since in these arguments we appeal to probability, 
the results of the kinetic theory remain only probable. But the study of 
statistical mechanics suggests that statements of probability about systems 
containing a very large number of independent units, such as molecules, 
usually have a degree of probability so high as to be equivalent, for all 
practical purposes, to certainty: results which statistical mechanics asserts 
to be extremely probable are usually taken as rigorously true in experimental 
work and in thermodynamic theory. Hence though in theory we cannot 

* This, of course, implies that the volume of the molecules is negligible: if the 
volume of one cell is already largely occupied by molecules, another molecule may be 
supposed less likely to find a place in this cell than in a relatively empty one. 
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exclude the rare possibility of a fleeting departure from the probable states, 
in practice there need be no question whether the results of kmetrc theory 
will agree with those of experiment. 

By statistical mechanics we are led to certain conclusions about the 
equilibrium states of systems, independent of the mode whereby these 
equilibrium states are attained; but statistical mechanics does not show how, 
or at what rate, a system will attain an equilibrium state. This can be 
determined only if we know certain details about the molecules or other 
units composing the system, details which, for the purposes of statistical 
mechanics, can be ignored. 

It is the province of a detailed kinetic theory to study the problems of 
non-equilibrium states, and such investigations occupy the greater part of 
this book. The probability methods of the kinetic theory are also, however, 
in the earlier chapters (3 and 4) applied to determine the equilibrium states; 
the results thus obtained are merely special cases of much more general 
results of statistical mechanics. 

6. The interpretation of kinetic-theory results. The methods of the kinetic 
theory are successful in giving results of practical interest, although the 
molecular models chosen are not believed to correspond at all closely with 
actual molecules. By comparing results obtained for different models, we 
are able to gain some idea as to how far any particular kind of result depends 
on this or that feature of the molecular model. It appears that the assump¬ 
tion that the centres of molecules approach each other more closely, the 
greater their speed of mutual approach, leads to quantitative results for 
various properties of gases more in accordance with those actually observed 
than the assumption that the molecules are rigid. Thus a molecule sur¬ 
rounded by a field of force is a better model for quantitative treatment, if not 
for simple illustrative discussions, than a rigid molecule. 

In actual gases, at moderate temperatures, in all but a very small fraction 
of the molecular encounters the least distance between the centres of the 
molecules is still distinctly greater than would correspond to an overlapping 
of the normal detailed structures of the molecules. These structures are 
therefore not of immediate concern in the kinetic theory of gases; they 
determine the exterior fields of force, which form the outworks of the 
molecule, and it is only the nature of the outworks that is here important. 
It can be adequately specified, for our purpose, by a formula expressing the 
approximate rate of variation of the force-intensity with distance from the 
centre of the molecule, over the range of distance outwards from that 
corresponding to close encounters. At smaller distances the field might have 
any value without affecting the kinetic-theory calculations; the actual 
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structure of the molecule within this minimum distance can be ignored, 
and the molecule may without detriment be regarded as a point-centre 
of force. 

The restriction of kinetic-theory calculations to molecules that are 
spherically symmetrical is also not of such importance as might appear from 
the practical certainty that many actual molecules are not at all spherically 
symmetrical. This is because the molecules in general rotate, and at 
encounters the} 7 may be oriented relative to each other in any manner: the 
detailed consequences of a particular encounter depend on the orientations, 
but such consequences averaged over a large number of encounters are 
probably not very different from the corresponding averaged results of 
the encounters of a set of spherically symmetrical molecules, the force 
between pairs of which, at any distance, is equal to the average, over all 
orientations, of the force between pairs of the actual molecules whose centres 
are at that distance apart. Such averaging of the consequences of encounters 
is of the essence of kinetic-theory calculations, so that many of the results 
obtained in this book should be correct qualitatively, and not far from correct 
quantitatively, for gases whose molecules are non-spherieal. The chief 
exceptions are in problems involving the total heat energy, since the actual 
molecules may possess an average amount of internal energy different from 
that of the spherically symmetric models. 

7. The interpretation of some macroscopic concepts. Our aim is to 
explain things that are seen and directly measurable by means of imagined 
things that are not seen and not directly measurable. The general lines 
along which we are to proceed have already been indicated, in describing 
the molecular hypothesis and the kinetic theory of heat. There remain, 
how'ever, further points on which there is room for freedom of interpretation. 
The criterion by which our choice is to be judged is whether the relations 
found between the quantities we identify with measurable macroscopic 
quantities do or do not approximate to the observed relations between those 
macroscopic quantities. Success in this test affords ground for a reasonable 
expectation that any hitherto unknown macroscopic relation suggested by 
the kinetic theory on its own basis of interpretation will be confirmed on 
experimental trial. 

It should be emphasized that only approximate agreement is to be 
expected between the kinetic-theory “interpreted” macroscopic relations 
and the observed macroscopic relations, because some divergence between 
the two sets of relations may reasonably be attributed to the imperfect 
representation of the actual molecules by the “model 5 5 molecules with which 
the mathematician works. 



Introduction 


The kinetic-theory interpretations of some typical macroscopic properties 
are briefly summarized here. 

The combined masses of the molecules of a set are taken as giving the 
maeroscopically observed mass of the set. 

The heat energy of a small portion of matter is identified with the trans- 
Iatory kinetic energy of the molecular motions relative to the element as a 


whole, together with the total of such other forms of molecular energy as are 
interchangeable with translatory kinetic energy at encounters. Thus in 
diatomic and polyatomic molecules the relative motion of the atomic nuclei 
may contribute kinetic and potential energy to the heat energy; but energy 
like the kinetic and potential energy of electrons in an inert gas-molecule, 
which is normally unaffected by encounters, is neglected. Correspondingly’ 
certain of our molecular models, such as the smooth rigid spherical model, 
make no provision for a possible interchange of translatory and rotatory 
kinetic energy: we can ignore the energy of rotation in discussing these. 

The pressure of a gas on a bounding surface is identified with the mean 
time-rate of communication of momentum to the surface, per unit area, by 
molecular impacts; the momentum is imparted in a more or less dis¬ 
continuous manner, but the individual impulses are so small, frequent, 
and numerous as to simulate a continuous pressure. In addition to this 
momentum-pressure there is a much smaller stress due to the action at a 
distance between the molecules of the gas and the wall; this is considered 
in Chapter 16. 


The mean translatory kinetic energy per molecule, relative to the general 
motion of the gas, is taken as proportional to the thermodynamic tempera¬ 
ture, the constant of proportionality depending on the units of energy and 
temperature, but not on the gas. Such an identification is permissible (on 
the understanding that it is to be justified by its results), so long as we are 
concerned with the phenomena of a single portion of gas; but the question 
anses whether this identification will be valid for different portions of »as 
composed of molecules of different kinds. So long as our discussion is com 
fined purely to the phenomena of gases, the question seems to depend on 
whether, when we mix two different gases, to which, according to this 
tt r.’ ™ •"?** e< P JaI temperatures, the same temperature will 

““ rT “ “ ° bSerVed t0 * tbe 0a * when “teal 

LTbfrr jve f 7” te “P eratares «« equrt. The kinetic theory 
“ l h *° f TC a falTl y ^factory affirmative answer to this question (4 3 ) 
£ extent justifying its procedure as regards temperatur“itffin 

LthTtodv (Lad th eqUiBbrinm of Wo ^rent gases with 

’" B bStWeen the ““Foments of a 
vessel contammgthe two gases) are outside the scope of the kinetic theoryof 
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gases: reference must then be made to the science of statistical mechanics, 
which considers assemblies much more general than gases. 


8. Quantum theory. A wise conservatism, rather than reasons valid 
a priori, prompted the pioneers of the kinetic theory to attribute to their 
imagined molecules the same rules of behaviour—or, in technical language, 
the same mechanical laws of motion—as those that characterize the objects 
of our ordinary experience. Their rigid spherical molecules were idealizations 
of ordinary billiard balls, while their point-centres of force were suggested by 
planets viewed, from the large astronomical standpoint, as point-centres of 
gravitational attraction. 

The consequences of this assumed behaviour of molecules correspond 
closely in general to the observed behaviour of gases; this supports the 
view that molecules do behave in the supposed way. It is not a matter for 
surprise, however, that the kinetic-theory consequences of the assumption 
do not fit the whole range of observed facts. The discrepancies are of a 
nature to be explained by attributing to the molecules rules or laws of 
behaviour (including statistical laws) that deviate from the classical laws in 
a way suggested by the study of many other phenomena of matter, parti¬ 
cularly spectroscopic phenomena. The new laws and the body of science 
dealing with them, known as the quantum laws and quantum theory, are 
only briefly touched on in this book (Chapter 17), whose main aim is to 
record the fullest present development of the kinetic theory of gases, based 
on classical mechanics. 
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Chapter 1 

VECTORS AND TENSORS 

1*1. Vectors. The notation and calculus of vectors, and also of three- 
dimensional Cartesian tensors, are largely used in this book. In this Chapter 
we summarize the vector and tensor notation and calculus which we adopt. 

Any physical quantity possessing both magnitude and direction is called 
a vector quantity, or, briefly, a vector. Such quantities will be denoted by 
symbols in heavy (Clarendon) type, in various founts; for example, the first 
letter of the alphabet is used in this book in all the following heavy types: 5 " 

a. A, a, a. 

The (positive) magnitude of a vector denoted by a Clarendon symbol will 
usually be denoted by the same symbol in the corresponding ordinary type, 
e.g. for a, A, a by a, A, $0, a (of course in the case of a unit vector no 
such magnitude symbol is needed). 

The component of a vector A along a direction inclined to A at an angle 
6 ( 0 < 6 < it) is defined to be A cos Q\ this may be positive or negative. Any 
vector is completely specified when its components in three mutually 
perpendicular directions are given. When these directions are those of the 
axes Ox, Oy, Oz of a Cartesian system, f the components are called the 
rectangular Cartesian components relative to these axes. They may be 
denoted by adding the suffixes x, y, z to the symbol denoting the magnitude 
of the vector (e.g. a x , a y , a z denote the x, y, z components of a), or by special 
symbols (as in 1.2 for r and C, and as in 1.33 for c). The magnitude of a 
vector is given in terms of its rectangular components by an equation of the 
form 

a 2 = a|+<x|-f a 2 . .i 

* For the convenience of the reader certain special conventions regarding such types 
will be made in this book, as follows: 

(i) vectors whose magnitude is unity (or, briefly, unit vectors), will be. denoted by 
ordinary small upright letters in Clarendon type, namely 

a, h,i,j, k, n ; 

(ii) script Clarendon capitals, such as 

will denote certain vectors associated with vectors represented by the corresponding 
Clarendon italic capitals, namely 

C, G 0 . 

i Throughout this book all Cartesian axes of reference are understood to be mutually 
perpendicular (or orthogonal) and right-handed. 
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1 . 11 ] Vectors and Tensors 

Let a be a vector whose components relative to the axes Ox, Oy, Oz are 
a x , a y , a z , and let Ox', Oy', Oz' be a second set of orthogonal axes whose direc¬ 
tion cosines relative to the first set are (Z l3 m l3 %) 3 (1. 2 , m 2 , n 2 ), (l 3 ,m s ,n s ). 
Then the components a x >, a y >, a z - of a relative to the second set of axes are 


given by 

a x . = l 1 a x + m x a y + n x a, . a 

and two similar equations. Similarly 

a x ~ ll a X ' h l^y' h .3 


and so on. These equations take a simpler form if in place of l x , 1. 2 , l 3 , m L , 
m 2 ,... 3 we write t xx ., t xy ., t^, t yx >, t yy >, .... The nine symbols V’ where a and /? 
may stand for x or y or z, define an array which we call the transformation 
array; the typical element i a p of this array is the cosine of the angle between 
the axes Ooc, 0/3'. In this notation, the equations of transformation may be 


written 

a r = l . 4 

a ct — . 5 


1.11. Sums and products of vectors. The sum of two vectors is defined as 
the vector whose components are the sums of the corresponding com¬ 
ponents of the vectors. Thus the rule for the addition of vectors is the same 
as the parallelogram law for the composition of forces or velocities. 

Let two vectors a, b be inclined at an angle 6(^n). Then ab cos 6 is a 
scalar quantity (i.e. a quantity possessing magnitude but not direction). 
It is called the scalar product of a and b, and is denoted by a . 6. In terms of 
the components of a and b, 

a.b — a x b x + a y b y + a s b z . .i 

From this it follows that 

(a+b) .(c + d) — a.c + b .c + a .d + b ,d, 
of which the following are important special cases 

(a+b) .(a+b) — a 2 + 2a .b + b 2 , 

(a—b). ( a—b ) = a 2 —2a.b + b 2 , 

(a+b).(a-b) = a 2 -b 2 . 

The vector product of the vectors a, b is defined to be the vector of magni¬ 
tude ab sind, perpendicular to both a and b, and in the direction of trans¬ 
lation of a right-handed screw, rotated in the sense from atob, through the 
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angle ^(<7r) between a and b. It will be denoted by a a 6. Its Cartesian 
components are 

a y b s -ajby, a s b x -a x b z> aj) y -aj> x . . . 

Using these expressions, it may readily be proved that 

a\(bhc) = (a.c)b — (a.b)c. . 3 


In connection with vector products it is of interest to distinguish a special 
class of vectors, associated with rotation about an axis: typical vectors of this 
class are the angular velocity of a body, and the moment of a force. The 
direction of such a “rotation-vector” is supposed to be along the axis, in 
the direction of translation of a right-handed screw rotated in the sense of 
the quantity considered. Thus the sign of a rotation-vector depends on a 
convention as to the relation between the positive directions of translation 
along, and rotation about, a given axis, and would be reversed if this con¬ 
vention were altered. Since the same convention is used in the definition of a 
vector product, the vector product of two ordinary vectors is an example of 
a rotation-vector: the vector product of an ordinary vector and a rotation- 
vector, in whose definition the convention is used twice, will not have its 
sign altered if the convention is changed, and so will be an ordinary vector, 

In mechanical equations rotation-vectors can be equated only to other 
rotation-vectors, and not to vectors of other types. 

1.2. Functions of position. Any point in space may be specified either 
by the “ position-vector” r giving its displacement from some origin O, or by 
its Cartesian coordinates x, y, z (the components of r), referred to a set of 
rectangular axes with 0 as origin. For brevity, the phrase “at the point r 
at time t” will usually be contracted to “at r, t”. 

A function <j> of position may be denoted by <fi(r) or <J>(x, y, z), if scalar; if 
it is a vector function, the functional symbol will be printed in heavy type, 
as <j>(r), and its Cartesian components wall be denoted by 
<£.(r), or, more briefly, by (f> x , <p y , <f z . 

The equations of transformation of the operator whose components are 
3(dx, djdy , 3/02, from one set of axes Ox, Oy, Oz to another set Ox', Oy ', Oz', 
are the same as for a vector: for, in the notation of 1.1, 

_3___0a:_3_ dy_ d dz 3 
dx' dx' dx dx' 3 y dx' dz 
j d 3 3 

Thus the operator in question may be treated as a vector; it will be denoted 
by 3/0i*. 
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The result of the operation of djdr on a scalar function <j>(r) is called the 

gradient of the function; it is a vector with components d<j>jdx, dfijdy, 

d<pjcz. When <j>{r) is a function of the magnitude r alone, it is readily seen 

that „ , 0 , 

5 _ rd<j) 

dr r dr 5 


in particular, 


The scalar product of 3/dr and a vector function <j£>(r), i.e. djdr .<f>, is 
called the divergence of the vector (sometimes written as div<£); it is, of 
course, invariant for a change of axes. Clearly 

= .3 

9r ™ dx dy dz 3 

Similarly, if C is a vector whose x, y, z components are U, V, W, and 
4>{C) is any vector function of C, 


5C' <f,(C) ~ dU + dV + dW 


where <f> x , <fi v , f> z are the x, y, z components of Likewise if <f{C) is any 
scalar function of C. an associated vector is 


with components 


d<j> 3 <f> 


w 3Z7 } 3F’ 3PT 

it is readilv seen that 


In particular, if <f>(C) — C' 2 = U z + V 2 + W z , 


more generally, if <fi(C) — F(C 2 ), where F is any function, it is easy to verify 
that 

H 3 F(G 2 ) 3 F 

dc~ dc ~ dc 2 ‘ . 7 

Again, if A is any vector independent of C, it is easy to verify that 


wA-A) = a. 


1.21. Volume elements and spherical surface elements. An element of 
volume enclosing the point r or {x, y, z) will be denoted by the symbol dr. 
This must be distinguished from dr, which denotes the small vector joining 
r to an adjacent point, and from dr, which denotes a small increment in the 
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length r. If Cartesian coordinates are employed, it is convenient to take dr 
as the parallelepiped dxdydz\ using polar coordinates r, 0, 9 , we take 
dr = r 2 sin 6dr dddtp, and so on. The phrase “in the element dr enclosing the 
point r” will be abbreviated to “in the element r, dr”. 

If k denotes a unit vector, then the point whose position vector, relative 
to an origin O, is k, lies on a sphere of unit radius (or “ unit sphere”) with 
centre 0. Thus dk must be interpreted not as an element of volume, but as 
an element of the surface of the unit sphere, or, what is equivalent, as the 
element of solid angle subtended by this element of surface at 0; the 
element dk will be supposed to include the point k. The element may be of 
any form; if k is specified by its polar angles 0, 9 , it is appropriate to take 
dk = sin Odd dtp. 

1.3. Dyadics and tensors. Any two vectors a, b determine, relative 
to the set of axes chosen, the following array of nine ordered terms, each of 
which is the product of one component of a with one of b : 



a x b y , a x b„, 

a y b x , 

a y b y , a y b s , 

a zh> 

a s b y , a s b s . 


Such an array gives the ordered components, relative to the given axes, of an 
entity called a dyadic, which will be denoted by ab* It is to bo noted that the 
dyadic ba differs from ab unless the vectors a, b are parallel. The order of 
the suffixes in the array may be remembered by aid of the symbol a x b x 
indicating how the suffixes succeeding x are disposed in 1 , l' 

The components of the dyadic ab relative to a second set of axes Ox', Oy', 
Oz' are given, in the notation of 1 . 1 , by 

a a,'bji' = (2 a y ty»') Oibsh/}') 

7 S 

= 22a r My*'V- . 2 

y s 

Any array (related to a set of axes Ox, Oy, Oz) of the type 


of which the general term may be denoted by w aft , is said to constitute the 
array (relative to those axes) of an entity called a second-order tensor (which 

* This symbol must be carefully distinguished from a . 6. The insertion of the dot 
changes the symbol for the dyadic to that for the scalar-product of two vectors. 
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will be denoted by the symbol w), provided that this entity has components, 
w a ,p, say, relative to any other set of axes Ox', Oy', Oz', such that 

= HHWysK*' . 4 

7 S 


this set of equations of transformation is the same as the set z for the com¬ 
ponents of a dyadic, so that every dyadic is a tensor. 

The array of a dyadic or tensor must be carefully distinguished from the 
determinant which might be formed from the array; the array is an ordered set 
of numbers, and the determinant is a certainsum of products of these numbers. 

The sum of two tensors is defined as the tensor whose components are 
equal to the sums of the corresponding components of the two tensors. 

The product of a tensor and a scalar magnitude k is defined as the tensor 
whose components are each k times the corresponding components of the 
original tensor. 

If the rows and columns of the array 3 are interchanged, a new tensor is 
derived, which is known as the tensor conjugate to w, and denoted by w. 
When this is identical with w, w is said to be symmetrical. If w is not 
symmetrical, a symmetrical tensor denoted by w can be derived from it, 
whose components are the means of the corresponding components of w 
and w, so that 

W = |{W +w). .5 

The array of w is 

w xx , i(v>zv + w vx)> U™ xz +w 2X ), 

i( w yx + w xy)> Wyy> IK:+^). 

\(W SX + W XZ ), U w 3 y + W yz ), W zz . 


The simplest symmetrical tensor is the unit tensor U, whose components 
relative to any set of orthogonal axes are given by 


U xx = U yy = U zz = 1. U xy = U yx = etc. = 0; .6 

it is easy to show that they are unaltered by transformation of ortho¬ 
gonal axes. 

The sum of the diagonal terms of the dyadic ab is a x b x -f a y b y + a z b 3 or a . b, 
which is invariant for change of axes. Thus the sum w xx + w yy + w zz of the 
diagonal terms of any tensor w will also be an invariant; it is known as the 
divergence of the tensor. If the divergence of a tensor vanishes, it is said to 
be non-diver gent. 

From any tensor w a non-divergent tensor, denoted by w, can be derived, 
by subtraction of one-third of the divergence from each of the diagonal 
terms: thus 

W = W — ^{W xx + W.yy + VJ ZZ ) U . 


•7 







16 


Vectors and Tensors 


[1.31 


The array of w is 

\{£w xx ~w yy -w z X w xy , w xz , 

w yx , W™ yy -w xx -w z3 ), W vz> 

w zr , w sy , i(2w«-w«-wj. 

The symbols 0 and ~ may both be placed above a tensor symbol, as in 
w, which in accordance with 7 signifies 

w-|K + %+^)U, .8 

_o 

Clearly the array of w is 

i(2w xx - w yv - wj, \(w xy + w yx ), b(w xs + w sx ), 

\(w yx + w xy ), i(2 Wyy-w^-wJ, l(w ya + w sv ), 

U W ZX + w xz)> l( W *V + W vz)> U 2w zz - ™xx - Wyv)- 

If h, i, j are three mutually perpendicular unit vectors (1.1, footnote) 

hh + ii+jj = U, .9 


as is evident if the elements of the tensors are written out in full. Hence 
also 

0000 

hh + ii+jj = U = 0. .10 


1 . 31 . Products of vectors or tensors with tensors. The product w . a of the 
tensor w and a vector a is defined as the vector whose components are given 

by 

(w.a) a = V .1 

ft 

The product a . w (which is in general not equal to w . a) is similarly defined 
by the relation 

(«-w) a = 

Clearly w . a = a . w, U.a = a.U — a, . 2 


and if p is any symmetrical tensor, p.a = a. p. 

The simple product w. w' of two tensors w, w' is defined as the tensor 
with components 

( w -w ')afi = '2,u> a7 w' y/l . . 3 

7 

The double product w : w' is defined as the scalar equal to the divergence of 
w.w';thus 

w : w ' = = w': w, .4 
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that is, it is equal to the sum of the products of corresponding components of 
w and w'. We may note that w : w is the sum of the squares of the com¬ 
ponents of w, and also that U : U = 3. 

From these definitions it follows that each of the above products satisfies 
the distributive law of ordinary algebra; but the commutative law is not in 
general satisfied, since, except in the case of the double product of two 
tensors, the terms of the product cannot be interchanged without altering 
the value of the expression. 

An important particular case of 4 is 

U : w = w^+Wyy+w^, . 5 

which gives the divergence of w. Thus w : U or U : w is zero (by definition 
of w). Also 1 . 3,7 may be written 

W = w-|U(U:W), .6 

and so w : w'= w : {w' —-|U(U : w')} 

= w : w' -|(w : U) (U : w') 


O » 

= w : w , 

whence, by symmetry, 

00, o , o, 

w : w = w : w = w : w . . 7 

Again, it follows from 4 that 

w:w' = = w : w', .8 

« A 

and so w : w' = |w : w' + |w : w' 

= : w' + |w : w' 

= w : w', 

whence, by symmetry, 

w : w' = w : w' = w : w'. .9 


1.32. Theorems on dyadic#. Since dyadics form a special class of tensors, 
the above notations and results for tensors also apply to dyadics. 

If ab is symmetrical, ab = ba, and a must be a scalar multiple of b; 
further, whatever a and 6, 

ab = ba, ab = l(ab+ba) — ba. . 1 
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The notation ab may be illustrated by the special case CC, where C is a 
vector with amplitude G and components (U, V, W); the components of this 
tensor are JJ 2 —jC 2 UV, UW, 

VTJ, V 2 -^C 2 , VW, 

WU, WV, 

The product of a dyadic ab by a vector d has a specially simple form; for 

{(ab ). d} a = 2 ( 0 to) a pdp — — ajb . d), 

fi fi 

and so (ab). d = a(b .d). . 3 



Similarly d. (ab) — (d .a)b. 4 

The scalar product of the vector w . a by a vector b is equal to the double 
product of the tensors w, ab ; for 

(w.a).6 = I(w.a)A = = II> a/y (a6) //a = w :ab. 

* a ^ a P .s 

Similarly b . (a. w) = 6a : w. .6 

When w is itself of the form cd, it follows that 

ab :cd = a.(b. cd) = a . {(6. e) d} = (a. d) (b .c), 7 

whence also ab . cd = ac: bd. 8 


From these results and 1.31,6,7, it follows that 


■=C 1 C 1 :C,C,-i05(U:C s C a ) 
= (Q.C^-KTfOI- 


1.33. Dyadics involving differential operators. One of the vectors in a 
dyadic may be a vector differential operator such as d/dr. If, for example, 


c is a vector with components u , v, w, the array of 


dr 


du 5v dw 
dx ’ 3a?’ dx ’ 


du dv dw 
dy’ dy ’ dy’ 
du dv dw 
dz’ dz’ dz \ 
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and the array of ^ c is 


/du 

dv dw\ 

h 

(dv , du\ 

1 

(dw 

3w\ 


\ ox 

dy dz)* 

2\ 

ydx T dy) * 

2 

jdx " r 

dz)* 



3h\ 

1 

( 0 dv du 

1 


dv\ 


w 

dx) ’ 

3 ’ 

\ dy dx dz )* 

2' 

\°y 

dz)* 


(du 

3w>\ 

1 

(dv dw\ 

1 

( dw 

du 

dv\ 

[te + 

dx)* 

2 1 

\dz + d y)* 

3 ' 


dx 

'dy)' J 


If (as in 2.2) c 0 denotes the velocity of a medium, the tensor ~c 0 will 

he called the velocity-gradient tensor. Its symmetrical part ~ c 0 and its 

non-divergent symmetrical part ~ c 0 will be called respectively the rate- 
of-strain and the rate-of-shear tensors; for these we shall use the notation* 


e 




3 


When the operator d/dr appears in the product of two tensors, or of a vector 
and a tensor, attention must be paid to the order in which the terms occur, so 
that in each case the terms on which the operator acts may be made clear. For 
example, when a dyadic ab is multiplied by 3/3 r, both a and b being func¬ 
tions of r, the operator, being supposed to act on the components of the 
tensor, should be written before it; thus 



If, on the other hand, in the product w . a or a . w, the tensor w is of the form 
~6, these products should be written as follows 



* Cf. H. Jeffreys, Cartesian Tensors, p. 84, 1931; note that in his chapter on elas¬ 
ticity (p. 71) he uses the symbol e aj j to denote the typical element of the strain tensor 
instead of the rate-of-strain tensor, and that A. E. H. Love, in his treatise on Elasticity, 
uses the symbols e a y? (a /?) in a sense ineonsistentwith tensor notation (Jeffreys, p. 79). 
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Similarly in obtaining the double product oVab and ~ e, 1 .32 ,7 should be 
put in the form 0 /, 3 \ 

“ 6: a? c - 0 l b '3fj . 6 

We may also note here the form of the components of the product 
—. p, where p is a tensor function of position; the a;-component is given by 

/a A fos* , Ms 1 d P°* 

\8r' P / x Sx dy Bz . 1 


Some results on integration 
1.4. Integrals involving exponentials. Consider the integral 

r e -«c* C r d c. 

Jo 

In this write s =<xC 2 ; then it becomes equal to 

| a -(r + l)/2j W e - Ss (r-l)/2^ = | a -(r+l)/2 r ^!l|ij 

if r > — 1. In particular, if r is an integer, 


j™e~ a0 *C r dC = ^ a -(r+D/ 2 ||L_ij! 5 


according as r is even or odd. 

1.41. Transformation of multiple integrals. Consider the multiple 
integral JJJ... F(u x , u 2 ,u n )du x du 2 ... du n 

extended over any range of values of the variables u. If the variables of 
integration are changed to a set v lt v 2 , ..., v n , then the integral is trans- 
formed to JJJ... SF(y xt „„ ...»„) | J | (to,*,, ... *,„, 

■where ^{v x ,v z , ... v n ) = F(u x , u 2 , \), and J denotes the Jacobian 

determinant 


3 u x 

du 2 

3% ’ 

dv x ’ 

3% 

du 2 

3v 2 ’ 

dv 2 ’ 

3 u x 

du 2 

dv„’ 

dv„ 5 
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The new integral extends over the range of values of the variables v that 
corresponds to the range of values of the original variables u. The proof of 
this theorem rests on the following result: du x du. 2 ... du n may be regarded 
as the (positive) volume of an infinitesimal generalized parallelepiped in a 
space of n dimensions, in which u x , u 2 , ...,u n are rectangular coordinates. 
The variables v x , v 2 , ..., v n may be taken as rectangular coordinates in a 
second ^-dimensional space, and to each point u x , u 2 , ..., u n of the first 
space corresponds a point v v v. 2 , v n of the second. If, now, the volume in 
the second space corresponding to the volume du x du 2 ...du n be V, then 
du ± du. 2 ... du n — | J | V. For the proof the reader is referred to books on 
the Integral Calculus. 

A special case of this result was used in 1 . 21 , when it was pointed out that 
the volume dr, whose expression in Cartesian coordinates is dxdydz, is 
taken to be equal to r 2 sm 6 drd6d<p in terms of polar coordinates r, 6, <p, 
where x — r cos <p sin 6, y — r sin 9 sin 6, z — r cos 6. It may easily be verified 
that in this case 


T = 

8 (r, 6, <pj 


— r 2 sind, 


and so j J | drddd<p — r 2 sinddrdddo. 


1.411. Jacobians. The general Jacobian of 1.41 may conveniently be 
denoted by 8(u)/d(v), regarding u x , u 2 , ..., u n and v v v 2 , ..., v n as com¬ 
ponents of vectors u and v in 71 -dimensional spaces. Alternatively, if each 
set is divided into two groups, (u x ,u 2 , ..., u m ), (u m+1 , u m+2 , ..., u n ) and 
(v x , ..., v r ), {v r+1 , ..., v n ), regarded as components of vectors of dimensions 
m and n — movr and n—r, namely u', u" and v', v", the Jacobian may be 
denoted by d(u', u")jd(v', v"). This notation can obviously be extended to 
the case of division of the n components into more than two groups. For 
example, consider the case when n — 6, m = 3, r — 3, so thatw', u", v', v" are 
all three-dimensional vectors. If we write out in full the determinants in the 
equations 

d(u r + ku",u") _ 3 (u',u") 

d(v',v") ~~ d(v', v") ’ . 1 

8(u',u" + k'u') _ d(u',u") 

d(v',v") ~ d(v',v>"Y 


where k, k' are any constants, the truth of these equations is readily seen. 
The notation adopted here is convenient and suggestive. 


1 . 42 . Integrals involving vectors or tensors. Let C be a vector with com¬ 
ponents TJ, V, W, and let dC denote an element of volume in a space in 





22 


Vectors and Tensors [1.421 

which C denotes the vector of displacement from an origin. Consider 
integrals (supposed convergent) of the type 

\<j>(C)dC, 


taken over the whole of the C-space. 

Xf a is a function of odd degree in V or V or W, the part of the integral for 
which (i is positive cancels the part for which $ is negative, and the integral 


vanishes. 

If <j>{C) = U 2 F(C), then by symmetry 

$U 2 F(C)dC = $V 2 F(C)dC = J W 2 F(C) dC 

= if (U* + F 2 + W 2 ) F(C) dC = C*F(G) dC .i 


Thus \F{G) CCdC = -1-U jF(C) CHC . 2 

(the integrals involving the non-diagonal terms of the tensor vanish, since 
these are odd functions of U, V, or W). Hence also 

SF(C)CCdC = 0, .3 


and if A is any constant vector 

fF(C) (A .C)CdC — A. $F(C) CCdC 
»\A.up(C)C*dC 

= %A$F(C) C 2 dC. .4 

Again, let <f>{C) = U*F(C). Using polar coordinates C, 0, 9 such that 
U - Coos6, V = C sin 6 cos 9 , W = G sin 6 sin 9 , it is found that 


p’(C) TJHC = JJJjP(O) C 4 cos 4 0. C 2 sm0dCd0d<p 

= jSSS f (°) c 4 • C 2 sinddCdOdy 

= F(G) C*dC, .5 

J cos^dsinddd = ij* smddd. 


Similarly it may he proved that 

$F(C) UWHC = ^jF{C) C*dC. . 6 

1.421. An integral theorem. Let w be any tensor independent of C. Then 
the five integrals 

(i) p’(C') CC(C°C : w) dC, (ii) $F(C) C°C{CC : w) dC, 

(iii) $F(C) C°C(CC : w )dC, (iv) i# $F(C) (CC : C°C)dC, 

(v) AwfJ( 0 )C*dC, 
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represent identical tensors, if F(C) is any function of C such that the 
integrals converge. 

For, if (ii) is subtracted from (i), the result is 


$IF(C)UC*{C°C: w)dC 
or |U(w : JF(C) C 2 C°CdC), 

which vanishes, by 1.42,3. Similarly the result of subtracting (ii) from (iii) is 

ifF(C)C°CC*(U :w)dC, 

which likewise vanishes. Thus the equality of (i), (ii) and (iii) is established. 
Again, by 1.31,7,9 the integral (i) is equal to 

fF(C) CC(CC : w) dC. 

A typical diagonal element of this tensor is 

fF(C) U 2 (CC:w)dC. 

Neglecting terms in the integrand which involve functions odd in U, V or W, 
this may be written 

jF(C) TJ\U 2 w xx + V*w yy + W 2 w zz )dC, 

or, using 1.42,5,6, 

(iS-+*s,+*Su wo ° ldc 

= (*i+P:l)Jf(C)CW 

Similarly the typical non-diagonal element 

jF(C) UV(CC:&)dC 

reduces to the form o 

2 jF(C) U 2 V 2 w xy dC, 

which by 1.42,6 is equal to 

A» W J -F(C)GHC. 

Thus the integral (i) is equal to 


-&5iSF(C)&dC, 

i.e. to (v). Finally, the equality of the integrals (iv) and (v) follows from 
1.32,9. Thus the theorem is proved. 

A few further vector and tensor formulae are given on pp. 261 (footnote) 
and 268 (15.41,2); see also the Note on p. 391. 
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Chapter 2 

PROPERTIES OF A GAS: DEFINITIONS AND 
THEOREMS 


2.1. Velocities, and functions of velocity. The linear velocity of the mass- 
centre of a molecule will he denoted vectorially by the letter c, and its 
components relative to Cartesian coordinates by (u, v, w); its magnitude c 
will be called the molecular speed. The velocity-vector c may be regarded as 
the position-vector, or vector of displacement from an origin, of a point in a 
velocity-space or velocity-domain : this point is called the velocity-point of the 
molecule. 

This representation of a velocity by a point in an auxiliary velocity-space 
suggests the analogy used in 1.2 between scalar or vector functions of r 
and similar functions of c. Thus a scalar function of velocity, </>{c) or 
4>(u,v,w), will have an associated gradient function dffijdc or d<j>jdu, 
df>Jdv, d<fi/dw, similarly with a vector function of velocity, <£(<*), there is 
associated a scalar function 


| d< ^v i 

3c du dv dw 

corresponding to the divergence. Again, a triple integration with respect to 
u, V, w corresponds to a volume integration in the velocity-space; this will be 
denoted by 

the symbol dc denoting an element of volume (of any shape) in the velocity- 
space surrounding the point c. Unless the contrary is expressly stated, such 
an migration-Will be supposed to extend over the whole velocity-space. 

the phrase “ velocities in a range dc about the value c " will be contracted 
to velocities in the range c, dc", or, more briefly, to “velocities in the 

ngedc - Similarly durrng a time-interval* including the instant!’’will 

™inrn 1 + ° durm A a 1 >^’ > or "during a time Likewise “the 

votane-eement * containing the point r” will be contracted to “the 
votane-eiement r dr" or, more briefly, to “the volume-element dr". 
bv^noCf 011 f*■ molecule can both together be represented 

XT 8Pa “ ° f r dinenriom - coordinates in that space are 
the three components of r and the three components of c 
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2 .2] Properties of a Gas: Definitions and Theorems 

If the molecule is not merely a mass-point, but is of finite size, it will in 
general possess rotatory motion; and if it is not rigid, it may also possess 
vibratory or other internal motion. The condition of such a molecule may be 
represented by a point in a space of n dimensions, where n is the number of 
independent positional and velocity (or momentum) variables needed to 
specify the configuration and motion of the molecule. 

For example, if the molecule is rigid, it will have six positional variables 
(three of location and three of orientation), and six velocity variables (three 
translatory and three rotatory); in this case n — 12. Some of these may be 
unimportant in particular cases: thus if the molecule be spherically sym¬ 
metrical, its three variables of orientation will have no dynamical interest. 
If it is also smooth, its angular velocity will be unalterable by collisions, and 
its three angular-velocity variables are also without further interest; in this 
case n ~ 6 as for a point-molecule. But if the molecule, though spherical, be 
rough, its three angular-velocity variables are important, affecting and being 
affected by collisions; in this case n — 9. 

If a gas is composed of molecules of more than one kind, we may associate 
a separate velocity-domain with each kind; each domain will have the 
appropriate number of dimensions for that kind of molecule, corresponding 
to the number of independent variables of position and velocity for such 
molecules. 

2.2. Density and mean motion. In a non-uniform, variable, continuous 
medium, the density at the point r at time t is defined as the limit of the 
mean density (mass/volume) in a small volume dr surrounding the point r, 
as the dimensions of dr diminish indefinitely, the limit being supposed inde¬ 
pendent of the shape of dr. This definition cannot usefully be applied to a 
medium like a gas, composed of discrete molecules, especially when these 
are separated by distances large compared with molecular dimensions; it 
leads to a value of the density which varies rapidly from point to point, and 
with passage of time, and does not correspond to any ordinary measurable 
quantity. Hence some other definition is necessary. 

Consider in the first instance a “simple” gas, that is, a gas composed of 
molecules all of which are alike. Let the mass of any molecule be m. Let dr 
denote a small volume surrounding the point r, which is large enough to 
contain a great number of molecules, while still possessing dimensions small 
compared with the scale of variation of such macroscopic quantities as the 
pressure, temperature, or mass-velocity of the gas. (For example, a cube of 
edge one-hundredth of a millimetre contains about 2-705 x 10 10 molecules in 
a gas “at normal temperature and pressure”.*) Let the mass contained in 

* This phrase is commonly abbreviated to “at N'.t.p.”; it signifies at a temperature 
of 0° Centigrade, and a pressure of 760 mm. of mercury. 
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dr be averaged over a time t, dt which is long compared with the average time 
that would be taken by a molecule to cross dr if undeflected, yet short com¬ 
pared with the scale of time-variation of the macroscopic properties of the 
gas. (For example, since the mean speed of molecules in a gas at n.t.p. i s 
several hundred metres per second, a molecule would move one-hundredth 
of a millimetre in less than lO" 7 of a second.) Then the averaged value of the 
mass contained by dr will be proportional only to its volume, and will not 
depend on its shape. It will be denoted by pdr; p is termed the mass- 
density or the density of the gas at v, £. 

Simil arly, the number of molecules in dr averaged over dt is proportional 
to dr. It will be denoted by ndr; n is called the number-density of the 
molecules. The quantities p and n are connected by the relation 

p = nm. 

Bothp and n are functions of position and time; when it is desired to indicate 
this, they may be denoted by p(r, t), n(r, t). 

The mean molecular velocity at r, t in a simple gas, denoted by c 0 , is 
defined by the vector equation 

(ndr) c 0 = Pc, 

where the summation on the right is extended over the ndr molecules in the 
small volume r, dr, both ndr and 27c being averaged over a small, time- 
element t, dt. Similarly we obtain any other mean value; for example, the 
mean speed c 0 is (Sc)j(ndr). In particular, the mean momentum of a molecule 
at r, t is equal to mc 0 ; like c 0 itself, it is, in general, a function of r and t. 

The translational motions of the individual molecules in dr may be 
specified either by their “actual” velocities c (i.e. their velocities relative to 
some standard frame of reference) or by their velocities C' relative to axes 
moving with some velocity c', so that C’ = c — c'. Generally e 0 , the mean 
velocity of the gas at the point, will he adopted as the velocity c '; C' is then 
written C, and is termed the peculiar velocity of the molecule; also C is 
the peculiar speed. The mean peculiar velocity of molecules at r, t is 
c 0 -c 0 , that is, zero. The components of c! and C, c 0 are denoted 
respectively by ( UV', W'), (u' ; v', w') and (U, V, W), (u 0> v Q , w 0 ). 

2.21. The distribution of molecular velocities. The distribution of velocities 
among the large number ndr of molecules in dr can be represented by the 
distribution of their velocity-points c in the velocity-space. Owing to the 
continual changes of velocity by molecular encounters, and to the appear¬ 
ance and disappearance of velocity-points, as molecules pass into or out of 
dr, the distribution of velocity-points will vary with time. As, however, the 
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number ndr of velocity-points is very large, it will be assumed that, just as 
there is a number-density of molecules in the actual space occupied by the 
gas, so there is a statistically definite number-density of the ndr velocity- 
points in the velocity-space. This number-density is supposed to be pro¬ 
portional to the volume of the element dr, but not to depend on its shape. It 
will in general be a function of r and of t as well as of position in the velocity- 
space; it will therefore be denoted by/(c, r, t) dr. The definition implies that 
the probable number of molecules wilich, at the time t, are situate in the 
volume element r, dr, and have velocities lying in the range c, dc, is equal to 

/(c, r, t)dcdr. 

This does not mean that the given element dr actually contains this number 
of molecules having velocities in the range c, dc at the time t; this is the 
average number of such molecules when the fluctuations which occur 
in a short time dt are, as it were, smoothed out. The function f(c, r, t ) or, 
briefly, /, is termed the velocity-distribution function. Its definition involves 
probability concepts; any result in which it appears will be a result as 
to the probable, or average, behaviour of the gas. 

The distribution of velocity-points is clearly unaffected if the origin in the 
velocity-space is changed to the point c'. In this case the position-vector of 
a velocity-point is changed to c — c' or C'; the volume-element dc is now 
denoted by dC', and contains the same number of molecules, i.e. 

f(C'+c', r, t)dC'dr. 

This will often be written as/(C', r, t) dC f dr, with an appropriate change in 
the nature of the function/. The change of variable from c to C' can be made 
in any integral without altering its value. Usually c' is taken to be c 0 , so 
that C' becomes C, the peculiar velocity, and / becomes/(C, r, t). 

The whole number of molecules in the element dr is obtained by inte¬ 
grating fdcdr or fdC'dr throughout the whole velocity-space; this number 
is, by hypothesis, ndr. Hence 

n = J/(c, r, t) dc = J/(C' + c', r, t)dC'. 

It is clear that the function /is never negative, and that it must tend to 
zero as c or C' becomes infinite. It is assumed to be finite and continuous for 
all values of t. 

The function / gives the number-density of points in the six-dimensional 
space of 2.1, in which the coordinates of a point are the components of c and r 
for a molecule. Similarly, if the molecule also possesses rotational or vibratory 
motion, account can be taken of this by employing a space of more dimen¬ 
sions, as in 2.1; the number-density / of representative points in this space is 
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the generalized velocity-distribution function. The function / then repre¬ 
sents the distribution of density and of translatory, rot atory and internal 
motions. 

2.22. Mean values of functions of the molecular velocities. Let 0(c) be any 
function of the molecular velocity c. The function <j> may be a scalar, vector 
or tensor; for example, it may be c itself, or C, or a combination of com¬ 
ponents such as uv 2 oxuW', or again a function of the speed c or O'. It may 
also be a function of position and time, and will therefore be denoted by 
0(c, r, t) or, in terms of <7, by <j)(C‘ + c', r, t) or, with an appropriate change 
inthefunction0,by t). Any such function </) will be called a molecular 

property. 

Let E(j) denote the time-average during t, dt of the sum of the values of $ 
for the ndr molecules in r, dr, and write 

S<f> — nf>dr. . 1 

Then is the mean value* of <j> for the molecules at (or near) the 
point r. It is a function of r,t, even if (j> itself docs not explicitly involve 
position and time. It can be expressed in terms of the velocity-distribution 
function/; for each of the f(c,r,t)dcdr molecules in dr, whose velocities 
are in the range c, dc, contributes <p(c, r, t) to E<j>, and their aggregate contri¬ 
bution is <fifdcdr . By integration over the whole velocity-space, we obtain 

S(f> = dr f<f>fdc, 

whence n<f> = f<j>fde = tyfdC'. 

In particular, since c 0 , by definition, is the mean molecular velocity at r, t, 

nc 0 = J cfdc ; . 2 

dearly . C = 0, U 0. . 3 

2.3. Flow of molecular properties. Consider the passage of molecules 
across a small element of surface dS, moving in the gas with any velocity c'. 
The surface element is supposed to have a positive and a negative side. 
Let n be a unit vector drawn normal to the element in the direction from 
the negative to the positive side. The passage of a molecule across dS is 
regarded as positive or negative according as the molecule crosses to the 

* The significance of the bar placed over 0 is here totally different from that of the 
bar placed over the symbol for a tensor, in 1.3. When, as may happen, 0 denotes a 
tensor, or when a single bar occurs over a dyadic (and therefore tensorial) expression 
(as in 2.31,3, for example), it is necessary to know in which of the two possible senses it 
is used. In the remainder of this book a single bar placed over the symbol for a tensor 
will indicate that the mean value is to be taken. The double bar, on the other hand, 
always has the same meaning as in 1.3. 
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positive or negative side of dS . The velocity C of a molecule relative to dS 
is equal to c — c', or, if C is the peculiar velocity of the molecule, to c 0 4- C — c'. 

Consider the molecules whose peculiar velocities lie in the range C, dC.* 
If such a molecule crosses the element dS in a time dt so short that we may 
ignore the possibility of the molecule encountering another during dt, then 
at the beginning of dt the molecule must lie somewhere inside the cylinder on 
dS as base,t with generators specified in length and direction by — C dt (see 
Fig. 1). Thus, if dr denotes the volume of this cylinder, the number of 
molecules C, dC crossing dS during dt is fdCdr. 



Now dr = ± C' cos 6 dtdS, where 6 is the angle between C' and n, the sign 
+ or — being chosen so as to make the expression for dr positive. But 6 is 
acute or obtuse (and so cos 6 is positive or negative), according as the flow is 
positive or negative. Thus the flow is expressed, both in magnitude and 

Slgn ’ by /(C) dC . C' cos 6 dtdS. 

But C cos d is the component of C' normal to dS, which is equal to C' .n; 
we denote it by C n .% Then the flow of molecules C, dC across dS in time dt is 

C^f(C)dCdtdS. .i 

* For brevity, the phrase “molecules whose peculiar velocities lie in the range 
C, cZC” will be contracted to “molecules C, dC”. 

f Here, as frequently, it is convenient to regard molecules as mass-points. Thus the 
exact position of a molecule can be specified, and also the exact time at which it crosses 
the element dS. 

X The suffix n in this symbol, and in and C n (2.31), has reference to n, the normal 
to dS; it has no relation to n the number-density. 
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The net flow of molecules across dS during time dt is found by summing oyer 
all velocity groups, i.e. by integrating over the whole range of C, which gives 

dSdt J C' n f(C)dC = dSdtnC' n . ....2 


The number of molecules crossing from the negative to the positive side is 
similarly « 

dSdti C' n f{C)dC. 

J cy> 0 


The molecules that cross the element carry with them their energy, 
momentum, and so on. The net rate of transport of such quantities across 
dS can be found by methods similar to those just used. Thus let 0(C) 
denote any scalar molecular property; each of the molecules (J, dC which 
crosses dS carries an amount 0(C) of 0 with it. Hence the contribution of 
the group to the flow of 0 across dS during dt is, by 1 , 

0(C). C' n f{C)dCdtdS, 


and the total net flow of 0 across dS during dt is 


dJSdtfC^ p>{C)f(C)dC = dSdtnC,' n 0(C). 


The expression 2 for the flow of molecules across dS is a special case of this 
result, corresponding to 0(C) = 1 . 

The rate of flow of 0 across dS per unit area is obtained by dividing 3 by 

dSdt, giving _ 

»OM(C). . 3 ' 

Since G' n — C’. n, this is the component along n of the vector 


ISfow C — C + c 0 — c', so that 


rcC'0(C). 


nC'<p(C) = nC<fi(C) + n(c 0 - c') 0(C). . 4 

Hence the component of this vector in any direction n represents the rate of 
flow of the property 0(C) per unit area across a surface normal to this 
direction, and moving with the velocity e'. 

The nu mber-plow isjpven by the vector n(c 0 — c r ), since in this special case 
0(C) = 1 , C0(C) = C = 0 . This vector is the product of the number- 
density and the mean velocity of the molecules relative to the surface 
element. If c' = c 0 the number-flow is zero, whatever the orientation of the 
surface. 

This enables us to interpret the second term on the right-hand side of 4 . 
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Its component normal to dS represents the contribution to the rate of flow of 
<j){C) due to the net number-flow of the molecules across dS, each carrying, 
on the average, the quantity <j>{C) of (j). The first term, on the other hand, is 
independent of the number-flow, and its component normal to dS represents 
the rate of flow of <j> when the number-flow vanishes, i.e. when the element 
shares the mean motion of the gas at the point. 

The vector n C<p(C) may conveniently be termed the “flux-vector ” for the 
property <fi. The rate of flow of £> across unit area of a surface which moves 
with the gas is the component of the flux-vector normal to the surface. If, 
however, the surface is in motion relative to the gas, the rate of flow is 
increased by the normal component of the relative velocity, multiplied by 
n<p(C ). In general, when the flow of some molecular property across a 
surface is considered, it will be assumed that the surface is moving with the 
gas. 

In the case of a vector property <j t>(C) of the molecular velocities it is con¬ 
venient to consider the flux-vector of each component of <f>, which will be a 
scalar quantity, as in the preceding discussion. Thus the flux-vector of the 
component <p A> where a stands for any one of x, y, and z, is nC(j> a {C). 

These results may be generalized so as to apply to molecules that are free 
to rotate, or that possess other internal degrees of freedom; <f> may then 
depend on the variables specifying the orientation, angular velocity, and 
internal state, as well as on the translational velocity. The flow will again be 
represented by an expression of the form 4 , where averages are now to be 
taken over all values of the velocities and also of the other variables specifying 
the motion. 

2.31. Pressure and the pressure tensor. The case in which <j>{C) is equal to 
some component of the molecular momentum me is of great importance, 
because of its connection with the pressure distribution. 

At the boundary of the containing vessel, every molecule that impinges 
and rebounds exerts an impulse equal to the difference between its momenta 
before and after impact. When such impacts are sufficiently numerous and 
sufficiently uniform in distribution, they simulate a continuous force on the 
boundary, equal in magnitude and direction to the rate at which momentum 
is being communicated to the surface by impacts. The force per unit area of 
the surface is called the pressure (or “boundary pressure ”) on the surface at 
the point. The surface clearly exerts an equal and opposite pressure on the 
gas. The pressure is a vector, whose direction is not necessarily normal to 
the surface at the point considered. 

Suppose that dS is an element of the surface of the containing vessel, 
moving with the velocity c', and let the internal face be taken as the negative 
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face. Let the direction of the outward normal to dS he that of the unit 
vector n, and let p n denote the pressure on the wall at this point. Then 
by the definition o£p n , the momentum communicated to dX in the time 
dt is p n dS dt. 

As in 2.3, we may show that the total momentum of the molecules im¬ 
pinging on the element dS in time dt is equal, before impact, to 

dSdtj C' n meJ{C)dV, 

where the suffix (+) signifies that the integration is extended only over that 
part of the velocity-range for which C' n , the n-comp< ment o f the velocity of a 
molecule relative to dS, is positive (since only molecules for which G' n is 
positive can impinge on the surface). Similarly the total momentum of the 
molecules rebounding from dS during dt is 

dSdt^ {~C' n )mcf{C)dC, 

the suffix (-) signifying that the range of integration is over all values of C 
for which C' n is negative: the minus sign before C' n is introduced because 
G' n enters into the integrand through the expression for the number of 
molecules C, dC leaving dS during dt, and this number is essentially positive. 
Thus the total momentum communicated to dS during dt, which is the 
difference between the momentum of the impinging molecules and that of 
those rebounding from the surface, is equal to 

Cnmcf(C)dC- j (-G' } )mcf((J)dC J 

= dSdt$C^mcf(C)dC 

~ dSdt .nmC' n c. 

Hence p n = nmC n c — pC n c. .x 

The velocity c' of the wall will not in general equal the mean velocity c 0 
of the neighbouring gas. Experiment shows that the behaviour of a gas in 
the neighbourhood of a wall may be rather complicated; some molecules 
do not immediately rebound off the wall, but enter it or adhere to it for 
a time before they return to the gas. If the gas is neither condensing 
upon nor evaporating from the surface, the total number of impinging 
molecules, namely, 

dSdtj0^f(C)dC, 
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must equal the number rebounding, which is 


S3 


dSdtj (-CDf(C)dC; 
hence dSdt fC„f(C)dC = 0 

or C' n = 0 ; 

that is, the mean velocity relative to the wall, for the molecules in its neigh¬ 
bourhood, has no component normal to the wall; the gas may, however, have 
a mean motion relative to the wall, in a direction parallel to the surface. 
Using this result and 2.22,3, have 

eTc = c' n (c Q +c) = u;c 0 +ujc = ujc 
= (n. C') C = {n. (c-c')}C 
= {n.(C+c 0 -c')}C 
= (n.C)C + {n.(Co-c')}C 
= (n. C) C = Cjj. 

Hence from i, and also using 1.32,3, 1 . 31 , we obtain the following alter¬ 
native forms for p n : 

p n = pC n C = p(n.C) C = n.y oCC 

= n.p = p.n, . 3 

where p is the symmetrical tensor defined by the equation 
' pU*, pUV , pUW' 

p = pCC = - pVU, pV‘\ pVW -. .3 

pWU } pWV , pW* . 

Tins tensor depends only on the distribution of the peculiar velocities; 


its components are given by 

Vxx = P U2 > P vv = pV*> P*z = pW 2 , .4 

Pyz=Pzy=pVW’ Pzx= Pxz = PWU, P xy =P yx =pUV . 5 


The pressure distribution at any point P within the gas is defined as 
follows. As in 2.3, let dS be any surface element containing P, and let n 
be its unit positive normal vector. Let dS share the mean motion of the 
gas at P, so that c' = c 0 , C r = C = 0, and therefore C n = 0. Then p n , the 

CCMT 3 







34 


Properties of a Gas: [ 2.32 

pressure across dS, towards its positive side, is defined as the rate of flow 
of molecular momentum me across dS, per unit area, in the positive 
direction. This is given by 2 . 3 , 3 ', if ^ is taken to be the vector function 
me. Consequently p n = nCfinc = pC' n e , as in i; since C' n = 0, this is 
equivalent to 2 , which therefore holds in the interior as well as at the 
boundary of the gas. In the interior, however, n may have any direction. 

The distribution of pressure across planes in all directions through P is 
therefore determined by the tensor p. 

When n is x, the unit vector in the direction of Ox, p n = p x = p. x, of 
which the components are p xx , p^, p xs \ the other components of p are com¬ 
ponents of the similarly defined vectors p v ,p z . Thus the components of p are 
the components of the pressures across surfaces parallel to the three co¬ 
ordinate planes. 

The above results are valid whether the molecules possess only energy of 
translation, or have internal energy of rotation, vibration, or any other form. 

2.32., The hydrostatic pressure. The normal component of the pressure 
on a surface normal to the unit vector n is 

n.p n = n.pG n C — pC\. . 1 

Thus the normal component of the pressure on any surface is essentially 
positive; that is, the normal force exerted on any surface by the gas is always 
a pressure, and never a traction. 

The sum of the normal pressures across three planes through any point P, 
parallel to the coordinate planes, is 


Pxx+Pyy+Pzz = p(U*+ F 2 + W*) 

-P&. .a 

Thus the mean of the normal pressures across any three orthogonal planes is 
^pC 2 . This is called the mean hydrostatic pressure, or the pressure at P ; it 
will be denoted by p. By 1.3 1,5 

JP = iP:U. . 3 

If the non-diagonal elements of the tensor p vanish, and the diagonal 
elements are equal, then 

P ~ Pxx — Pyy = Pzz> 

and p _ ^u. 

In this case (cf. 1.31,2) 


Vn ~ p.n = p(J.n ~ pn, 
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so that the pressure on any surface element through the point r is normal 
to the surface: its magnitude is independent of the orientation of the surface, 
and equal to the hydrostatic pressure. These are the conditions satisfied 
by the pressure in hydrostatic problems; hence such a pressure system, in 
which p is a scalar multiple of U, is said to be hydrostatic. 

2.33. Intermolecular forces and the pressure. In the above discussion of 
pressure, the whole of the pressure of the gas on the walls of the containing 
vessel was tacitly assumed to be due to the transfer of momentum. In actual 
gases, the force per unit area between the gas and the walls, and also the 
force between the gas on opposite sides of any internal surface, includes a 
part due to intermolecular forces. Since at distances large compared with the 
molecular diameters these forces are usually attractive, they add an attractive 
component to the total pressure. This component is relatively small for 
gases at ordinary temperatures: but in solids, which can sustain a tension, 
the importance of intermolecular forces may equal or exceed that of the 
momentum transfer. 

Intermolecular forces operate to reduce the pressure on the walls in 
another way. The average resultant force exerted on a molecule in the 
interior of the gas by the other molecules of the gas is in general zero, because 
only the adjacent molecules exert any appreciable attraction, and so, unless 
there is a very steep density gradient at the point, the attractions are 
approximately equal in all directions; but at the walls the gas lies on one 
side only, so that there is a resultant attraction inwards, which is roughly 
proportional to the number of attracting molecules in the neighbourhood, 
i.e. to the density of the gas. Consequently the momentum imparted to the 
wall by each molecule impinging thereon will be smaller than if there were 
no attractive force, by an amount proportional to the density p. The rate 
at which molecules strike the wall is also proportional to p\ hence the 
correction to the momentum pressure is proportional to p 2 , whereas the 
momentum pressure itself varies as p. Thus the correction becomes of 
greater importance as the density increases; it is small for gases at ordinary 
pressures, and at temperatures well above their critical temperatures.* 

In this book attention will be directed more particularly to the deviation 
of the actual pressure system from the hydrostatic system p\J. Inter¬ 
molecular forces at distances large compared with the molecular dimensions 
have little effect on the pressure deviations, except for very dense gases; 
accordingly we ignore them. The finite size of molecules, which results in 
a reduction of the effective volume of the vessel containing the gas, is 

* for a detailed discussion of the effects of these factors on the equation of state 
of a gas, see R. H. Fowler’s Statistical Mechanics, chapters 8 and 9 (1928, 1936). 
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also of importance mainly for dense gases; this is taken into account in 
Chapter 16. 

2.34. Molecular velocities: numerical values. The quantities p and p 
appearing in the equation p = ^pC* .... i 

are directly measurable. From their experimental values the corresponding 
values of'O 2 can be found. For example, at normal temperature and pressure 
(1-013 x 10 s dynes/cm. 2 ) the densities of hydrogen and nitrogen are respec¬ 
tively 8-99 x 10~ 5 g./em. 3 and 1-25 x 10~ 3 g./cm. 3 The corresponding values 
for f(CP) are 1839 and 493 m./sec. For a gas in a uniform steady state, 

G = f(C*)l 1-086 

(cf. 4 . 11 , 4 ); thus the corresponding values of C are 1694 and 454 m./sec. 

These mean speeds are very large, and appear at first sight startling. 
Evidence confirming their order of magnitude is, however, supplied by other 
phenomena. If the basic assumptions of the kinetic theory of gases are valid, 
sound must be transmitted by the motions of individual molecules, and the 
velocities of sound in these gases are known to be similar in order of magnitude 
to the above molecular mean speeds. Again, the speed of effusion of a gas 
from a vessel into a vacuum through a small aperture should be of the same 
order of magnitude as the mean molecular speed; experiment shows that 
the speeds of effusion for different gases are, in fact, of this order. 

2.4. Heat. The amount of translatory kinetic energy possessed by the 
molecules in the element r, dr at time t is ndr\mc z . Writing c — c 0 -f C, we 
may express the energy in the form 

ndr. \m{cl + 2 c 0 .C + (P) 
or bpdr .cl + n dr. mC 2 . 

Since pdr is the mass of the gas contained in dr, the first term in the last 
expression represents the kinetic energy of the visible or mass motion of the 
gas. The second term isthe kinetic energy of the invisible peculiar motion: 
its ratio to the first is (7 2 /c|. In 2.34 it was shown that C z is very large for 
ordinary gases at n.t.f., the value of f(C*) being several hundred metres 
per second. Hence unless c 0 is much greater than is usual, <7 2 /qj is very large, 
and there is much more hidden energy of peculiar motion than visible kinetic 
energy; for example, in the case of hydrogen at n.t.p., if c 0 = 10 cm./sec., 
the ratio is 3-4 x 10 s . In addition, there may be further hidden molecular 
energy, kinetic and perhaps also potential, corresponding to molecular 
rotations, vibrations, and so on. 

In the kinetic theory this hidden molecular energy, or rather that part 
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which is communicable between molecules at encounters, is identified with 
the heat energy of the gas. Thus the heat energy per unit volume, or the 
h eat-density, in a gas whose molecules are point-centres of force and therefore 
possess only translatory kinetic energy, is \nmC 2 or bpC % . This is true also 
for a gas whose molecules are smooth rigid elastic spheres, for though these 
may also possess rotatory energy, this is not communicable between 
molecules at collision. In general, however, the molecules will possess other 
kinds of communicable energjy whose amounts vary from one molecule to 
another; the total heat energy E of a molecule is the sum of this com¬ 
municable energy and the peculiar kinetic energy %mC z , and the heat- 
density is nE. 

Here bnC 2 and E are supposed expressed in mechanical units, and the 
heat-density nE will be in the same units. If expressed in thermal units, the 
heat-density is nEjj, where j is Joule’s mechanical equivalent of heat 
(4-184 x 10 7 ergs/cal.). 

2.41. Temperature. Two systems of temperature-reckoning are in com¬ 
mon use among physicists. In experimental work they generally use 
the empirical temperature measured by expansion (mercury or gas) 
thermometers: in theoretical work they use the absolute temperature of 
thermodynamics. In the kinetic theory, on the other hand, we define a 
temperature T directly in terms of the peculiar speeds of the molecules, by 

the relation — 

-JmC' 2 = fkT, .i 

where h is a constant, the same for all gases, whose value will be assigned 
later. 

The kinetic-theory definition of temperature is applicable whether or 
not the gas is in a uniform or steady state, and therefore it provides a 
concept of temperature more general than that of thermodynamics and 
statistical mechanics, where only equilibrium states are considered. It is of 
importance to examine, however, whether the kinetic-theory definition is in 
agreement with that of thermodynamics if the gas is in equilibrium. Before 
so doing we proceed to deduce certain relations from the definition i. 

2.42. The equation of state. An immediate consequence of the definition 
of temperature is that the hydrostatic pressure p of a gas (whether in equili¬ 
brium or not) is given by 

p = \nmC % — hnT. .i 

This formula, it may be noted, is in agreement with the well-known hypo¬ 
thesis of Avogadro, according to which equal volumes of different gases, at 
the same pressure and temperature, contain equal numbers of molecules. 

Consider now a mass M of gas contained in a volume V. The number of 





38 Properties of a Gas: [ 2.42 

molecules in the mass M is M/m; the number-density n is therefore MjmY. 
On substituting in i, this takes the form 

pV = le(Mjm)T . ... 2 

This important relation embodies the well-known experimental laws of 
Boyle and Charles, which are closely followed by many gases, at moderate 
or low densities, and at temperatures well above their critical temperatures. 
These laws may be stated as follows: 

Boyle’s Law: For a given mass of gas at constant temperature the 
product of the pressure and the volume is constant. 

Charles’s Law: For a given mass of gas at constant pressure the volume 
varies directly as the absolute temperature. 

The deduction of these laws from kinetic-theory principles and definitions 
affords some measure of justification for the latter. By itself, however, it 
does not suffice to show that the kinetic-theory definition of T is in accord 
with the thermodynamic definition for equilibrium states. 

The relation between p, V and T for a given mass M of gas in equilibrium 
is called the equation of state of the gas. The above simple form of this 
equation is only an approximation to the equation of state as found for actual 
gases; the error of the simple formula pV oc T becomes considerable at high 
pressures and low temperatures. This is to be ascribed, not to any fault in 
the above kinetic-theory definition of temperature, but to the neglect, in 
deriving the expression \pC 2 for p, of such factors as the finite size of 
molecules, their fields of force at large distances, and, when the gas is near 
the point of liquefaction, their tendency to aggregate into clusters. As noted 
in 2.33, the effect of these becomes considerable in precisely those conditions 
of high pressure and low temperature under which large deviations from 2 are 
observed. 

From 2 other important relations can be obtained. The (chemical) 
molecular weight W of a gas is defined as 16m/w 0 , where m is the mass of a 
molecule of the gas, and m 0 that of an atom of oxygen, = 2-640 x 10~ 23 g. 
A mass W g. of the gas is called a gram-molecule of the gas; naturally it is 
different for different gases. It is found to be a convenient mass to consider, 
because it contains a definite number of molecules, 

W 16 

which is the same for all gases. Suppose that the mass M used in 2 is a gram- 
molecule W. Then 

pV = JRT, . 3 

where R = IcW/m = 1 6k[m 0 . 


■4 
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Clearly R has the same value for all gases. It is called the gas-constant per 
gram-molecule. 

Again, from i and 4 % 

P = ^ r P T - . 5 


2.43. Specific heats. Let unit mass of a gas be enclosed in a constant 
volume. To increase its temperature from T to T+8T, a certain amount of 
heat must be added, which, if 8T is small, will be proportional to ST; we 
write it as c.8T 

The coefficient c v is called the specific heat of the gas at constant volume. 
Since the gas does no mechanical work against external pressure during the 
process, the added heat c r 8T must go entirely to increase the heat energy of 
the gas. The number of molecules in unit mass is ( 1 /m), and so the initial 
heat energy is Ejm; this is increased by c v 8T when T is increased by ST; 


hence 


or, proceeding to the limit, 


SEfm = c v 8T, 
1 (dE\ 

~ m\dT) v ’ 


where ( dEjdT) x denotes the rate of increase of E with respect to T, when V 
is kept constant. 

If the thermal energy consists only of energy of translation of the mole¬ 
cules, E = hmC 2 , and E = %kT, by 2.41, 1 ; hence 

3k 


2 m 
3k 


2 j m 


in mechanical units, or 
in thermal units. 

If, instead of the volume, it is the pressure of the gas which is kept constant 
while T is increased by ST, the volume V will increase by 8V, and on putting 
If =1 in 2.42,*, we find V SV = {him) ST. 

In the expansion mechanical work of amount p8V will be done, and the heat 
supplied to raise T must provide this energy p8V as well as the increase 
8E(m in the heat energy of the gas. Writing c p 8T for the required amount of 


heat, we have 


Hence 


JT -- 


p8V + 8E/m 
= ( k8T + 8E)fm . 

k_ l(dE\ 
m + m\dTj p 


in mechanical units, the suffix p denoting that the pressure is kept constant. 
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An increase in pressure, or density, of a gas of assigned temperature can 
affect E only by increasing the number of pairs of molecules whose fields of 
force overlap, and which in consequence possess mutual potential energy. 
However, in the relatively rare gases for which Boyle’s and Charles’s laws 
are valid, at any given moment all save a negligible fraction of the molecules 
are independent systems, and E may be taken as depending only on T, and 
not on p and V. Thus for such a gas 


k 

in mechanical umts, or c p = — + c v . 4 

in thermal units. 

If the specific heats c v and c p are multiplied by the molecular weight W, 
we obtain the specific heats C v and C p per gram-molecule of the gas. Thus in 
mechanical units W dE 

Cv= mdT’ 5 

_W 1 dE 

m[ L + dT 

= R + C v , 6 

by 2.42,4. If is an experimental fact that C p — C. v has nearly the same value 
for all actual gases under moderate conditions of pressure and temperature, 
a fact which further supports the principles and interpretations here used. 
The ratio c p jc v or C p fC v of the specific heats is denoted by y. Thus 

y _ ^P _ 

7 ~ c v ~ <V 

and 4 and 6 can be written in the forms 

c v (y-l) = Jc/m, 7 

C v (y-1) = R. 8 

Tor a gas possessing no communicable internal energy, it is clear from 2 and 7 
that 7 = f = 1 - 66 . 

2.431. The kinetic-theory temperature and thermodynamic temperature. 
It is now possible to establish the consistency of the kinetic-theory definition 
of temperature and the thermodynamic definition. Let a mass M of a gas 
undergo a small change of state, such that the temperature increases by ST 
and the volume by SV. Then the energy it receives is 

Mc v 8T+p3V 

m s-m , 


MkSY 
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by 2 . 42 , 2 . Since c v , like E. is a function of T alone, the expression in the 
bracket denotes the increment of a function S of T and V. If the gas 
undergoes an adiabatic change, i.e. a change in which no energy is supplied, 
the change in S must be zero, that is, S is constant; in an isothermal change, 
at temperature T, the energy received is T multiplied by the change in S. 

Suppose now that the gas is taken round a Carnot cycle working between 
lower and upper temperatures T x and T 2 ; then S returns to its original value 
when the cycle is completed. Since it is unaltered during the adiabatic 
processes, its increase ZlS at temperature T t must be equal and opposite to 
its decrease at temperature T 2 , and the heats gained and lost at temperatures 
T x and T % respectively are T 2 dS. Thus the efficiency of the cycle is 
TidS-T.dS / TA 
“ T 2 dS V Tj' 

This proves that our T is proportional to the temperature on the thermo¬ 
dynamic scale: the function S is the entropy. 

It remains to consider the constant k introduced in 2.41,i. This was 
taken to be the same for all gases: this implies the assumption that the mean 
peculiar kinetic energy of translation is the same for molecules of different 
gases at the same temperature. We shall show in 4.3 that in a gas-mixture in 
equilibrium the mean peculiar kinetic energies of molecules of the different 
constituent gases are the same, which is a similar result: but to establish the 
actual result it is necessary to consider the equihbrium of two gases separated 
by a diathermanous wall. This problem lies in the domain of statistical 
mechanics rather than of kinetic theory, and the reader is referred to books 
on that subject for a proof of the result in question. Alternatively we may 
regard the result as established by experiment, since Avogadro’s hypothesis 
and the law C p — C v = const, both follow directly from it. 

The constant k is chosen such that the difference between the tempera¬ 
tures of melting ice and boiling water is 100°. The kinetic-theory temperature 
is then the same as the absolute temperature of thermodynamics: the degree 
is equal to that of the Centigrade scale, and the zero of temperature is found 
to be approximately equal to — 273-1° C. The value of k can be determined if 
we know either the number-density of molecules in a gas at given p and T, or 
the mass of a molecule. The determination of either of these is a matter of 
some difficulty, but the values of each have been found for several gases. 
The different determinations agree in giving 

Jc — 1-372 x 10“ 16 ergs/degree. 

The determination of the gas-constant R is much easier. It is found that 
B = 8-315 x 10 7 ergs/degree, 

R 

— = 1-9869 cal./degree. 


or, in thermal units, 
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2.44. Specific heats: numerical values. The values of y, C p , C v , c v , C p - Q v 
are given for several gases in Table 1. The values in the columns 2-4 are 
those given by Partington and Shilling, The Specific Heats of Gases , p. 201; 
they refer to a temperature of 15° C. and a pressure of 1 atmosphere. The 
units of the specific heats are in each case calories (at 15° C.) per degree per 
gram-molecule. 

Table 1. Specific Heats 


Gas 

y 

c v 

G v 

c v 

G v -O v 

Air 

1-4034 

6-943 

4-947 

0-171 

1-996 

nh 3 

1-310 

8-74 

6-67 

0-392 

2-07 

co a 

1-302 

8-79 

6-75 

0-153 

2-04 

CO 

1-404 

6-94 

4-94 

0-176 

2-00 

Cl, 

1-355 

8-04 

5-93 

0-084 

2-11 

He 

1-666 

4-97 

2-98 

0-745 

1-99 

A 

1-666 

4-97 

2-98 

0-0747 

1-99 

h 2 

1-408 

6-86 

4-87 

2-42 

1-99 

ch 4 

(methane) 

1-310 

8-49 

6-48 

0-404 

2-01 

Nb 

1-405 

6-925 

4-929 

0-176 

1-996 

1-400 

7-00 

5-00 

0-167 

2-00 

N a O 

1-300 

8-85 

6-81 

0-155 

2-04 

so 8 

1-396 

7-04 

5-04 

0-1575 

2-00 

1-285 

9-62 

7-49 

0-117 

2-13 

h 2 s 

c 2 h 4 

(ethylene) 

1-340 

8-15 

6-08 

0-178 

2-07 

1-250 

10-25 

8-20 

0-293 

2-05 


It will be seen from the above table that y has the value 1-666 for the two 
monatomic gases helium and argon, which are on many grounds believed to 
possess no internal energy communicable at ordinary encounters. This is a 
further confirmation of the kinetic-theory interpretations. 

For other gases, let us write 

E = %NkT, .x 

so that for monatomic gases N = 3, while for other gases we expect that 
N> 3. Then if N is independent of T we have 


dE 

dT 


= pr&, 


and 



. 2 

y - 1 + N' . 3 

It is found that c v is approximately independent of the temperature for 
many gases (monatomic and otherwise) over a considerable range of tem¬ 
perature. this implies that N is actually independent of T, as supposed in 
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deriving 2 and 3 . For many diatomic gases, as the above table shows, 
7 = 1*4 very approximately; this corresponds to N = 5, indicating that the 
communicable internal energy is two-thirds the peculiar kinetic energy of 
translation. For polyatomic molecules the values of 7 are less than 1*4, and 
the corresponding values of N are greater than 5; this implies a still larger 
proportion of non-translatory energy. 

2.45. Conduction of heat. An important flux-vector (cf. 2.3, p. 31) is that 
giving the rate of flow of heat energy, corresponding to <j>(C) = E. The flux- 
vector in question will be denoted by q, so that 

q = n EC. .x 

Thus the rate of flow of heat across a surface through the point r, normal to 
the unit vector n, is equal to 

q n = nEC n 

per unit area. The vector q is termed the thermal flux-vector. 

2.5. Gas-mixtures. All the above definitions and results may be generalized 
to apply to a mixture of gases. The definitions of the number-density and 
velocity-distribution function of each of the constituent gases are analogous 
to those employed for a simple gas in 2.2 and 2 . 21 . The velocity-distri¬ 
bution function f s (c. r, t) and the number-density n s of the 5 th constituent 
are connected by the relation 

n 8 =Jf 8 (c,r,t)dc. . 1 

The number-density n of the whole gas is given by the relation 

n = 2 ri s . ' . 2 

The different masses and mean molecular speeds of the different constituents 
render it pointless to consider the velocity-distribution function of the 
whole gas. 

If the mass of a molecule of the sth constituent is m s , the partial density of 


this constituent is p s , where 

Ps = W .3 

and the density p of the whole gas is given by 

.4 

s s 


We shall frequently refer to molecules of the 5 th constituent as molecules m s . 
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If 4> is any function of the velocities of the molecules, its mean value at 


any point, for molecules m s , is given by 

n s fi s = $f s <Psdc s , . 5 

while the mean value $ for all molecules of the mixture is given by 

^ = = <f>s dc s- . 6 

s s 

The mass-velocity c 0 of the gas at any point is defined by the equation 

pc 0 = 2 jf s m s c s dc s = 'ZPs'c's ; .7 

s s 


it is not the mean velocity c of the molecules, but a weighted mean, giving 
to each molecule a weight proportional to its mass. The momentum of the 
gas per unit volume is the same as if every molecule moved with the mass- 
velocity c 0 . 

The peculiar velocity C s of a molecule m s in a gas-mixture is defined by the 
equation c - o -c » 


Clearly ^P S G S — 0. . 9 

The temperature T of the gas at any point is defined, as for a simple gas, 
bv the equation _ , 

Sf 8 lm s Cldc s = f kT. 


The partial pressure of any constituent, on the surface of a containing 
vessel or on an internal surface moving with the mass-velocity of the gas, is 
defined as the mean rate at which momentum of that constituent is com¬ 
municated to, or transferred across, unit area of the surface; the total pressure 
of the gas on the surface is the sum of the partial pressures of the con¬ 
stituents. It follows as in 2.31 that the pressure-tensor p is defined by the 


equation 


P = 2Ps = 2 n s m s G s C s == nmCC. 


,ii 


As before, the pressure on a surface normal to the unit vector n will be p .n. 
The mean hydrostatic pressure p of the gas at any point is ip: U, as in 

2.32,3; hence, by io, n, _ 

p — \nmC % — TcnT, .12 

which is equivalent to Boyle’s and Charles’s laws. By 2 , this implies that 

P = Z(kn s Z). 

S 

Thus the hydrostatic pressure of the mixture at a given temperature is equal 
to the sum of the hydrostatic pressures p s which would be exerted by the 
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constituents if each separately occupied the same volume and were at the 
same temperature. This is Dalton’s law. 

Finally, the vector q of thermal flow is connected with the molecular 
energy E by the equation 

q = nEC, . 13 

as for a simple gas. 
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[3.1 


Chapter S 


THE EQUATIONS OF BOLTZMANN AND MAXWELL 


3.1. Boltzmann's equation derived. In Chapter 2 it was shown that the 
macroscopic properties of a gas can he calculated from the velocity-distribu¬ 
tion function /. This function can be determined from a certain integral 
equation first given by Boltzmann. In order to indicate Maxwell’s associa¬ 
tion with the ideas thus formulated by Boltzmann, Hilbert* termed it the 
Maxwell-Boltzmann equation. 

In deriving the equation it is assumed that encounters with other molecules 
occupy a very small part of the lifetime of a molecule. This implies that only 
binary encounters are important. 

Consider a gas in which each molecule is subject to an external force mF, 
which may be a function of r and t but not'j* of c. Between the times t and 
t + dt the velocity c of any molecule which does not collide with another will 
change to c+Fdt, and its position-vector r will change to r + cdt. There 
are/(c, r, t ) dcdr molecules which at time t lie in the volume-element r, dr, 
and have velocities in the range c, dc. After the interval dt, if the effect of 
collisions could be neglected, the same molecules, and no others, would com¬ 
pose the set that occupy the volume r + cdt, dr, and have velocities in the 
range c+Fdt, dc: the number in this set is 

f(c+Fdt,r+cdt, t+dt)dcdr. 

The number of molecules in the second set will, however, in general differ 
from that in the first, since molecular encounters will have deflected some 
molecules of the initial set from their course, and will have deflected other 
molecules so that they become members of the final set. The net gain of 
molecules to the second set must be proportional to dcdrdt, and will be 
denoted by d e fjdtdcdrdt. Consequently 

{f(c+Fdt, r + cdt, t+dt) -f(c, r, t)}dcdr = ^dcdrdt . 


On dividing by dcdrdt, and making dt tend to zero, Boltzmann’s equation 
for/is obtained, viz. 


I + 4 + 4 + »l + *£+*3L + *& =^ 


dx dy 


dz 


du V dv s dw dt : 


or = . 2 

* D. Hilbert, Grundzwge einer allgemeinen Theorie der linearen IntegTalgleichungen, 
p. 269, Teubner, 1912. 

f A special case in which the force on a molecule depends on its velocity is con¬ 
sidered in Chapter IS. 
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where &f denotes the left-hand side of i; in vector notation 


4 7 


m ^l +c d l +F d l. 

J ct Sr Sc 


The quantity cjjct defined above is equal to the rate of change, owing to 
encounters, in the velocity-distribution function / at a fixed point. It wdll 
appear later that cjjct is expressible as an integral involving the unknown 
function/. Thus Boltzmann’s equation is an integral (or integro-differential) 
equation. 

The generalization for a mixture of gases is 


f _ % , - % , Jf % _ d Js 
- 4/s= 


where mfFg denotes the force on a molecule m s at r, t, and 9 JJdt denotes the 
rate at which the velocity-distribution function f s is being altered by 
encounters. The equation can also be modified to apply to more general 
molecular models (2.1, 2.21); in the case of rotating molecules possessing 
spherical symmetry,/depends only on c, r, t and the angular velocity <o, and 
the equation for/has the same form as i. For more general models/will 
involve further variables, specifying the orientation and other properties 
of a molecule; terms corresponding to these variables must in general 
appear in Boltzmann’s equation. 


3.11. The equation of change of molecular properties . Another important 
equation may be derived from Boltzmann’s equation as follows. Consider 
first a simple gas. Let <f> be any molecular property as defined in 2.22. 
Multiply Boltzmann’sequationby0<2candintegrate throughout the velocity- 
space; it is supposed that all the integrals obtained are convergent, and that 
products such as <pf tend to zero as c tends to infinity in any direction. The 
result may be written as 

j<fi<&fdc = nA<j>, .i 


where 



M 

dt 


The significance of A<j> is readily seen; (dj/dt) dc measures the rate of 
change in the number of molecules with velocities in the range c, dc, per unit 
volume at r, t, owing to encounters. Consequently f> (dj/dt) dc represents the 
rate of change in the sum extended over all the molecules of this set, due 
to the same cause. Similarly J^ ( djjdt) dc is the rate of change by encounters 
in E<f>, summed over all the molecules in unit volume. But Ef> = nf>, and, 






48 The Equations of Boltzmann and Maxwell [3.12 

since encounters do not in themselves modify the number-density n, the rate 
of change of <p by encounters is equal to 


&%*>-**■ 


Equation i can be generalized to apply to a mixture of gases; for the sth 
constituent SM/ s dc = n.A$„ . 3 

where A <j>, is equal to the rate of change of <j> s by molecular encounters. A 
modified form of i is, moreover, satisfied by the generalized velocity- 
distribution function of 2.21, (f> being then a function of further variables 
besides c. 

3.12. Transformation of fp 2>fdc. The various terms of 


5<j>@fdc = 




(cf. 3.1,3) can be transformed by means of equations such as 


S*% de -hS* fie -! f % de - ? w-*u- 

S* u tJ c - sW* 8 - = wff~ nu Tx . 2 

, . 3 

In 2 , as c is independent of r, the variable u is not included in the differentia¬ 
tion with respect to x ; in 3 an integration by parts is performed, and the 
integrated part vanishes because, by hypothesis, <pf tends to zero as u tends 
to infinity in either direction. 

In this way it is found that 

dnf> d — (d<p dip d<p\ 

= ir+r .npc-nl^f + c.~t- + F.-~- . .4 

dt 9 r r \dt dr d cf 

If this is inserted into 3.1 l,i, and the resulting equation is multiplied by dr, 
we get the relation 

Htr dr =- (4= '”4 ir+7 fi +c ■ § +F ■ H +A l) dr ’ 
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which can he interpreted as follows. The left-hand side represents the total 
rate of change of 270 for the molecules within the (stationary) element of 
volume dr ; this is analysed on the right into various rates of change due 
respectively to (i) the streaming of molecules into and out of the volume, 
(ii) the dependence of 0 for each molecule on the time, the position of the 
molecule, and its velocity, and, finally, (iii) the effect of molecular encounters. 

The equation of change 4 is a generalization by Enskog of an equation of 
transfer due to Maxwell; Maxwell’s equation refers to a function of c alone, 
so that the terms 3 0/3Z and 30/dr do not occur in it. 

3.13. The equations expressed in terms of the peculiar velocity. If 0 is 
specified as a function not of c, r, t but of C, r, t, where C is the peculiar 
velocity given by C = e — c 0 , then since c 0 , and hence also C, is a function of 
r, t, the variables r, t appear not only explicitly in the expression for 0 but 
also implicitly through its dependence on C. Hence on changing the variables 
in 3.12,4 to C, r, t, we must replace 30/Sc by 30/SC, 3<f>/3t by 

30 2ft ^£0 

at + SC' 3 1 dt SC' 3 1 ’ 


and d<fj3x by 


30 30 3c 0 
3x SC ’ dx ' 


Thus c. 30/Sr must be replaced by 


c 


<ft_2ft y,, 3£o 
S r SC' 3a: 


30 

Sr 



Mean values are, of course, -unaffected by the change of variable. 
Making these substitutions in 3.12,4, this becomes 

n<f> 3 


I 0 Sfdc = -^ + ^.n<j>{c 0 + C) 


30 3(f 3c 0j 

~3t~3C'~dt J 


Let 


+ 

3 

TTt^jr f + u o^ + v 0 -+w 0 




JDt~ 3t n 


3_ 

°3y' 


3 z dt 


+ c 0 . 


Sr’ 


so that DjDt is the “mobile operator”, or time-derivative following the 
motion, as in hydrodynamics. Using this notation, and transforming the 
term 30/SC. [C. 3/8r]c 0 by 1.33,4, the equation of change 3.1 l,i becomes 
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Similarly, if / is expressed as a function of C, r, t, Boltzmann’s equation 
3 , 1,2 takes the modified form 


«r- 


^oj EL _ c • - 


3.2. Molecular properties conserved after encounter; summational in¬ 
variants. Some important results can be deduced from the equation of 
change without actually evaluating A <j>, because certain functions of the 
velocities of the molecules are conserved during encounters; that is, their 
sum for the molecules participating in an encounter is unaltered by the 
encounter, so that A — 0 . Such functions, which may be termed sum¬ 
mational invariants for encounters, are of fundamental importance in the 
theory of gases, both because they can be measured throughout the fluctua¬ 
tions in the condition of a gas, and also because, as will appear later, their 
mean values, if completely specified at any instant as functions of position, 
in general determine the whole condition and future course of the gas. 

For every gas, of whatever kind, three such summational invariants are 

= 1 , 0 ( 2 ) = m C, 0 ( 3 ) = E, . 1 

where, as in 2.4, E denotes the total thermal energy of a molecule, for 
special types of gas there may be one or more additional summational in¬ 
variants (of. 11 . 3 ). 

The statement = 0 merely implies that the number-density of 
molecules is unaltered by encounters. Similarly Zl0 (2) — 0 expresses the 
principle of conservation of momentum (relative to axes moving with 
velocity c 0 ), while A p m — 0 expresses the principle of conservation of energy. 
Although 0( 2 ) is a vector it is convenient to refer to the three conserved 
functions by the single symbol 0 ®. 

It is sometimes more convenient to refer the momentum 0 ( - 2 - > and the 
energy to axes fixed in space, instead of to axes moving with the gas. 
Thus, for example, if the molecules possess only energy of translation the 
summational invariants can be taken as 

0 - (1) = 1 , 0® = me, 0 ( 3 > = |mc 2 . . 2 

In the case of binary encounters, the conservation of ip*® is expressible in 
the form 

+ fpr _ 0(0 _ 0 «> = 0 , . 3 

where refer to the two molecules before encounter, and ]p*®', pi l) ' to 

these molecules after encounter. 

Any linear combination of the three conserved functio ns fA® is also a 
summational invariant, but no further summational invariant, linearly 
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independent of \/ x \ tp m and ip^ Z) as given bj- 2 , can exist for molecules -whose 
energy is purely translatory. This is because an encounter between two such 
molecules involves two disposable geometrical variables (for example, if the 
molecules are rigid elastic spheres, these two variables may be the polar 
angles 6, 9 of the line of centres at collision; cf. 3.42); when these two 
variables are eliminated from the six scalar relations which express the six 
components of c'. c' x , the velocities after encounter, in terms of the six com¬ 
ponents of the initial velocities c, c l3 only four general scalar relations between 
the two sets of six components are obtainable. But we already have four 
such relations, expressing the conservation of energy and of the three 
components of momentum; hence no additional independent relation, valid 
for all encounters, is possible. 

3.21. Special forms of the equation of change of molecular properties. By 
substituting each of the functions for <p in 3.13,2, important special forms 
of the equation of change are obtained. 

Case I. Let = 1 , then $ = 1 , 0C = 0 , d<p/dC = 0 , D<pjDt = 0 , 

G<fi/&r = 0 , A f> = 0. Thus 3.13,2 becomes 


Dn d 

! r? +B §f c » = 0; 

this is the equation of continuity, expressing the conservation of number of 
molecules (or mass) in the gas. It has the alternative forms 
D log n 3 

~W~ + N'' C 0=0, } 


Dp d Dlogp 3 

Di +p dr' C ° = 0 ’ -5F + 3 ?- c ° = °J 


Case II. Let <j> = rp®P = mU; then <f> = 0 , nf>C = pUC =p x (cf. 2.31), 
c<Pldr = 0 , D<pjDt = 0 , d<p/dC = (m, 0 , 0 ), (dfjdC) C = 0 , A f> = 0. Hence 
the equation of change becomes 

JVf^/dc = ~. Vx -p^F x -^^ = 0; 

this (cf. 1 . 33 , 7 ) is one component of the equation of momentum for the gas, 
namely r / n \ 

j^^fdc ^ £. P =0. . 3 

Equations 2 and 3 are identical with the equations of continuity and 
momentum derived for a continuous fluid in hydrodynamics; they provide a 
justification for the hydrodynamical treatment of a gas. 

Caselll. Let = = then f> = \NlcT (cf. 2 . 44 ,x), nfC = q 

(cf. 2.45,i), 3 <pjdr = 0 , DfJDt = 0 and, since E depends on C only through 


4-2 
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the contri bution of the kin etic energy of translation, dfJdC ~ \m 30 2 /8C = 
mC] thus dtfijdC = 0 , and n(dfjdC) C — pCC = p. Since A<f> = 0 , the equa¬ 
tion of change becomes 




D(\NknT) NknT d_ 


dr' C ° + dr 


d d 

-y+v-ar* 


-- 0 . 


If N, and therefore also c v , is independent of T (cf. 2.44), 4 may be trans¬ 
formed to jyrp 2 I d 9 \ 

~Dt = ~ Nkh 1 P : br C ° + 8^ ' q ]’ . 5 


after dividing by %NJcn, and using 1. This, or more properly 4, is the equation 
of thermal energy for the gas. Let equation 4 be multiplied by drdt: then 
%NkD{nT)/Dt. drdi represents the increase of thermal energy during the 
tim e dt in a volume dr moving with the gas: this may be interpreted from a 
macroscopic standpoint as the sum of (i) the energy brought into dr by the 
net inflow of molecules into the element, (ii) the gain due to the greater 
energy, as distinct from the greater number, of the inflowing as compared 
with the outflowing molecules, and (iii) the work done on the element by the 
pressures on its surface as it varies in shape and volume during the time dt] 
these three quantities are represented by the last three terms on the left of 
the equation, with their signs reversed. 

Equations a, 3 , 5 represent the maximum information which can be 
derived from the equation of change without determining the form of the 
velocity-distribution function. To determine it we must first find explicit 
forms for the expressions djjdt and A <J>. This involves an investigation of the 
statistical effect of encounters. 


3,3. Molecular encounters. Exact expressions for d e ffdt and A ft can be 
given only when the nature of the interaction between molecules at encounter 
is known. At present atomic theory is unable in most cases to describe the 
details of the process of encounter exactly. It is therefore necessary to 
assume some law of interaction: the appropriateness of the assumed law can 
be tested by comparing the results deduced from it with experimental 
results. 

Physical data for gases, relating to the deviations of the equation of state 
from Boyle s law, show that, at distances large compared with molecular 
dimensions, molecules -may exert a weak attractive force on each other, 
whereas at distances of the order of molecular dimensions they repel each 
other strongly. Moreover, at an encounter between complex molecules 
possessing internal energy some interchange of this energy with energy of 
translation may occur. Assumptions as to the nature of the forces between 
molecules at encounter must take these facts into account. 
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Various special models, chosen for their physical simplicity, or for the 
mathematical simplicity of their laws of interaction, have been studied. 
One of the earliest and simplest molecular models is a rigid, smooth, and 
perfectly elastic sphere. The impulse between two spheres at collision here 
represents the repulsive force between molecules at a close encounter. The 
representation can, however, only be approximate, since molecules, being 
complicated electronic structures, cannot closely resemble rigid spheres; 
the interaction between them varies continuously as they approach one 
another. This fact is better represented by treating a molecule as a point- 
centre of force, the force depending on the nature of the interacting molecules 
and on their distance apart. One simple assumption is that the force is 
always repulsive and varies inversely as some power of the distance. 
A better representation of the facts is afforded, however, if the force is 
supposed to change sign at a certain distance, beyond which it is an attrac¬ 
tion. The elastic sphere model may also be improved by supposing the 
spheres to attract one another weakly, with a force depending on the 
distance. 

If the molecule is represented either as a smooth sphere or as a point- 
centre of force, no provision is made for a possible interchange between 
internal energy and energy of translation. Such molecules may be termed 
smooth : their internal energy can be neglected, as it does not vary with the 
temperature. In most of this book only smooth molecules are considered: 
but a special model permitting interchange between internal and trans¬ 
lational energy is considered in Chapter 11. 

All the models we shall consider possess the property of spherical sym¬ 
metry. The molecules of a monatomic gas closely approximate to such 
symmetry, but diatomic and polyatomic molecules diverge widely from it, 
by reason of the concentration of mass in the atomic nuclei. Thus our 
theoretical results will not apply strictly to diatomic and polyatomic gases; 
since, however, in our calculations we average over all possible orientations 
of pairs of molecules at encounter, many of our results may be expected to 
apply approximately to such gases, if we ascribe to our spherically sym¬ 
metrical molecules a field which is the average of the true field over all 
possible orientations of the molecules. 

3.4. The dynamics of a binary encounter. Consider the encounter of two 
molecules of masses m v m 2 . Since only smooth and spherically symmetrical 
molecules are considered, the force which either exerts on the other is 
directed along the line joining their centres. A, B; it may arise only at con¬ 
tact, or may act when the molecules are at any distance from each other, and 
be equal to some function of the distance AB. It is supposed that any 
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external forces (gravitational, electric, ...) which act on the molecules are 
so small compared with those brought into play during the encounter that 
their effect can be neglected in a consideration of the dynamical effect of an 
encounter. 

The phrase “before the encounter” will refer to the time before the 
molecules have begun to influence one another appreciably, so that each is 
moving in a straight line, or (more accurately) close to the asymptote of the 
orbit which it describes under the influence of the other; the phrase “after 
the encounter ” is to be interpreted in a similar way. With these conventions 
the velocities before and after the encounter have definite values, which will 
be denoted by c ls c 2 (before) and c[, c 2 (after).* It is desired to express either 
pair of velocities in terms of the other pair, and of any geometrical variables 
required to complete the specification of the encounter. Since the motion is 
reversible, the relation between the two pairs of velocities must be reciprocal. 
The details of the encounter are of no importance for our purpose; we wish 
only to know the relation between the initial and final velocities. 

3.41. Equations of momentum and of energy for an encounter . Let 

m 0 = m x + m 2 , M x = m x jm Q , M 2 = m 2 /m 0 , .i 

so that M x + M 2 =l. .a 

The mass-centre of the two molecules will move uniformly throughout the 
encounter; its constant velocity G is given by 

m 0 G = m x c x + m 2 c 2 = m x c' x + m 2 c 2 . . 3 

Let g 21 , g' 2X and g 12 , g x2 denote respectively the initial and final velocities 
of the second molecule relative to the first, and of the first relative to the 
second, so that 

g 2 i = Ca-Cj. = ~g X2 , g' 2X = c'-ci = -g' X2 . ■•••••4 

The magnitudes of g 21 and g X2 are equal, and can both be denoted by g; 

likewise for the final relative velocities; thus 

&21 = gxz = g> g’zx — gxz = g' ■ . 5 

By means of 3 and 4 we can express c x , c 2 , c^, c 2 in terms of G, g 21 , and gf, 
thus „ 

c x = G + M 2 g 12> c 2 = G + M x g 21 , 6 

c x = G + M 2 g' X2 , c 2 = G + M x g 2X . 7 

In 3.52 c x , Co are used to denote the initial velocities, and c x , c 2 the final velocities, 
in an inverse encounter. These uses of the symbol c' must be distinguished from that in 
2.2 (p. 26), where c denotes the velocity of moving axes of reference. 
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Hence a knowledge of G andg 21 or of G and_g 2 i is equivalent to a knowledge 
of c x and c 2 or of c[ and c 2 , that is, of tlie initial or final state of motion. 

The mutual potential energy of the two molecules is zero both before and 
after the encounter; thus the equation of energy gives 

+ m 2 c l) = i( m i c i 2 +w 2 c 2 2 ). 



Figure 2 

Using 6 and 7 , it is readily shown that 

i( m i c 1 + % cl) = im 0 ((9 2 + M x M 2 g 2 ), | 

+ = im o (0 2 +iff jiff 2 g' 2 ).J 

Hence g — g', 

so that the relative velocity is changed only in direction, and not in magnitude, 
by the encounter. The dynamical effect of the encounter is therefore known 
when the change in direction of g 21 is determined. 

These facts are illustrated in Fig. 2 . The initial velocities c x , c 2 are 
represented by 0c x , Oc 2 , and G by OG, where G divides c 2 c 2 in the ratio 
m 2 : m x . The ends of the lines 0c], Oc 2 representing c], c' 2 are likewise 
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collinear with 0, which divides c x c 2 in the same ratio m 2 : m x . The lines 
Cl c 2 and c'c' represent # 21 and g' 21 . Thus c x c 2 = c£c', c x G = c' x G, c 2 G = c'G. 

3.42. The geometry of an encounter. Considerations of momentum and 
energy alone do not suffice to determine the direction of g' 21 . As will no iw 
appear, this direction depends not only on the initial velocities c l5 c 2 (or on 
G,g x2 ) but also on two geometric variables which complete the specification 
of the encounter. 

Consider the motion of the centre B of the second molecule relative to the 
centre A of the first (or to axes moving with A). Since the force between the 
molecules is directed along A B, this motion wall be confined to a plane 
through A ; let the curve described by B be LMN (Fig. 3). The asymptotes 
PO, OQ of this curve are in the directions of the initial and final relative 
velocities, g 2x and g 21 , and so the plane of LMN is parallel to the plane 
c x Gc[ of Fig. 2. Let P'A be a line parallel to PO, so that it is in the direction 
of g 2l . The direction of AP' is then fixed by the initial velocities c l5 c 2 ; 
the orientation of the plane LMN about AP' is, however, independent of 
these velocities, and is thus one of the additional variables of the encounter. 
It will be specified by the angle e between the plane LMN and a plane con¬ 
taining AP' and a direction fixed in space, such as that of Oz. 

The angle x through which g 21 is deflected depends, in general, on the 
magnitude g of the initial relative velocity, and on the distance b of A from 
either of the asymptotes. This distance 6 is the second of the additional 
geometric variables of the encounter. 

The functional relation between y, b and g depends on the law of 
interaction between the molecules. This law is involved in the following 
discussion solely through the dependence of ^ on 6 and g. Hence, both for 
generality and brevity, x will be retained as an unspecified function of 
b and g as long as possible. 

3.43. The apse-line and the change of relative velocity. The orbit LMN of 
the second molecule relative to the first is symmetrical about the apse-line , or 
line joining the two molecules when at the points of closest approach. This 
apse-line passes through O, the intersection of the two asymptotes, and 
bisects the angle between them. In Fig. 3 the direction of the apse-line is 
represented by OAK, K being the point in which OA produced cuts the unit 
sphere of centre A. The unit vector A if is denoted by k. If g 2X , k are known, 
g'zi can be found from the fact that g' 2X = g 2l , and k is the external bisector 
of the angle between g 21 and g 21 . The components of g 21 and g 2X in the 
direction of k are equal in magnitude, but opposite in sign; the com¬ 
ponents perpendicular to k are equal. Hence g 21 and g 21 differ by twice the 
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component of g 21 in the direction of k; the magnitude of this component is 


g 21 . k, so that 


? 2 i = %(gzi . k) k = - 


Combining this with 3.41,6,7, it follows that 


c;-c a = 2 M 2 (g 21 . k) k = - 2M 2 (g ' 21 . k) k, 


c' 2 ~c 2 = - 2M 1 (g 21 . k) k = 2M 1 (g ! n . k) k. 


Thus when k, c l5 c 2 are given, the velocities after encounter are determinate, 
and knowledge of k is equivalent to knowledge of the geometrical variables 
b and e. 

If the force between molecules is always repulsive or always attractive, 
then for a given direction of g 21 the point K can range over one or other of 
the unit hemispheres having AP' as axis; if the molecules repel one another, 
the pole of this hemisphere is in the same direction asg 2 i> while if they attract 
it is in the opposite direction. The possible positions of K are similarly 
related to -g 2X ‘ for a repulsive force gr 2 i-k>(), and g 2l . k < 0 ; for an 
attractive force these inequalities are reversed. 



Figure 4 


3.44. Special types of interaction. Fig. 4 , drawn by Maxwell, shows a 
number of the orbits described by one molecule, relative to another molecule 
represented by S } when they exert a mutual repulsive force varying as the 
inverse fifth power of their distance apart; they correspond to equal values 
of g, but different values of b. With this law of force, or, more generally, when 
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the force varies as any inverse poorer of the distance, the families of paths 
for different values of g differ only in scale; with more general laws of force 
this is not true. 

When the molecules are rigid elastic spheres the apse-line becomes 
identical with the line of centres at collision. In this case the distance cr 12 
between the centres of the spheres at collision is connected with their 
diameters <r x , cr 2 by the relation 

°12 — i( <T l + cr 2h 

and (cf. Fig. o) b = cr 12 cos^ = cr 12 smif, 

where if is the angle between g. 21 and k; clearly fr = \{rr~ %). This model 
is unique in that % depends only on b, and not on g. ^ 



3.5. The statistics of molecular encounters. In evaluating d e fjdt and A <J>, 
we suppose that encounters in which more than two molecules take part are 
negligible in number and effect, compared with binary encounters. This 
implies that the gas is of low density, so that encounters occupy only a small 
fraction of the life of a molecule. 

The probability is zero that at a given instant, in a finite volume of gas, 
dr, there shall be any molecule whose velocity is exactly equal to any 
specified value c out of the whole continuous range; it is necessary to con¬ 
sider a small but finite range of velocity, dc. Thus the probable number of 
molecules of the first kind, in dr, having velocities wit hin the small range 
c l5 dc x , is f x dc x dr, where f x stands for fdc^ r, t); likewise the probable 
number of molecules of the second kind, in dr, having velocities within the 
range c 2 , dc 2 , isf 2 dc 2 dr, where/ 2 stands for / 2 (c 2 , r, t). 
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The probable number of encounters in dr, during a small interval dt, 
between molecules in the velocity-ranges dr,, dr*, will in the same way be 
zero if the geometric encounter-variables b, a arc exactly assigned; it is 
necessary to suppose that b , e, also lie in small Unite ranges db, de. The 
ranges dc^, dc%, db, de will be regarded as positive <juantities; as they are 
small, the average number of encounters of the type considered will be 
proportional to the product dc x dc^dbdedrdt. 

In considering such encounters between molecules having velocities 
within assigned ranges, it will be assumed that both sets of molecules are 
distributed at random, and without any correlation between velocity and 
position, in the neighbourhood of the point r* Also the interval dt which we 
consider will be supposed short compared with the scale of time-variation 
of macroscopic properties, but large compared with the duration of an 
encounter. 

In an encounter between two molecules as specified, the velocity of the 
second relative to the first, before encounter, will be <\> — Cj, or# 21 . 

Consider the motion of the centre B of the second molecule relative to the 
centre A of the first, or relative to axes moving with A. For such an 
encounter to occur, the line PO of Tig. 3 must out a plane through A , 
perpendicular to AP', within an area, of magnitude bdbde, bounded by 
circles of radii b, b + db and centre A, and by radii from A including an angle 
de: also, since the relative velocity is g 2V and dt is large compared with the 
duration of an encounter, it follows by an argument similar to the one used 
in 2.3 that at the beginning of dt the point B must He within the cylinder 
indicated in Tig. 6 , having the area bdbde as base, and generators equal to 
-g n dt; that is, it must lie in a volume (gdl) (bdbde) or gbdbdedl. 

We can imagine such, a cylinder to be associated with each of thc/jdc^r 
molecules of the first kind, within the specified velocity range, in dr. If db 
and de are small, it can safely be assumed that the cylinders will not overlap 
to any significant extent, so that the total volume dv of all the cylinders is 
given by 

dv = f x gb db de dc x dr dt. 

In many of these tiny cylinders there will be no molecule of the second kind, 
having a velocity within the range c 2 , e?c 2 ; and if db, de and dc 2 are sufficiently 
small, we can ignore the possibility that in any one cylinder there are two 
such molecules. The total number of such molecules in the whole combined 
volume dv is f 2 dc 2 dv, which is therefore the number of “occupied ” cylinders 
in which such a molecule occurs. Each occupied cylinder corresponds to an 

This assumption of molecular chaos” is considered by Jeans, Dynamical Theory 
of Oases (4th ed..), chapter 4, 1925. 



found to be / / 2 gbdbdedc^drdt. 



Figure 6 

This result may alB° be express 4 mtOTMoBheetemm^ ^ ^ 21) Since 
kdenotesaunitvector,rep^ensan^^ lanetooug hkandg 81 makesan 
w" pine « ga , «-*> and e are pdar angies 

specifying the direction of k, and 

d k = sin i(?r - %) de 


= ±cos\xdxd £ 



. m some cases this traesfonnato^ types/so that 6 is not aona. 

always of the £ise, the symbol *,** may, however, 

It ^dTmemiy a convenient brief notation for *6®*. 


gbdhde = 
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the positive scalar factor /c 12 is given by 

Jc 12 = 2gb j cos lx, 

and is a function of g and b, or of g 21 and k; it may therefore be denoted 
more explicitly by k 12 (g 21 , k). The form of the function k v , depends on the 
law of interaction between a molecule of the first kind and one of the second 
kind. 

Since g = g', and the angle between g' 2X and - k is also l {n - x), 

hizi&zi’ — k) = k x ^(g 2x , .S 

Substituting Jc 12 dk for gbdbde in 1 , we obtain 

f x f 2 Jc X2 dkde x dc 2 drdt .6 

as an alternative expression for this number of encounters. 

3.51. An expression for Af>. If there are several gases in a mixture, the 
rate of change, by molecular encounters, of the mean value (<f> x ) of 0 for 
molecules of the first gas can be divided into the parts A X <J> X , A 2 f> x , ..., due 
respectively to encounters with molecules of the first, second,..., gases. 

Thus A<j> 1 = A 1 $ 1 +A 2 <j> l + .... . 1 


In an encounter of a molecule of the first gas, the value of cj) x for the mole¬ 
cule, which when written in full (as in 2 . 22 ) is <j> x {c x , r > bs changed to <j)[, 
signifying 4> x (c f x , r, t). Thus the f for this molecule is altered by the amount 
<p x —4> x - The change in Z<j> x due to all encounters of the special type con¬ 
sidered in 3.5, between a molecule of the first gas and one of the second gas, is 


therefore 


( 0 ^ $tl) f\ffk x2 dk.dc x d(i 2 drdt . 


.2 


Integration, first over all permissible values of k, and then over all values of 
c x and c,, gives the total change during dt in Z<[) x , summed over all molecules 
of the first gas in dr, due to their encounters with molecules of the second gas. 
Since the number of molecules m x in dr is n x dr, this integral must equal 
n x dr A 2 f> x dt. Dividing by drdt, we get 

n x A % <j>-L)fxfzhzdkdc x dc 2 . .3 

As explained in 3.43, the variable c' in 0' is a function of c x , c 2 , k. 

The value of n x A x cf> x can be obtained from 3 as a special case by replacing 
m 2 . by m x in the relation between c r x and c x , c 2 , k, and using the relation 
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between % and k (or x and b, g) appropriate to the law of interaction between 
two like molecules m 1 instead of that between the unlik e molecules m x and 
m 2 , the symbol k 12 will then be replaced by l\. To distinguish between the 
initial velocities of the two encountering molecules, one velocity will be 
denoted by c l5 as before, and the other will be written without suffix, as c. 
Similarly the two functions / l5 f 2 will be wn’itten as/ 1; /, being now identical 
except that in the former the variables are c l5 r, t and in the latter they are 
c, r, t. Thus 

n i- u $1 = JTJ(&- ^ffxJ^dkdcdCi. .4 

When the gas is simple, that is, when molecules of one kind only are 
present, the suffix 1 in the symbol may be omitted; but it must be 

retained in the integral, in order to distinguish between the initial velocities 
of two molecules (now of equal mass) involved in an encounter, since the 
two velocities are separate variables of integration. 

3.52. The calculation of d e f/dt. Like Af> x , c e fjdt may be divided into the 
parts (9 e /i/S£)u •••> due to the encounters of molecules m x with 

molecules m x , m 2 ,... respectively; thus 



When an expression for (9 e /i/9 £) 2 has been obtained, the values of the other 
parts of djfdt can be derived by changes of suffix. 

Consider the set of molecules of the first kind, situated within dr, which 
have velocities within the range c l5 dc x ; the expression 

(¥)***■■* 

signifies the net increase, during dt, in the number of molecules of this set, due 
to encounters with molecules of the second kind (without restriction as to 
the velocity of these latter molecules). This net increase is the difference 
between the numbers of molecules of the first kind, within dr, which during 
dt enter and leave the set, owing to encounters with molecules of the second 
kind. 

Every encounter of a molecule of the set results in a change of velocity, 
and so involves the loss of the molecule to the set. Thus the number of 
molecules lost to the set during time dt, owing to the particular group of 
encounters with molecules m 2 such that c 2 and k lie in ranges dc 2 and dk, is by 
3.5,6 equal to 


AA Jc^dlsido-^ do 2 df* dim 
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The total loss for all values of c 2 and k is found by integrating with respect 


to k and c 2 ; this gives dCidrd tjff x f 2 k 12 dkdc 2 . 


The number of molecules m x entering the set c x , dr x owi ng to encounters 
with molecules m 2 during dt may be found in like manner. We must, for this 
purpose, consider encounters such that the velocity of a molecule m 1 after, 
encounter lies in the range c l5 dc x . Such encounters will be termed inverse 
encounters; those in which the initial velocity of the molecule m x lies in the 
range c x , dc x may be styled direct encounters. Corresponding to any direct 
encounter specified by the variables c x , c 2 , k, there is a closely analogous 
inverse encounter in which c x , e 2 are the final velocities of the two molecules, 
while - k is the direction of the apse-line. This correspondence is illustrated 
in Figs. 3, 3 a (p. 57), which refer to the encounter of molecules behaving 
like force-centres, and shows the motion of one molecule relative to the other. 

If the initial velocities in the inverse encounter are denoted by c' v c 2 , then 
by equations 3.43,z, on interchanging c x , c 2 and <•]_, <* 2 , and replacing kby 
— k and #21 by g n , } 

c 2 “ c 2 = — 2M,{k.. g 21 ) k, | 


so that Cj, c 2 are equal to the final velocities in the direct encounter, as is also 
evident from Figs. 3, 3a. 

Consider the inverse encounters specified by the variables c[, c 2 , ~k, 
and the ranges dc[, dc 2 , dk\ the number which occur in dr during the time 

dt 13 /i/sMgn. - k) dkdc^drdt 


or, by 3.5,s, fifzhzigzi’ k ) dkdc x dc 2 drdt. 


This is a function of e l5 e 2 and k, in virtue of the relations 3 . For any given 
value of k, the velocities c l5 c 2 of the molecules after encounter lie in ranges 
of magnitude dc x , dc 2 * where, by the theory of Jaeobians, the sixfold 
(positive) differential elements dc x dc 2 and dc' x dc' % are connected by the 

relation , , , , T , 7 7 

dc x dc' 2 = \J\dc x dc 2 , .S 


* This statement is not strictly accurate. To a volume-element dc L dc. z in the six¬ 
dimensional space in which the coordinates of a point are the. components of c x and c 3 
there corresponds a volume element 8 in the six-dimensional space in which the 
coordinates are the components of c x and c 2 ' : but 8 cannot in general be put into the 
form dc x dc 2 , anymore than the element of area between the pairs of curves £, = f>(x, y)> 
E, + d£ — <f>(x, y), and. 7] = rfr(x, y), Tj + dTj = ifr[x, y), can in general be expressed as 
equal to an elementary rectangle dxdy. However, just as the small area between 
these pairs of curves can be divided up info a large number of still smaller rectangles 
dxdy, so 8 can be divided np into elementary volumes dc x 'dc/. Summing over all these 
volumes, we find that the number of inverse encounters occurring in dr during dt, and 
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where J denotes the Jacobian 
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d«, Ca) _ d(u[, v' x , w' x , u! 2 , v! 2 , w' 2 ) 

S(c l3 c 2 ) S(%, v x , w x , u 2 , v 2 , w z ) 

(cf. 1.41). The partial differentiations involved in J are to be performed 
regarding k as a constant. Since the equations 3, which give c[, c 2 in terms 
of c x , c 2 , are linear, J depends only on k, m l5 m 2 . But c x , c 2 are given in terms 
of c' x , c 2 by equations differing from 3 only by having accented and un¬ 
accented letters interchanged; thus the Jacobian J', defined by the equation 


j/ 3 (Cj, c 2 ) e(u x , v x , w l3 w 2 , t’ 2 , tr 2 ) 

“ 3 (Ci, c 2 ) 3 («i, v[, w' x , u' % , v 2> w’ 2 ) ’ 

is equal to the same fimction of k, m x , m z as J, and so J' — J. But by the 
theory of Jacobians JJ' = 1 , and so J = + 1 . Hence, by 5 , 

dc x dc z = dc x dc 2 , .6 

and the number 4 of inverse encounters can accordingly be expressed in the 
° Ul f' 1 f z k 12 d'kdc 1 dc 2 drdt . . 7 


This will represent the number of encounters such that the final velocities 
lie in the ranges dc x , dc 2 , and k lies in the range dk.. On integrating over all 
possible values of k and c 2 , the total gain by encounters during dt to the set 
of molecules m x> c x> dc x in the volume dr is found to be 

dc x drdtjjf' x f 2 k x2 d'kdc 2 . .8 

Combining 3 and 8, we get 

dc x drdt JJ (/i/2 — /1/2) k 12 dk.dc 2 
for the net gain to this set. 

This net gain is denoted by (d e f x Jdt) 2 dc x drdt. Hence, dividing by dc x drdt, 
we find that /a r \ rr 

{ir)r \j ^-a/ 2 ) h*dkdc 2 , . 9 

which is the required expression for {d e f x jdt) 2 . 

specified by the variables c/, c 2 , — k, such that k lies in dk and the point with co¬ 
ordinates {u x ’, v/, w/, u 2 ', v 2 ', w 2 ) lies in 8, is 

Sfi'fdhdSzi, k) dkdrdt. 

Then we can prove, as in the text, that 

d “ | J j dc 1 dc 2 dc^ dc 2 , 
and so derive the expression 7 . 

CCMT 5 
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From this and 3 . 11,2 we obtain a second expression for A 2 f x , namely, 

= SSIMift-fiJt) dc x di\. . 10 

The corresponding formulae for and A l f> 1 arc 

Mi& = SnMff'i-ffi) l^dkdcdc,. .12 

3.53. Alternative expressions for nAf>; proof of equality. The equality of 
the expressions for n x A 2 ^ x given by 3.51,3 and 3.52, xo can readily be 
established. In the integral 

ujMir**»dtidc 1 dc t 

let the variables of integration c l3 c 2 , k be changed to c{, c 2 , — k, these being 
functions of c l3 c 2 , k (cf. 3.43). Then k 12 is the same function of the new 
variables as of the old; also dc x dc 2 = dc' x dc! z , and dk — d( — k) (since both 
elements are essentially positive); hence the integral is equal to 

11 /^ 1 / 1 / 2 ^ 12(^213 — k) d( — k) dc[ dv 2 . 

Now c[, c 2 , — k are variables specifying a certain encounter, namely, the 
encounter inverse to that specified by c l3 c 2 , k: and integration over all 
possible values of c[, c 2 , — k is equivalent to a summation over all possible 
inverse encounters, or, since every encounter is inverse to another encounter, 
over all possible encounters. Since c' 1} c 2 , — k are variables specifying an 
encounter, c l3 c 2 , k may be written in their stead; the variables c l3 c 2 , k which 
specify the inverse encounter must then be replaced by ci,e 2 , — k. Hence the 
integral becomes equal to 

JWiK, r, Z)/i(e l3 r, t)f 2 (c 2 , r, t) lc 12 (g 21 , k) dkdc x dc 2 

or, in brief, JM/i/.fcudkd^dc,. . 3 

From tlie equality of 1 and 2 that of the two expressions for at once 
follows. 

3.54. Transformations of some integrals. The proof in 3.53 is independent 
of the nature of the functions <f>, f, and similar arguments serve to establish 
a number of analogous analytical results which may be quoted here for later 
reference. 
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First, if F, G and are any functions of Telocity, position, and time, such, 
arguments show that 

in$i F 'i G a kudlzd^dci = Sjf<*>' 1 F 1 G z k 12 dlLdc 1 dc 2 .i 

In this equation replace <j> x by unity and F x by <j> x F x , then it becomes 
^ 1^2 — G 2 k 1 . 2 d'kdc 1 dc 2 . 

From this equation and i it follows that 

rj 2 - I’l <?«) i’is rfkdCi(Zc„ = -Jfj^' 1 (F 1 G :I -l'[0' 2 )k li dkdc l dc 2 
= iHKti - &) (A O, - Ji Gi) kadkcU^de, . 2 

From 2 , omitting the suffix 2 , the corresponding equation for encounters 
between pairs of molecules m 1 is obtained; this is 

tttf x (F x G-F' x G')k x dkdc x dc = ifff(f> x -<f' x )(F x G-F' x G')k x dkdc x dc. 

.3 

Since c x and c both refer to molecules m x , an interchange of c x and c does not 
alter the value of either integral. Thus, making this interchange on the 
right-hand side of 3 , we have 

§N$i(T x G—F' x G') lc x d]zdc x dc = UJT($W') {FG X -F'G' X ) k x dkdc x dc. 

Adding to 3 this equation and two similar equations, in which F X G—F’ X G' 
on the left-hand side is replaced by FG X — F' G' x , we get 

JWi^i G + FG X - F' x G' - F'G' X ) k x dkdc x dc 

= ifJW + $!-<*>'- <f>i) (T x G + FG X -F' X G' - F'G' X ) k x dkdc x dc. 

.4 

In this equation put F = G. Then 

HS‘fii(FFi-rr 1 )ic l dkdc 1 dc 

= i JTJ(^+ 0i — 4>~~ 0i) (FF X — F'F' X ) k x dkdc x dc . 5 

3.6. The limiting range of molecular influence. The integration with 
respect to k in 3.51-3.54 was tacitly supposed to be taken over all permissible 
values of k; that is, since & 12 dk = gbdbde, over all values of b from 0 to 00 , 
and all values of e from 0 to 2 ?r. But this statement requires some qualifica¬ 
tion when applied to integrals such as 3.52,2, since such integrals become 
infinite if the range of integration with respect to b is infinite. Some upper 
limit for b, representing the limiting range of molecular influence, should 
really be taken; this distance might vary to some extent with g, but with 
gases of moderate density it is usually considerably less than the mean 
distance between neighbouring molecules. To make the distance definite we 
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may, for example, choose to ignore all “grazing’’ encounters during the 
whole course of which the deflection x the relative velocity is l esg 
than a very small angle 8 ; then when the force between molecules is 
always repulsive the angle between k and g 21? instead of taking all values 
less than \tt, must be less than \{ti — 8), and similarly for an attractive force 

The value of the integral 3 . 52,2 will depend entirely on the upper limit 
chosen for b, but in such integrals as 3 . 5 . 1 ,3,4, 3 . 52 , 9 ,10,11,12, where the 
integral contains a factor such as the case is different; as b tends to 

infinity, c[, c' 2 approach the initial values tq, <\>, so that c// becomes equal 
to <p. It is found that, when the relation connecting y, b and g corresponds 
to the laws of force which hold good in the ease of most actual gases the 
larger values of b contribute very little to the integral, and the result is 
not appreciably affected if, for analytical convenience, the integration is 
extended up to b = 00. 

Where this procedure is illegitimate (as, for example—of. 10.33_when 

the molecules repel or attract according to the inverse square law) b must be 
restricted, and a discussion of the effect of encounters in wh ich more than 
two molecules participate is required. In this case, moreover, it is not true 
(as was assumed in the derivation of Boltzmann’s equation) that molecules 
are appreciably influenced by forces of interaction only along a small portion 
of their paths, and therefore the results derived from Boltzmann’s equation 
cannot be expected to give more than the correct order of magnitude of the 
quantities concerned. 
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Chapter 4 

BOLTZMANN’S H-THEOREM AND THE MAXWELLIAN 
VELOCITY-DISTRIBUTION 

4.1. Boltzmann’s H-theorem: the uniform steady state. Consider a simple 
gas whose molecules are spherical, possess only energy of translation, and 
are subject to no external forces. If its state is uniform, so that the velocity- 
distribution function / is independent of r, Boltzmann’s equation 3.1,i 
reduces to 

|=JJ(/'A -/A) Mk dc t , . i 

after substituting for djjdt from 3.52,ii. 

Let H be the complete integral (that is, the integral over all values of the 
velocities) defined by the equation 

H = J/log/dc. 

Then H is a number, independent of r, but a function of t, depending 
only on the mode of distribution of the molecular velocities. Also 

w = j^ (flogf)dc = J (1 +logf) % de 

= JJJa + log/) (ff'i-ffi) hdkdcdc, .3 

by x. Hence, using 3 . 54 , 5 , 

^ = i JJJ ( 1 + lo §/ + 1 + lo ° A - 1 - log/' - 1 - log A) 

x (ffi-ffi)K dkdcdc i 

= i JJJ log (ffdS’fil (AA-/A) Thdkdcd^. .4 

Now log (ffx-ff'fi) I s positive or negative according as ff t is greater or less 
than f'fx, and is therefore always opposite in sign to/'/i—/A- Thus the 
integral on the right-hand side of 4 is either negative or zero, and so H can 
never increase. This is known as Boltzmann’s H-theorem. 
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Since H is bounded below,* it cannot decrease indefinitely, but must tend 
to a limit, corresponding to a state ol the gas in which cl I jet — 0. By 4, this 
can occur only if, for all values of c, c l5 

/7;=//x> st 

or, what is equivalent, 

log/' + log fi = log/+ log J \. 6 

Comparing 5 and 1, we see that, if dH/dt = 0, then P //< t = 0 also, so that the 
state of the gas is steady as well as uniform. Conversely, if the gas is in a 
uniform steady state, not only must dfjdt = 0, but also, since // depends only 
on/, dHjdt = 0, for which 5 is necessary. That is to say , the solution of 

mfK-ffl)hdkdCl = t) : 7 

is 5 or 6. 

Equation 5 implies that the number of encounters between molecules 
with velocities in the ranges dc, dc x , such that the direction of the apse-line 
lies in the range dk, is equal to the number of inverse encounters of a similar 
type which result in molecules entering these velocity-ranges (cf. 3 . 52 ). 
This is expressed analytically by the equation 

f'f'Mg'zv -k)dkde'dci =//A(# 21 , k)dkdcdc 1} 
which is satisfied by virtue of 5 and the relations 

dc'dc[ = dcdc 1} k x (g^ x , - k) = l\{g. ix , k). 

Thus not only is the state of the gas steady, so that encounters as a whole 
produce no effect, but also the effect of every type of encounter is exactly 
balanced by the effect of the inverse process. This is an example of detailed 
balancing , now adopted as a general principle in statistical mechanics.:!; 

Equation 6 shows that log/ is a summational invariant for encounters 
( 3 . 2 ). Thus it must be a linear combination of the three summational 
invariants of 3.2,2, so that 

log / = Eafti — ofi) + a (2) . me — . |mc 2 , .8 

* This is because H — — 00 only if the integral 
J/log/dc 

fails to converge. Now/->0, log00 as c-»co; also the integral 

which represents the (finite) total energy of translation of the molecules, must con¬ 
verge. Hence, roughly speaking, the integral for H can fail to converge only if —log/ 
tends to infinity more rapidly than c 2 . But this implies that / tends to zero more 
rapidly than, e c , and when this occurs the integral for H certainly converges, 
t Equation 5 first occurs in Maxwell, Phil. Trans. Boy. Soc. 157, 49, 1867 . 
i B. H. Eowler, Statistical Mechanics, p. 417 (1929), or p. 660 ( 1936 ). 
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where, since log / is a scalar, a (1) and a (3) are scalars and a (2) is a vector; all 
three must be independent of r, t, since the state of the gas is uniform and 
steady. This equation is equivalent to 


log / = a (1) + m(cd® u 4- ccf v + ccf> w) - W z hn(u 2 -±v' 2 + w 2 ) 

= loga<°>-a<®. |m{(w-af>/a (3) ) 2 + {v-afjo^) 2 + {w -af/a< 3 >) 2 }, 
where a (0) is a new constant. Thus, if C — c — a®/a (3 >, 

/ = a (0) e -«< 3) .imC'^ . 9 

This result was first obtained by Maxwell, and a gas in the state defined 
by 9 may be said to be in the Maxwellian state.* 

The constants a (0) , a (2) and a (3 > can be evaluated in terms of the number- 
density n, the mean velocity c 0 , and the temperature T. First we have 

n = jfdc = a ( 0 ) 

whence, on expressing C' in terms of polar coordinates O', 6, 9 , 


= a (o>fJ5Lf 

[maVJ 






dy 


using 1.4,2. Again, 


wc 0 = jcfdc 

= J(ot ®>la!®+C')fdC’ 

= no.™ joe®+ a<°> Je -a<3> • *™ c ' 2 C'dC'. 


The second term vanishes because the integrand is an odd function of the 
components of C'; hence c 0 = a ( 2 ) /a (3) and C’ is identical with C, the peculiar 
velocity ( 2 . 2 ), so that 9 takes the form 


* The variable C' of 9 should not be confused with the peculiar velocity of a 
molecule after collision, for which the same symbol C' is used in subsequent work. 
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Finally 
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1 kT = %mC* 



_3 

2a® 


by 1 . 4 , 2 . Hence a (3) = 1/kT. 

Consequently 9 is equivalent to 

•which is the usual form of Maxwell’s velocity-distribution function. 

It therefore appears that when the density, mean velocity, and tempera¬ 
ture of a uniform gas are assigned, there is only one possible permanent mode 
of distribution of the molecular velocities, and that the actual mode, if 
different, will tend to approach this mode. 

4.11. Properties of the Maxwellian stats. The number of molecules per 
unit volume with velocities in the range c, dc is fde o vfdudvdw. Hence the 
number of molecules per unit volume, in the Maxwellian state, whose com¬ 
ponent velocities lie between the limits u and u + du, v and v + dv, and w and 
w + dw, may be written 

n{mj^7TkT)^e-^ u - u ^ kT du . e ~^ v ~^ kT dv . 

This indicates that the distribution of u is independent of the values of v, w; 
thus the probability that the ^-component of the velocity of a molecule lies 
between given limits is independent of the value of the component per¬ 
pendicular to Ox; the ^-component is distributed about its mean value 
proportionately to the “error function” 

e -im{u~u 0 )-lk T 

or e~ s \ where s 2 = %m(u—ufffkT. 

Writing dc = dC — C 2 sin ddCdddcp, and integrating with respect to $ 
and 9, the number of molecules per unit volume whose peculiar speeds lie 
between 0 and 0 + dC is found to be 
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which is proportional to s 2 e~ s \ where s 2 = C 2 j’2kT. Graphs of the two 
functions e ~ s % -s 2 are given in Fig. 7. The first illustrates the dis tribution 
of any component of the peculiar velocity, and the second shows that of the 
peculiar speed 0. 


y 



The mean value of any function of the molecular velocity for a gas in the 
Maxwellian state can be found from the equation 

J If the function is of odd degree in any component U, V, or W of the peculiar 
velocity, its mean value vanishes. 



[ 4.11 



(cf. the definition of temperature in 2 . 41 ,i). The root-meau-square of the 
peculiar speed is defined as equal to *J(C Z ). It is thus not equal to the mean 
speed; in fact 

= CV( 3 tt/ 8 ) = 1-080 0. . 4 

Another mean value needed later is that of the s-component of the 
peculiar velocity, averaged over those molecules at a given point for which 
this component is positive; it will be denoted by Since the number- 
density of such molecules is 

fwdv, .s 

where the integration on the right extends over all values of C for which 
W> 0. Hence, using 1.4,2,3, 

== ^ / m + « rca mV 3 r <x> mil'* 

w + = 2 - \2^HcTj J 6 2fc2 wj e~^dvj mr***dw 
- ( 2kT V 

\ nm J 


= \ 0 . . 6 

The components of the pressure tensor (2.31,3) can readily be found. 
Since the mean value of any function of the velocity odd in U, V, or W is 
zero, the non-diagonal terms of the tensor vanish, while by symmetry 

Pxx = Py V = Psz = UPxx+Pyy+Pss) 

= P = hnT, and p = IcnTXJ. 

Hence in this ease the pressure system is hydrostatic ( 2 . 32 ). 


•7 
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4.12. Maxwell's original treatment of velocity-distribution. The above law 
of distribution of velocities, 4.1,io, was first given by Maxwell* for the case 
of a gas at rest. His original argument is of historical interest, though not 
mathematically rigorous. He assumed that, as the component velocities 
u, v and w of a molecule are perpendicular to each other, the distribution of 
one of these components among the molecules will be independent of the 
values of the other components. Assume, then, that F(u) du is the probability 
that a molecule should possess an rc-component of velocity between u and 
u + du, and that F(u) is independent of v, w. Then the probabilities that 
its y- and 2 -components of velocity should have values between v and v + dv, 
w and w + dw, are similarly F(v) dv, F(w) dw ; hence if 

f(u, v, w) dudvdw 

denotes the number of molecules per unit volume whose component velocities 
lie in the ranges du, dv, dw, 

f(u, v, w)dudvdw = nF{u)duF(v)dvF(w)dw. 

How in a gas at rest there is nothing to distinguish one direction from 
another; thus f(u, v, w) can depend on u, v, w only through the invariant 
u 2 -tv 2 + w 2 . Thus 

nF(u) F(v) F{w) =f(u,v,w) — + w % ), 

say. The solution of this functional equation is given by 
F(u) = xe™ 2 , 

f(u, v, w) = <f(u 2 + v 2 + w 2 ) = wx 3 e T(u2+ij2 + l6 ' 2 >, 

where x, y are arbitrary constants; this agrees with the form derived above 
for/, taking %x 3 = cd°\ y = —a (3) . 

The unsatisfactory feature of this proof is the assumption that the 
distribution of each of the three velocity-components among the molecules 
is independent of the values of the others. As these three components do not 
enter independently into the equations governing a collision, it would be 
natural to suppose that the distributions of the components are not inde¬ 
pendent. 

On account of this defect, Maxwellf attempted a second proof, which was 
also im perfect; he showed only that if in a gas the Maxwellian distribution of 
velocities was once attained, it would not alter thereafter (since f'f[ = ff x , 

* Maxwell, Collected Works, 1 , 377; Phil. Mag. (4), 19 , 22, 1860. 
f Maxwell, Collected Works, 2, 43. 
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so that dffdt = 0). Boltzmann first showed, by his //-theorem,* that the gag 
would tend to the Maxwellian state. The demonstration was improved later 
by Lorentz,f substantially to the form given above in 4.1. This proof 
also is open to some objection, because of the assumption in 3.5 that there 
is no correlation between the velocity and the position of a molecule. 
In very dense gases it is, in fact, probable that the velocity of one molecule 
is related to the velocities of other neighbouring molecules, in whose close 
pro ximi ty it remains for some time by reason of the close packing of the 
molecules; but for gases under ordinary conditions the assumption appears 
to be valid. J 

4 . 13 . The steady state in a smooth vessel. Maxwell’s form for/ also applies 
to the steady state of a gas at rest in a smooth-walled vessel under no forces. 
Consider H 0 , defined by 

H 0 = fHdr = S!f log f dedr ., 

(cf. 4.1,2), the space-integration extending throughout the volume of 1 
vessel. In the time-derivative of this equation, 

§=JJ(log/ + l)f,fcdr, 

we substitute for dfjdt from Boltzmann’s equation 3.1 ,x, omitting the term 
containing F, since F = 0. We thus have 

’ = JJ(log/ + l)^dcdr- JJ*c .% dvdr. .3 

The second term becomes, on transformation by Green’s theorem, 

- fjcJlogfdcdS 

or -$nc„logfdS, 

where c v is the component of c along the outward normal to the element dS 
of the surface of the vessel. Consider the contribution to this integral from 
any element dS, which we may without loss of generality take perpendicular 
to Ox, since the directions of the axes of reference are arbitrary. Since the 
vessel is smooth, the molecules that leave are the same as those that strike it; 

* Boltzmann, Wien. Sitz. 66, 275, 1872. 
t Lorentz, Wien. Sitz . 95 (2), 127, 1887. 

t See Jeans, Dynamical Theory of Gases (4th ed.), pp. 59-64, 1925. 
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their ^-components of velocity are exactly reversed, and their y- and z- 
eomponents are unaltered. Hence near dS 

f( — u, v, w) — f(u, v, w), 

and so c v log/ = u log/ = 0. 

Thus the contribution to the integral from this element vanishes. Since the 
element dS is arbitrary, the integral as a whole vanishes. 

It follows that — JJ(log/+ 1 )~§[dedr. 

After substituting for 8 e fjct from 3.52,n, we may show, as in 4.1, that 


cHo 

ct 


< 0 , 


and hence that when the state of the gas is steady (so that df/dt = 0 and 
8HJdt = 0) log/must be a summational invariant, as in 4.1,8. Consequently 


d e f/dt = 0, and 



the variable c taking the place of C because the gas is supposed to be at rest. 

The quantities n. Tin. this equation might conceivably be functions of r, 
as the state has not been assumed uniform. But Boltzmann’s equation for/, 
which now reduces to 


must be satisfied for all values of c; this implies that n and T are independent 
of r. 

When the walls of the vessel are not smooth, no such simple proof that 
Maxwell’s formula remains valid seems available.* 


4.14. The steady state in the presence of external forces. We next consider 
the case when an external force mf acts on each molecule (F being, as before, 
independent of the velocity c of the molecule). As in 4.1 


- = J(l + log/)|^dc 


l dt 


d(flogf) 


m °g/) 

■ 0C 


* On this point see R. H. Fowler, Statistical Mechanics, pp. 697—99 (1936). 
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In the last term we have three components of the integral 

WM/)* 

J 3 c 


to consider. In the component 

jjjM^n dudvdw 

an integration with respect to u gives 

JJ[/ log /] w j&v&w, 

which vanishes since /log/ must vanish when e or any of its components 
tends to ± oo. Hence the integral 2 vanishes. 

If the gas is in a smooth-walled vessel at rest, or if its density tends to zero 
in all directions, it may be shown, as in 4.13, that the second term 011 the right 
of 1 contributes nothing to H 0 , defined as before by 

H 0 = JHdr. 

Thus again it follows that dH 0 [dt 0, and in the steady state d f Jjdt = 0 and 



where C — c — c 0 and n, c 0 , T are independent of e and t , but may now 
depend on r. 

To examine this dependence, we substitute from 3 into Boltzmann’s 
equation, using the form given in 3.13,3, since in 3 / is expressed in terms 
of the peculiar velocity C. Since the state is steady, DjDt in 3.13,3 maybe 
replaced by c 0 . d(dr; also we have seen that d e f/dt = 0. Hence, on dividing 
by /, this equation becomes 


c „ ^Si+C d J2Sf+i F -(c l\ c \ 31 °S/ 31 °g9 , 

3 r +C - Sr + f -36" 6 Sr 1 " “ °' 


Since 


we have 


log / — log (n}T%) —mC z /2kT + constant, 


d log/ _ 8 log (n/T%) mC 2 dT 


Sr 


Sr 


r 2kT*dr ’ 


d log/ 
SC " 


m,C 

~W 


Using these values, we can express the left-hand side of 4 as the sum of a part 
independent of C, and parts involving C to the first, second, and third powers 
of its components; these must vanish separately, since the equation is an 
identity in C. 
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The part of the third degree in C is 

3 T_ 

2kT 2 ' dr ’ 


whence it follows that dTjdr — 0 , that is, the temperature must be uniform 
throughout the gas. Allowing for this, the part which is of the second degree 
in C becomes 


ET CC: 8? e ° = 0 ’ 


whence it follows that 



or e = 0 in the notation of 1.33. This implies that 

du_ o = dv, = dw 2==0 dv 0 dw 0 = dw 0 du 0 ^ du 0 dv 0 ^ 

dx dy dz dz _r dy dx dz dy ox 

As shown in books on elasticity,* the solution of these equations is 

c 0 = c , + c*>Ar, . 5 

where c' and co are arbitrary constants. Thus the mean velocity of the gas at 
any point is the same as the velocity of a rigid body moving with a screw 
motion. 

First consider the special case when c 0 = 0. This ensures the vanishing of 
the part of 4 which is independent of C; using the conditions c 0 = 0 and 
dTjdr = 0 , the remaining part, of the first degree in C, becomes 

^ (dlogn mF\ 

hr)’ 

Since this vanishes for all values of C, 


dlogn m 
dr ' kT 


.6 


The steady state is therefore possible only if F is the gradient of the scalar 
function (JcTjm) lo gn, so that the field of force must possess a potential X F, 
satisfying the equation 


kT 

W — -log n + constant. 


The density distribution is given in terms of W by 

n = n 0 er mWlkT , . 7 


Cf. A. E. H. Love, The Mathematical Theory of Elasticity, § 18, 1927. 
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where n 0 is a constant, being, in fact, the number-density at points at which 
0. Hence the complete expression for / is 



This result was first given by Maxwell* as a deduction from his equation 
4.1,5. Boltzmannt later gave the same result (apparently unaware that 
Maxwell had already published it); his proof was based on the //-theorem, 
and supplied a needed foundation for Maxwell’s deduction. 

Consider next the ease when c 0 does not vanish. Let Oz be taken as the 
axis of the screw motion; then the components of v 0 are (— oKf, mj\ o'), and 


where W Q = — -|n> 2 (rc 2 + ?/“). .9 

The equations obtained on equating the terms of first and zero degrees in C 
to zero are now 


„ (dlogn mF ( m dW Q \ n „ f)log«. _ 
C ' [ dr icT + lcT dr J ~ ’ 0 * dr ~ " 


The first of these implies that F is again derivable from a potential W, and 
that the number-density n is given in terms of x f J by 


n = n 0 e~ m ^+ XJ, ^ kT . 


Comparing this with 7, we see that the effect of the motion on the density- 
distribution is the same as if a field of centrifugal force, of potential W 0 , acted 
on the gas. 

Using this expression for n, and remembering that c 0 . dWJdr = 0, we 
obtain from the second of equations 10 the condition 


expressing that the motion of the gas must at every point be along an g 
equipotential surface W = constant. Thus if <0 = 0 and c' ^ 0 ,W does not | 
depend on z, and if o' = 0 and 0 ^ 0, W must be symmetric about Oz: if % 
both c' and (o do not vanish, W is constant along spiral curves with Oz as 
axis. 

If the gas is enclosed in a smooth stationary vessel, the motions must 
be consistent with the shape of the vessel: that is, the gas must in general 


* Maxwell, Nature, 8, 537, 1873; Collected Works, 2, 351. 

t Boltzmann, TFiew. Ber. 72, 427, 1875. 
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be at rest, but if the vessel possesses symmetry about an axis a rotation 
about tbis axis is possible. 

When c' — 0 and F = 0 the form off is 

, TO \- —^J,{u*+v t +w 2 +2a)(uy~vx)} 

1 = n \2 St) e 


This form of the velocity-distribution function for a rotating gas was first 
indicated by Maxwell.* 

4.2. The H-theorem and entropy. For a gas in the uniform steady state 
the quantity H , defined by the equation 

H = jflogfdc = nlogf, 

can be expressed in terms of n and T. For in this case 

log / = log n+ f log {mj^nkT) — mC 2 /2kT, 

whence H = nQogn +§ \og(mj27rkT) — §} 

(cf. 2.41 ,i). If the total mass of gas present is M, the volume occupied by the 
gas is M/p, or M/mn. On integrating H through this volume, it follows that 

H 0 =fHdr = (M jm) (log w+§ \og(m/27rkT )— §}. 

The entropy S of the gas (cf. 2.431) is such that 


• -J ST kS ‘ 

ss = mU vT+ -- v 


Since c v = 3k/2m in this case (there being no communicable internal energy), 
and nV is the total number of molecules, which is constant, 

Mk (3 ST Sn\ 

T“»j> 

whence, on integration, we find 
Mk 

S =-log (T^jn) + const.; 


thus 


S + kH 0 - {log(2 Trkjm) +1} + const. 


The right-hand side of this equation is independent of the state of the gas; 
hence, except for an additive constant, 

S = -kH 0 . .i 


Maxwell, Nature, 16 , 244, 1877. 
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This relation connects H 0 with the entropy* when the gas is in a uniform 
steady state. Tor non-uniform or non-steady stales there is no thermo- 
dynamic definition of entropy, but the eonee| >t of entropy may be generalized 
to such states, taking equation 1 as the definition. Boltzmann’s II -theorem, 
which shows that for a gas not in a steady state // 0 in ust decrease, is a gene¬ 
ralization of the thermodynamic law that entropy cannot diminish. This 
association of H with S was indicated by Boltzmann in 1 872. 

4.21. The H-theorem and reversibility. Suppose that at a certain instant 
the velocity of every molecule in a massof gas in a uniform state under no 
forces is reversed; the value of H or n Fog/ will be unaltered by this process, 
The molecules will now retrace their previous paths. Since, in general, 
dHjdt < 0 before the change, one infers that dl f fdt > 0 after the change, which 
contradicts the H-theorem. Thus a paradox arises. 

This paradox is one of a series occurring in the kinetic, theory. Consider, 
for example, the following paradox relating to an atmosphere in a steady 
state under gravity. Any one molecule has a constant downward accelera¬ 
tion due to gravity, and since, with the velocity-distribution of 4.14,8 
velocities in all directions are equally likely, collisions with other molecules 
may impede, but will not completely destroy, the downward motion of the 
molecule. - )* Hence the gas as a whole must descend; that is, it cannot be in 
a steady state. 

This second paradox is easily resolved. If the atmosphere is held up against 
gravity, it must he held up by a surface, and collisions with this surface 
interrupt the steady descent. To see how the steady state is maintained at 
a level well away from this surface, consider two neighbouring horizontal 
planes A and B, of which A is above B. Because of the action of gravity it is 
more probable that a molecule which at the beginning of a short intervals 
at A will sink to B during that interval, than that a molecule initially at J 
will rise to A. As, however, the density of molecules is greater at B than at A, 
the smaller proportion of the molecules initially at B which rise to A can 
exactly balance the larger proportion of molecules initially at A which sink 
to B. Hence each molecule can tend to diffuse downward with a certain 
velocity, and yet the mean velocity of molecules at a given point can vanish, 

The first paradox can he dealt with in like manner. In the arg 

* In Boltzmann’s papers of 1872 and 1875, in which the JET-theorom was introduced, 
he used the symbol E (presumably because it is the initial letter of entropy) for what is 
now denoted by H; Burbury (Phil. Mag. 30 , 301, 1890) seems to have introduced the 
symbol H, though later he used B to denote an almost identical function. Boltzmann 
used the symbol E as late as 1893, but in 1895 adopted the letter H; cf. Nature, 139, 

t Cf. 5.5, on the persistence of velocity after collision. 
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leading to the iZ'-tlieorem appeal was made at several points to ideas of 
probability, e.g. in the definition of the velocity-distribution function, or the 
calculation of the number of encounters of a given type. Thus the ^-theorem 
is to be interpreted as implying, not that H for a given mass of gas must 
necessarily decrease in a given short interval, but that a decrease is more 
probable than an increase. This would appear, nevertheless, to be incon¬ 
sistent with reversibility, since to every state of the gas for which H is 
decreasing there corresponds one for which H is increasing equally fast, and 
so, if one state of the gas is chosen out of all possible states such that H has 
a given value, it is just as likely that dH/ct shall be positive as negative. 
Comparison with the second paradox suggests a solution of this one. The 
value of dHjdt which we have found is, as it were, a velocity of diffusion, 
analogous to that of a molecule at A in the preceding paragraph, with which 
H tends to approach its minimum value as the actual state of the gas varies 
among the different possible states. It may be negative, even though the 
mean value of the “velocity” dHjdt for all possible states with a given H 
vanishes, provided that the possible states with a smaller value of H are 
more numerous than those with a larger value, i.e. provided that smaller 
values of H are intrinsically more probable than larger. It is actually a 
result of statistical mechanics that the Maxwellian velocity-distribution 
function gives the most probable distribution of the molecular velocities.* 

4 . 3 . The H-theorem for gas mixtures; equipartition of kinetic energy of 
peculiar motion. The velocity-distribution functions for a mixture of gases 
in a uniform steady state under no forces may be obtained by a generalization 
of the argument of 4.1. For simplicity, we consider only a binary mixture. 
By analogy with 4.1,i, the equations satisfied by the velocity-distribution 
functions / 13 / 2 are 

0 = jj(F' i F'-F i F)k ! ,dkdc+jj(f' 1 F^f 1 F 1 )i: 12 dkdc 1 .x 

where, for the present, / 2 has been replaced by in order to emphasize 
the distinction between the functions r, t) and/ 1 (c, r, t) for molecules 
of the first kind, and the functions/ 2 (c 2 , r, t) and f 2 (c, r, t ) for molecules of 
the second kind: these are represented in the above integrals by/ l3 / and 
F 2 ,F. 

Multiply the first of equations x by log f x dc x , and the second by log F. 2 dc 2 , 

* Jeans, Dynamical Theory of Gases (4th ed.), chapter 3, 1925. 
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and integrate over all values of <*„ r 3 respectively; then, on transformation 
by 3.54,2,5, they become 

-I- Hfiiogfx +log/-log/;-log/') (/'/; -/A) />-, 

+ HJjaog/ 1 ~log/i) (A^Wi / , a)^i2^krfr l dc a « 0, 

l JJJ(log^ 2 + log F - log Ft, -log F') ( F'Ft, ~ Fb\) Fdkdcde, 

+ * JJJ( log^ ~ log F z ) (/; -/, i’ 2 ) J^dkde.dc, = o, 

whence, on addition, we obtain 

i JJJ lo g(//i//7i) (/7i -/A) hdkdrdcy 

+ i J/Jlog (fxM'iK) (fin “A /'«) 

+ £UJlog (FKIF'F:,) {F'F z - FF Z )F ktfede 2 = 0. 

In none of these three integrals can the integrand be positive, so that their 
sum can be zero only if, for all values of the variables, the integrands vanish, 
Hence for all types of encounter, between like or unlike molecules, 

A/=/;/', AJWiJ’ji, F.F^FIJ”, . a 

and therefore log f v log F z are solutions of the three equations 

fx + ijf = A+A, A + A = A + X K, l K+ F = x /':,+ W . 3 

The first and third of these equations show that \ji \, X F Z arc of the forms 
A = a i 15 + a i 2) • WjC-l+ ccP. irajef, A — a ‘£ l) + a*i 2) • nu<\ -f cc,p . |m 2 cf; 
the middle equation then requires that a-p* = ai 2) = a (2) (say); aj 35 =a| 3) =a® 
(say), to satisfy the equations of conservation of momentum and energy at 
encounters of unlike molecules. Thus 

logA = A l) + « (2> - w 1 c 1 +a< 3 >. \m x c\ = log A x + a< 3 >. hn x Z\u L - u')\ 
lo gA = a 2 + a (2) . w 2 c 2 -t-a (3) . 4 to 2 c| = log.4 2 4-a (:J) . |w s X , (w ! > —-w') 2 , 

where A v A%, u', v', w r are new constants. It may be shown, as in 4.1, that 
u , v , w are the components of the mean velocity of either constituent, and 
so of the mixture: and that the mean kinetic energies of peculiar motion of 
molecules of the two constituents are the same, and equal to — 3/2a®. 
Hence, if T is the temperature of the gas, kT — — 1 jo6' A) , and the velocity- 
distribution functions/ x ,/ 2 may be expressed in the forms 
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The result that the mean kinetic energies of peculiar motion of molecules 
of the different constituents are equal is a special case of the statistical- 
mechanical theorem of equipartition of energy, referred to in 2.431. 

The results of 4.13, 4.14 may also readily be generalized to apply to a 
mixture of gases. Thus, for example, if the molecules of the two gases are 
subject to fields of force of potentials W x , the velocity-distributions will 
be given by equations of the same form as 4, where n x , n 2 are given by 

n x = N x e~ m ^v kT , n 2 = N 2 e~ m ^ kT , .5 

N x , N 2 being constants. 

4.4. Integral theorems; 1(F), [F, G\, {F, G). To conclude this chapter 
certain integral theorems, similar to those of 3.54, will be proved. Only a 
binary gas-mixture will be considered; the corresponding results for a simple 
gas, also required later, are merely special cases of these. 

The velocity-spaces of the different sets of molecules will be regarded as 
distinct domains; thus functions of the velocity may be differently defined 
in the two domains. Let/® denote Maxwell’s velocity-distribution function 

t" 

where the suffix 1 or 2 must be appended to/®, n, m and C, while an accent, 
as in/®', will indicate that the variable C' replaces G. Then, by 4.3,2, 
/ 1 (o)'/(or ==/i o) / (o )j / 2 ®'/®' = / 2 ®/®. 

Let fbea function of the velocity defined in the first velocity-domain, 


and let 

n\I x (F) = JJA®/®^ + F-F' X -F') k x dkdc. . 3 

The quantity I 2 (F) is similarly defined when F is defined in the second 
velocity-domain. Again, if K is any function of c x and c 2 , and K' is the same 
function of c x and c 2 , write 

n,n 2 IAK) 3 (K-K') k lt dkdc„ .4 

% » 2 I 21 (Z) - SSfl^HK-K^k^dkdc,. .5 

Since F and K appear linearly in the above expressions, 

I(<j> + f) = I(<l>) + I(t), I(a<j>) = al(4>), .6 


where a is any constant, and I may have any of the above suffixes. The 
functions I possess a certain similarity to djjdt in being only partly inte¬ 
grated, so that I X (F), I 12 (K) are functions of c x , while I 21 (K), I Z (F) are 
functions of c 2 . 
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Complete integrals related to these functions are defined as follows. First, 
if F and G are functions defined in the first velocity-domain, we write 

[F, (r]i = J G x I x (F)dc x . . 7 

Then, by 2 and 3.54,4, 

[J, 0\ = -4 ^(F + F 1 -F-I'i)(G+G l -G'-G' 1 )k 1 dkdcdc b 

whence, by symmetry, [F, G] x = [G, F] x . 

Tor functions F, G defined in the second domain, [F, G) t may be defined in 
like mamier. 

Again, when F, H are defined in the first domain, and G, K in the second, 
let 

[F x + G 2 ,H X + if 2 ] 12 a Ji?i I AH 1 + K%) de x + JG 2 + K % ) dc 2 . 9 

Then, by 2 and 3.54,3, 

«+e 2 , s 1+ zj u - ( f 1 + g 2 - f [- (?-) 

x (H 1 + K % — Il' x — KF) l\ 2 dVidc x dc 2 

= [H x +• if 2 , F x -1- <? 2 ]i2- .10 

If n x , n 2 both refer to the same gas, so that k x2 = k x , it follows from 9 that 

[F n G x + — [F, ^Ji- 

These complete integrals bear a certain resemblance to the expressions 
for A x $ x , A 2 $ x , while the following compound of them is likewise analogous 
to A (<fi x + ^ 2 ) : 

n x n 2 {F, G } = n\[F, G\ x + n x n 2 [F x +F 2 , G x +G 2 ] X2 +nl[F, G] z> . 13 

where F and G are each defined in both velocity-domains. 

On account of the linearity of these complete integrals in the functions 
F, G, etc., relations typified by the following hold good for each of the 
functions defined in 7, 9,12, 

{JP, G) = {G, F], {F, G+H} = {F, G} + {F, H], {F, aG} = a{F, G}, . 13 

where a is any constant. 

In {F, G) and [F, G~\ the functions F, G may be either scalars or vectors 
or tensors, so long as they are of like kind. The incomplete integrals 1(F) 
are of the same nature as F ; the integrands in [F, G] and {F, G) are supposed 
to contain the scalar products of G and 1(F). 

If the functions F, G, do not involve the number-densities % or % 
explicitly, the functions I x and I X2 , and the square-bracket expressions 
[F, G] x , [F x + G 2 , H x + /f 2 ] 12 , ..., are absolutely independent of the number- 
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densities; the curly-bracket expressions {F, G }, on the other hand, in general 
depend on the concentration ratio n x jn 2 , though they also are independent 
of the total number-density % + n 2 . 

4.41. Inequalities concerning the bracket expressions [F, G], {F, (•?}. It 
follows from 4.4,8 that 

since the integrand is essentially positive. Similarly, by 4.4, io, 

[Fi + G* jFi+Gyi 2 ^0, 


and so {F, F}^ 0. .2 

The sign of equality in 1 is valid only if 

F+F x = F' + F' x , . 3 


i .e. if F is one of the summational invariants ijr® of 3.2, or a linear combination 
of them. Thus, if F is a scalar quantity, the complete solution of the 
equation I x {F) = 0, which, by our definitions, has [F, F^ = 0 as an im¬ 
mediate consequence, is 

F x = ocP+*P .m x C x +<xPE x , . 4 

where ocP, a] 2) , a 1 (3) are arbitrary magnitudes independent of c x , which may, 
however, be functions of r, t. Similarly 

[F x +1? 2 , F x + t? 2 ] 12 = 0 

implies that F x + G % — + G' 2 , 

while {F, F) = 0 - .5 

requires that 

[F, F] x = 0, [F 1+ F 2 ,F 1+ F 2 ] 12 = 0, [F, F] 2 = 0, 

and hence that 

F+F X = F' + F' X , F x +F 2 = F x + F' 2 , F 2 + F = F' + F'. 

Thus, as in 4.3, if F is a scalar, the solution of 5 is 


F x = aP + a™.m 1 C x +oF s >E x> F 2 = a^+a ®.m 2 C 2 +a®l 2 . 
Again, let H = {F, F} G— {F, G} F. 


.6 
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Then, since {F, F) and {F, G) are constants, H is a linear function of 
F, G. From the relation {H, H) ^ 0, it follows that 

{F, F}({F, F}{G , G}~{F, Gf)> 0, 

whence, since {F, F) ^ 0 , 

{F,Gf^{F,F}{G, G}. 7 

The results 1-3, 5, 7 apply equally to scalar, vector and tensor functions of 
the velocity. 
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Chapter 5 

THE FREE PATH, THE COLLISION-FREQUENCY 
AND PERSISTENCE OF VELOCITIES 

5.1. Smooth rigid elastic spherical molecules. The work of this and the 
following chapter refers to molecules that are smooth rigid elastic spheres. 
In this case the molecules affect each other’s motion only at collisions. The 
path of a rigid molecule between two successive collisions is called a free path. 
For non-rigid molecules an encounter has no definite beginning and end; the 
concept of a free path then involves difficulties, and will therefore not be 
employed here. 

Consider the collision of two molecules of diameters cr x , <r 2 ; let 
°i2 = 1(^1+0*2) • 

The angle fr made by the relative velocity g 21 with the direction k of the 
line of centres of the molecules at collision can take any value between 0 and 
7r/2. The deflection x of the relative velocity in the collision (see Fig. 5, p. 59) 
is given by 

X~ir—2i}r. 

Also, as in 3.44,2, the encounter-variable b satisfies the equation 
b = cr 12 cos 

whence, by 3.5,4, h 12 = gcrf 2 sin |y = gcrf 2 cos ijs. .1 

Again, the angles ijr, e are polar angles giving the orientation of k about an 
axis parallel tog 21 ; thus 

dk = smijrdfrde. .2 

5.2. The frequency of collisions. Consider collisions occurring between 
pairs of molecules m x , m % in a gas-mixture at rest in a uniform steady state. 
The number of collisions per unit volume and time such that k lies in dk and 
the velocities of the colliding molecules he in ranges c l5 dc l5 and c 2 , dc 2 , is, by 
3.5,6, 

fx fz ^12 dk dc x dc 2 

or, using the value of & 12 dk found in 5.1, 

A/a«°aa cosfrswijrdftdedc 1 dc 2 . 
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The total number of collisions occurring per unit volume and time between 
pairs of molecules m 2 is obtained by integrating over all values of k, c ls c 2 ; 
thus it is N 12 , where 

N 12 = JJJJ/1/2^12 cos 1// sin ij/dif dedc x dc.>. 

The integrations with respect to t/r and e offer no difficulty. The limits of 
integration are 0 and n/2 for and 0 and 2n for a; hence, integrating and 
substituting the forms forf 1 } f 2 appropriate to the uniform steady state, 


AT - 13 r r, 

12 " (2 nlcTY JJ 


er^^>^^gdc 1 de t . 


To evaluate this expression, the variables of integration are changed from 
c v c 2 to the variables G, g 21 introduced in 3.41. Then, by 3.41,8, 

m i c i + rn 2 c| = m 0 (G 2 + M 1 M 2 g 2 ). 

Also, if 2 y denotes a Jacobian similar to those of 1.411, then, by 
V\ C 1> C 2/ 

using 3.41,6,7 and 1.41 l,i,2, we get 


= 9(Ci + M 2 g 21 ,g 21 ) = d(e ^g 21 ) 

3(Cj, c 2 ) c)(<T> **2) 

= d ( c i> c 2~ c i) 8(c x , c 8 ) = , 

0 (Ci, C 2 ) 3(^1: <*2) 

Hence the element dc 1 dc 2 in x may be replaced by dG dg 21 , and so 

On integrating over all directions of g 2 i and G, we get 

Using 1.4,2,3 to effect the integrations with respect to G and g, 

.■ 

—-'■■PS’)' 

5.21. The mean free path. Changing the suffix 2 to 1 in 5.2,4, we 

N lx = 4m\(r\(nkTjmfF. . 1 
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The number of collisions between pairs of molecules m x , per unit volume and 
time, is -iA r n , because N X1 counts each collision between a pair of molecules 
A, B (say) twice over, once regarding A as the molecule with the velocity c x , 
and once as that with the velocity c 2 . On the other hand, the average number 
of collisions of any one molecule of the first constituent, per unit time, with 
similar molecules, is N xx /n x , not N xx /2n x , since each collision affects tw r o 
molecules at once. 

The average number of collisions undergone by each molecule per uni t 
time is called the collision-frequency. Thus the frequency for a molecule m x , 
for collisions with like molecules, is N lx /n x ; for collisions with molecules m 2 it 
is N 12 jn x , etc. The frequency for collisions of all kinds is 

C^ll + -^12+ ••• )l n l 5 

the number of terms in the bracket being equal to the number of con¬ 
stituents in the mixture. The collision-interval, or mean time between 
successive collisions, is therefore r l5 where 

T i = %/C^ll + -^12 + •••). . 3 

The mean distance l x travelled by a molecule m x between successive collisions 
in a given time t is called its mean free path. This is found by dividing the 
total distance nfcft travelled by molecules m x in this time by the total 


number n x tfr x of their collisions; thus 

l x = c x r x = n x c x /(N xx +N 12 + ...), 
or, using the known values of cl, N xl , N X2 , etc., 

h = l/Tr{n x crlf2 + n 2 o-l 2 f{lAm 1 [m 2 )+ ...}. . 3 

In particular, if only one gas is present, 

l = l/7r%<rf f2 — 0*707 /ttwct 2 . .4 


Another kind of mean free path was used by Tait,* who defined it as the 
mean distance moved by a molecule between a given instant and its next 
collision. The calculation of Tait’s mean free path involves the evaluation 
of an integral by quadrature; for a simple gas its value is 
0*677 jnncr 2 . 

5.22. Numerical values. For a gas at n.t.p. the number of molecules in a 
cubic centimetre is approximately 2*705 x 10 19 . For hydrogen the molecular 
radius, found by comparison of the experimental values of the coefficient of 
viscosity with the formula deduced on the assumption that the molecules 
are rigid elastic spheres, is about 1*365 x 10 -8 cm.; the radii found similarly 
for other molecules are of the same order, though in general somewhat 
* Tait, Trans. Roy. Soe. Edinb. 33, 74, 1886. 






92 The Free Path, the Collision-Frequency [5,3 

larger. As the mass of a hydrogen molecule is 3 - 32 G x 10“ 2 * g., the number of ? 
collisions [\N XX ) occurring per second between hydrogen molecules in 1 o.c, 
at st.t.p. is found to be 2-05 x 10 29 , and the collision-frequency is H x 
10 10 see. -1 ; also the mean free path ofa hydrogen molecule is 1-116 x 10~ 5 cm, 
and the mean time between two successive collisions is 0-6 x I0~ u see. 

The length of the mean free path does not depend on the mass of the 
molecule, nor on the temperature {unless the diameters of the molecules are 
supposed to vary with the temperature; see 12 . 3 ). Thus, as the molecular 
diameters for different gases are of the same order, the mean free path in any 
gas at n.t.p. is of order 10 -s cm., and so is several hundred times the 
diameter of the molecule. This is the justification for the assumption of 
molecular chaos made in 3 . 5 : at the beginning of the free paths which 
terminate in the collision of two molecules, these are at a relatively large 
distance apart, so that an appreciable correlation between their velocities * 
is improbable. 

The mean free path is inversely proportional to the density; thus in a 
highly rarefied gas at, say, 0-01 mm. pressure, the free path is of order 1 cm., 
and so may be comparable with the dimensions of the containing vessel; 
for a gas at a pressure of, say, 100 atm., on the other hand, the free path is 
comparable with the dimensions of a molecule. In this case the assumption 
of molecular chaos may be invalid. 


5 . 3 . The distribution of relative velocity, and of energy, in collisions. The 
total number of collisions occurring in a gas-mixture, per unit volume and 
time, between molecules m l and m 2 is, by 5.2,3, 


The element %% 2 crf 2 (2w) i (^^y e -m 0 M 1 Af 2ff 2/2M^3 r 7„ .i 

\m 0 kTJ 

of this expression represents the number of such collisions in which the 
relative velocity g lies in the range dg. Hence the number in which g exceeds 
an assigned value g 0 is 

Uin^l^TTf- d& 


If we write x s gJ{m 0 M 1 M z l 21 cT), x 0 = g^(m 0 M x MJ 2 kT), this integral 
reduces to 

*n x n 2 (r{J 


e-^x^dx 


! / 27rm o kT \i[ a 

12 1 jjx. 

„ „ (2j rmJcT\ 

= 2 n x n 2 cr\J - 9 — 

V m x m 2 / 


e- x »\xl+ 1). 
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In the theory of activation of gas-reactions it is sometimes assumed that a 
reaction between two unlike molecules occurs at collision in a certain pro¬ 
portion of those cases in which the kinetic energy relative to their mass- 
centre exceeds a critical value E 0 . As the kinetic energy in question is 
\m§M x M 2 g- (cf. 3.41,8), the number of encounters per unit volume and 
time for which it exceeds E 0 is given by 2, provided that 

E q = lm 0 M X M 2 g\ = kTx 0 . .3 

We can also use 1 to find the mean value of any function of the 
relative velocity g averaged over all collisions. This will be $>, where 

tfufe) > . 4 

In particular, if <f>{g) = M X M 2 g~ = E', the initial or final kinetic energy of 

a pair of colliding molecules relative to axes moving with their mass-centre, 

- 

whence, substituting for A 7 12 from 5.2,4, 

E' = lm 0 M x M z g 2 = 21cT. . 5 

This may be compared with the average kinetic energy (3 kT) for such pairs of 
colliding molecules, relative to axes with respect to which the gas is at rest. 

5.4. Dependence of collision-frequency and mean free path on speed. The 
number of collisions occurring during dt between pairs of molecules m x , m 2 , 
such that c x , c 2 , \jr, e lie in ranges dc x , dc 2 , dfr, de is 

dt .f x f 2 g<r 12 cos ^ sin frdilrdedc x dc 2 . 

The total number of such collisions during dt such that c x lies in dc x is found 
by integrating over all values of c 2 , e; it will be proportional to dt, and to the 
number f x (c x ) dc x of molecules m x within the given velocity-range. It is easy 
to see that it is independent of the direction of c x (as is shown in detail below). 
Hence this number may be denoted by P x . 2 (c x )f x dc x dt; the function P 12 (c x ) 
thus signifies the average number of collisions per unit time per molecule of 
speed c x , with molecules of the second kind. It is called the collision- 
frequency for a molecule m x having the speed c x , with molecules m 2 . 
Dividing by f x dc x dt, we obtain 

P 12 Oh) — JIf/2 cos f&nijrdijr de dc % . 
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The integration with respect to f and e is simple, the limits being 0 and 
7 r /2 for f, and 0 and 2n for e; thus 

P 12 ( Cl ) = 7ral,jJ\,gde,. ., 

Let e 3 be expressed in terms of polar coordinates <\ 2 , 0, 9 about c x as axis- 
then dc 2 = c\sinddc 2 dddo, and 

g 2 — c\ + c\ — 2c x c 2 cos 0. . 2 

Hence, on integrating with respect to 9 between the limits 0 and 2 -n, we get 

PM = 27rVI s JJ/ 2 gcIsmOrfc a ,W. .,, 

In this we change the variable of integration from 0 to g; then, by 2 , 
gdg = Cj^Cz sin OdO, 
and the limits of g are c x ~ c 2 and c x + c 2 . Hence 


fgsintfd^ = -i- [g'dg 

J C 1 C 2 J 


= 3 ^{(<= 1 + <!=) 3 -(«i~<= 3 )3 } 

= 3^(3c? + c 1) if c i> c 2. 
or = ~ (3c| + cf) if Co > c x . 

Using this result in 3 , and substituting the value of/ 2 , we obtain 

x fer e ^ CaWc l( c i + 3c i) ^ 2 +J°° e~ m ^ kT c 2 (3c 2 + cf) . 

The second integral is equal to 

m z cSI2kT ( + 3j 


the first, after two integrations by parts, reduces to 


K© W +! ) /;— 

P i 2 ( c i) = V12 + 1 + 1 j J° l e -^/ 2 Ar . 


Thus 
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In terms of the error function Erf (a;)* defined by the equation 


Erf (a;) = J er y 'dy, . 4 

f27rkT\t 

we have -?i2( c i) = w 2°‘i2 - {e~ x ~ + ( 2 a; + l/%) Erf(a;)} ) .5 

V m 2 1 

where x = c x *J(mJ 2 JcT). .6 


The frequency P-uXcq) of collisions of the molecule with molecules of the 
same kind is given by a similar expression; and the total collision-frequency 
of the molecule is = P u ( Cl ) + *>,(<*) + .... 


Hence the collision-interval for molecules of speed c x is given by 

V T l( C l) = ^l( C l) = Pll( C l) + P L2( C l) + ..., .7 

and the mean length Z 1 (c 1 ) of their free paths is equal to c x t x . In particular, 


when only a single gas is present 

^i( c i) = c JPii 

= n x o\ E(x), .8 

where E(x) denotes the function 

E{x) = ze-* 2 + ( 2x 2 +1) Erf(a), . 9 

and x is now given by x = c x *J(m x /2JcT). .io 


Values of E{x) have been tabulated by Tait.f Using his table, a table 
giving the ratio l{c)jl is obtained, which is given below. J 


Table 2 


ojc 

a 2 

l(c)/l 

0 

0 

0 

0-25 

— 

0-3445 

0-5 

— 

0-6411 

0-627 

0-5 

0-7647 

0-886 

1 

0-9611 

1-0 

— 

1-0257 

1-253 

2 

1-1340 

1-535 

3 

1-2127 

1-772 

4 

1-2572 

2 

— 

1-2878 

3 

— 

1-3551 

4 

— 

1-3803 

5 

— 

1-3923 

6 

— 

1-3989 

OO 

oo 

1-4142 


* The notation is that of Whittaker andWatson, Modern Analysis, 3rd ed., footnote 
to p. 341. 

t Tait, Trans. Roy. Soc. Edinb. 33, 74, 1886. 

X This table is taken from Meyer’s Kinetic Theory of Gases (English ed.), p. 429. 
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5.41. Probability of a free path of a given length. Let p(l', c x ) denote the 5 
probability that a molecule moving with a speed c x shall describe a free path 
at least equal to an assigned value V. The probability that it should undergo 
a collision while travelling a further distance dV is 

(dl'jc x )P x (c x ) = dl'/l x (c x ). 

Hence the probability p(l' + dV, c x ) that the molecule describes a free path at 
least equal to l' + dV is 

and so p(V, c x ) {1 - dl'Jl x (c x )} = p{V, c x ) + dV , 

7 Slog p(l',c x ) 1 

whence --= — -.- 7 —r. 

dl' l x (c x ) 

Integrating, and using the fact that p( 0 , c x ) = 1 , we find that 


p(l r , c x ) — . x 

The probability p{V) that a molecule of any speed should describe a free 
path at least equal to V is not e~ l \ because of the variation of the collision- 
frequency with speed. Jeans* has found by quadrature that for a simple 
gas, over the range of V for which p{V) is appreciable, it never differs by more 
than about 1 % from which is the value for molecules moving with 

speed (^7r)cj2. 

It is clear from 1 that the proportion of molecules which have free paths 
many times as long as the mean free path is very small. 

5.5. The persistence of velocities after collision. After a collision with 
another molecule the velocity of a given molecule will, on the average, still 
retain a component in the direction of its original motion. This phenomenon 
is known as the persistence of velocities after collision. As a consequence, the 
average distance traversed by a molecule in the direction of its velocity at a 
given instant, before (on the average) it loses its component motion in that 
direction, is somewhat greater than its (Tait) mean free path. 

The collision-frequency for a molecule m x , having the spjeed c x , in collisions 
with molecules m 2 , is P 12 (c 1 ); for the particular set of such collisions in which 
the velocities of the latter molecules lie in the range c 2 , dc 2 , and ft, e lie in 
ranges dft, de, the collision-frequency is 

f%g<r | 2 cos ft sin ft dftdedc 2 . 

* Jeans, Dynamical Theory of Gases (4th ed.), p. 258, 1925. 
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Let c x (c x ) denote the mean velocity, after collision, of the molecule m x which 
before collision has the velocity c l3 the average being taken over collisions 
with molecules m 2 for all possible values of c 2 , e; then 




c[ g erf 2 cos tjr sin ifr dtjf de dc 2 , 


or, using 3.43,2, and remembering that the angle between k and g 21 is tjr, 

c i( c i) = P~ JJJ*^ 2 ( Cl + cos ^k)gcrf 2 cos \Jr sin rjrdijrdedc 2 . 

On integration over all values of e, i.e. over all orientations of the plane con¬ 
taining ,g 21 and k about g 21> the contribution to this expression arising from 
the component of k perpendicular to g 21 vanishes; hence, since the com¬ 
ponent of k in the direction of g 21 is cos ijr, 

c i( c i) = jr JJ/ 2 («i + 2 ^ 2 ^ 2 i cos 2 f) gcr\ 2 cos f sin fdfdc 2 . 

The integration with respect to ijr between the limits 0 and 7t{2 is 
elementary, and yields the result 

c i( c i) — J/ 2 ( c i + df 2 g' 21 )gcrf 2 dc 2 = p- jffM 1 c 1 +M 2 c 2 )gcrl 2 dc 2 , 


or, using 5.4, i, c' x (c x ) = M x c x + —- 12 J / 2 c 2 gdc 2 . 

The integral may be evaluated by the method used in 5.4, expressing c 2 
in terms of polar coordinates c 2 ,6, <p about c 1 as axis. On integration over all 
values of o, the component of c 2 perpendicular to e x vanishes; as the com¬ 
ponent in the direction of e x is c 2 cos 6, the mean value of c x is m x2 (c x ) e x , 

where o M 7 r 2 n- 2 rf r 

U7 12 (c x ) = M x + -1—- \f 2 ~ cos 6 gel sin ddc 2 dd. 

•ML2 JJ G 1 

The quantity ut X2 (c x ), which is the ratio of the mean value of the velocity of 
a molecule after collision to the velocity before collision when the latter 
velocity is of magnitude c x , may be termed the 'persistence-ratio for molecules 
of speed c x . 

On changing the variable of integration from 6 tog, as in 5.4, it follows that 




l {p\ — 5cf) if c x > c 2 


= I^( c !~ 5c i) tfc 2 >C x . 
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The expression for m xz (c x ) accordingly reduces to 

ur l2 (c x ) = M x + {J fl / 2 “I (4 ~ 5 4) d( h + L c »(4~ »4)dc , 


The second of the integrals in the bracket can be evaluated in finite terms, 
and the first integral can be expressed in terms of the error function 
Erf (a) (cf. 5.4,4); on so doing, the value of ru 12 (c x ) is found to be 


w 12 (ci) = M x + 


n 2 M 2 o-l 2 / 2n]cT \*j 
2 P 12 \ w 2 / [ 


1 

— :,e- x ~ + 
x~ 


1 - 2;r 2 

X* 



.2 


where x is given by 5-4,6. 

The value of , ot x2 (c 1 ) given by z varies between M x — M.J3 and M x as x 
varies between 0 and oo, i.e. as c x ranges from 0 to oo. For collisions between 
like particles, for which M x — M % = |, vj x2 (c x ) lies between } and 4. 


5.51. The mean persistence-ratio. An expression for vj 12 , the mean value 
of m 12 (c 1 ) averaged over all values of c v may be derived as follows. The 
number of molecules m x per unit volume whose speeds lie between c x and 
c x + dc x is 4:7rf x c\dc x , the number of collisions per unit time with molecules of 
the second gas in which these molecules participate is 4 nf x c\dc x Hence, 

by 5.5,i, as the total number of collisions between molecules m x and m 2 per 
unit time is N xz , the mean value of tu 12 (c 1 ) averaged over all possible collisions 
is given by 


N x2 m x 




^ 7 r /l C 1 ^ 12 < ^ C l + 


16ilf 2 7r 3 crf 2 
15 ' 


< [ J o A 4 [ J o /a ^ (4 - 5c !) dc 2 + J / 2 c 2 (cf - Scf) dc 2 J dc x J , 
i =J o 


by ur 12 = M x + 


Xu 

16Jf 2 7T 3 0-2 2 


\c\P x »dc x , 


x |J o /i c fJ^J*^ f 2c 3 (4 5c x ) dc 2 -f-J* / 2 c 2 (cf — 5c|) dc 2 J dc x ^ 

On inserting the known expressions for / l3 / 2 , and jV 12 (5.2,4), this becomes 


^ + 15^(2kf4Jo Jo 

e (m 1 c 1 2-t-m 3 c 2 a)/2*r c 2 C2 ^ c 2 _ 5 C |) dc 2 dc x 





5.51] and Persistence of Velocities 

In this write c 2 = Bc x \ then 


= M ' + Spfjl I ]/(*) e> ^ - 5)' M+ J "m 0(1 - W-) <wj, 

7(0) = J e -^r(»'i^^2)/2A-r c 6^ Ci 

= io> / 2/jy \* 

16 \m x + m 2 d 2 ) ‘ 


Thus w „- Jf, . A^(J o(i r i+iW +Ji (Si+s^») 

whence, on evaluating the integrals, 


The value of w 12 given by this equation increases from zero to unity as 
m 1 lm 2 increases from zero to infinity; its value for the collisions of like 

molecules, when M x — M 2 = J, is ^ + ~-^log(l +f2), or 0-406. For the 

encounter of heavy molecules with light molecules, the persistence-ratio 
for the heavy molecules is nearly unity, and that for the light molecules 
nearly zero: this implies that, as might be expected, the heavy molecule 
continues its path nearly undisturbed, while the light molecule bounces off 
in a direction unrelated to that of its previous motion. 
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Chapter 6 

THE ELEMENTARY THEORY OF THE TRANSPORT 
PHENOMENA 

6.1. The transport phenomena. The phenomena of viscosity, thermal 
conduction, and diffusion in non-uniform gases represent tendencies 
towards uniformity of mass-velocity, temperature and composition. The 
kinetic theory attributes these tendencies to the motion of molecules from 
point to point. This tends to equalize conditions at the two ends of each free 
path, by transporting to the further end an average amount of momentum 
and energy that is characteristic of the starting-point. Hence we may speak 
of the phenomena in question as the transport phenomena, or the free-path 
phenomena. 

It was shown in Chapter 4 that a gas in a uniform steady state has a 
Maxwellian velocity-distribution function. When the gas departs slightly 
from a uniform steady state, Maxwell’s function will give a first approxima¬ 
tion to the actual distribution of velocities. Thus the results of Chapter 5 
are still approximately true; they may therefore be used in obtaining 
approximate expressions for the coefficients of viscosity, thermal conduction 
and diffusion in a gas composed of rigid elastic spheres of diameter <r. 

6.2. Viscosity. Consider a simple gas, uniform in temperature and 
density, moving parallel to Ox with a mass-velocity u 0 which is a function 
of z alone. Thus the gas is in laminar motion parallel to z — 0 , and w 0 = 0 , 
w — W. 

Consider the rate of transport of ^-momentum across unit area of the 
plane z = 0 . The number of molecules crossing this area in unit time from 
the negative side (that on which z is negative) to the positive side is 

j '+wfdc=j WfdC, 

the integration extending over all values of C for which W is positive. 
Similarly, the number crossing from the positive side to the negative is 

j_(-w)fde=jj-W)fdC, 

the integration extending over values of C for which W is negative. Since 
the gas has no mass-velocity parallel to Oz, these two numbers are equal. 
Their value, to a first approximation, is £ nC , the same as for a gas in a 
uniform steady state (cf. 4 . 11 , 5 , 6 ). 
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The mean 2 -velocity of molecules crossing the area from the negative 
side to the positive is not the value of u 0 appropriate to the plane 2 = 0. It 
corresponds to the mean layer in which their free paths began, or, if allowance 
is made for the persistence of velocities after collision, to a somewhat more 
distant layer. Thus their mean 2 -velocity is that of a layer 2 = — u l, where 
l is the mean free path of the molecules, and u a numerical factor of order 
unity. Their total 2 -momentum is 


or, as Z is usually very small compared with the scale of variation of the mass- 
properties of the gas, 




the values of u Q and dujdz here refer to the plane z — 0. 

Similarly, the mean a-velocity of molecules crossing the area per unit time 
from the positive side to the negative is that corresponding to z = + u l, and 
their total 2 -momentum is 


u 0 and dujdz in the last expression again referring to z = 0. Thus the net 
rate of transport of 2 -momentum across unit area of the plane 2 = 0 from 
the negative side to the positive is 

i P C^u 0 - uZ - ipC^u 0 +uZ ^ = -*u PCI~. 

This momentum-transport is equivalent to a force of this amount per unit 
area, exerted parallel to Ox, by the gas on the negative side of z — 0, upon 
the gas on the positive side. According to the usual definition of the 
coefficient of viscosity p, this force is —ju,dujdz. Hence 


[i = JxpCl — 


u J{hnT ) 

7T- cr 2 ’ 


by 4.11,2 and 5.21,4. The value of u is found (12.1,6), by the exact methods 
described later in the book, to be 0-1792^ or 0-998. 


6.21. Viscosity at low pressures. In a gas at a sufficiently low pressure the 
mean free path is comparable with the dimensions of the containing vessel; 
this produces an apparent diminution in the viscosity of the gas. Consider as 
a typical example of this phenomenon the motion of gas between two infinite 
parallel walls 2 = 0 and 2 = d, the first of which is at rest, while the other 
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moves parallel to Ox with speed q, the motion of the gas being supposed due 
solely to that of the walls, and not to imposed pressure-gradients. Let q v y 
denote the mean ^-velocities of molecules just before striking and just after 
leaving the second wall; then the mean ^-velocity of the gas at this wall is 
HSi+^z)- 

Experiment indicates that some of the molecules striking the moving wall 
enter the material, and later leave it with the temperature of the wall, and 
a mean ^-velocity equal to its velocity q. The remainder are reflected 
elastically. The proportion 0 of those that enter depends on the nature of the 
wall and the gas, and on the condition of the surface of the wall. The mean 
^-velocity of molecules leaving the wall is a weighted mean of q x (for the 
elastically reflected molecules) and q (for those that enter the wall) in the 
proportion 1-8 to 6; that is, 


q 2 = (l~0)q 1 + 0q. .* 

Now, as in 6.2, the value of q x is equal to the mass-velocity of the gas at a 
distance u l from the wall, which differs from that at the wall by nl(cu l} jdz) ) 
where dujdz denotes the (constant) gradient of the mass-velocity of the gas, 


Thus 


= Wi+<h)-™l 


On combining i and z, we find 

ifei + ft) = q- 


0 Sz ' 


so that the gas near the wall is slipping along the wall with a speed 
2 — 6 du 0 


There is a similar speed of slip at the other wall; hence the diff erence between 
the mean velocities of the gas near the two walls is 




and since this is equal to (3 u 0 /dz)d, 
3 u { 

3 z 


du 0 
3 z 5 


# +M V)- 


The viscous stress transmitted by the gas is fi du 0 f dz per unit area. In the 
absence of slipping at the walls this would be equal to ft qjd ; if it be denoted by 
y'qjd, ..... 


fi — fid I ^d + 2u l —. 


The effect of slipping at the walls is that the apparent viscosity, y', of the 
gas, is smaller than the true viscosity ft. The reduction is very small for 
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ordinary pressures, but for pressures so small that l becomes comparable 
with d it is very pronounced. 

The above discussion fails when l exceeds d, since molecules pass direct 
from one wall to the other, and the transport of momentum ceases to be a 
free-path phenomenon. In this case experiment shows that y! decreases to 
zero with the pressure.* 


6.3. Thermal conduction. The simple theory of thermal conduction is 
similar to that of viscosity. We consider now a simple gas at rest, whose 
temperature T is a function of z; it is required to find the rate of flow of heat 
across unit area of the plane z — 0. 

Let E denote the total thermal energy of a molecule; then E, the mean 
thermal energy of molecules at a given point, is a function of T, and so of 2 ; 
also, as in 2.43, the specific heat c v of the gas is given by the relation 

d (E\ 

Cv ~dT\m)' . 1 


The number of molecules crossing unit area of the plane 2 = 0 from the 
negative side to the positive in unit time is \nC, as in 6.2. Each of these 
carries with it thermal energy equal, on the average, to the value of E, not 
at the plane 2 = 0, but at 2 = — u % where l is the length of the free path, and 
u' is another numerical constant which, like u (cf. 6.2), is of order unity. Thus 
the total thermal energy which they carry across 2 = 0 is 


where, in the last expression, E and dEjdz refer to 2 = 0. Similarly, the 
total thermal energy carried by molecules that cross unit area of the plane 
2 = 0 from the positive side to the negative is 




where again E and dEjdz refer to 2 = 0. Thus the net rate of flow of thermal 
energy across unit area of the plane 2=0 from the negative side to the 
positive is / a W\ / 3 t?\ 

dT 

= — \mnCu'lc v ^, 


Crookes, Phil. Trans. 172, 387, 1882. 
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by i. In the theory of the conduction of heat this rate of flow is written 
— XdT/dz, where A is the coefficient of thermal conduction of the material 
Accordingly A = ^pu'lCc,, 

whence, by 6.2,r, A = f [ic v , . 3 

where f is a new numerichlconstant, equal to u'/u. 

The constant u' of this section is not equal to the constant u of 6.2, because 
of the correlation between the energies of molecules and their velocities- 
molecules possessing most energy are in general the most rapid, and there¬ 
fore possess the longest free paths. In consequence, u' is in general greater 
than u, and f is greater than unity. For the transport of internal energy 
however, which is but slightly correlated with the molecular velocity, an 
equation similar to 3, with f equal to unity, may be expected to hold; the 
symbols A and c v now refer to the coefficient of conduction, and the specific 
heat, of the internal energy. In general, the larger the ratio of internal to 
translatory energy, the smaller f will be. 

It is immaterial, in the formulae of this section, whether thermal energy is 
measured in thermal or mechanical units; the effect of a change from one 
set of units to the other is that E, c v , and A are all multiplied by the same 
factor. 


6 . 31 . Temperature-drop at a wall. Just as the mean velocity of gas near a 
moving wall differs from that of the wall, so there is a difference between the 
temperature of a hot body and the gas that conducts heat away from it. 
This temperature-difference is, by analogy with 6.21,3, equal to 

2-6 n dT 

u h. 

where dTjdz denotes the temperature-gradient near the body. 

One method of measuring the thermal conductivity of a gas is to determine 
the loss of heat through the gas from a hot wire of small diameter. In such 
experiments the temperature-drop at the surface is usually very important. 

6 . 4 . Diffusion. Consider a binary gas-mixture, uniform in temperature 
and pressure, whose composition varies with z. If n 1} n 2 are the number- 
densities of the two gases, then, as the pressure is uniform, 

0 = ^ = J, T d ( n i + n 2) 

dz dz 5 

9 % dn 9 

. 1 


whence 
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It will be assumed that the pressure remains uniform as diffusion proceeds 
in the mixture; this is approximately true. 

The number of molecules m 1 crossing unit area of the plane 2 = 0 from the 
negative side to the positive in unit time is \n x C\, as before: in this expression 
n x no longer refers to z = 0, as the gas is non-uniform, but to 2 = — % l x , where 
l ± denotes the mean free path of molecules m v and u x is a number of order 
unity. The number of molecules in question is thus 

The number of molecules m 1 crossing unit area of z = 0 in the opposite 
direction per unit time is similarly 

iO 1 (n l )^ nilt = i0 1 (n 1 + u 

Hence the net number-flow of molecules m 1 per unit area and time across 
2 = 0 from the negative side to the positive is 

iC 1 ^ 1 -u 1 7 1 ^-i0 1 ^ 1 + u 1 Z 1 ^ = -iu 

Similarly the net number-flow of molecules m 2 per unit area and time 
across z — 0 in the opposite direction is 

in 7 C ^ n 2 
2 u 2 t 2 o 2 -^-, 


where u 2 is another numerical constant of order unity. Since the pressure of 
the gas, and therefore the total number-density, is to remain constant, these 
two numbers are equal. We write them in the form 


—D 


d n x 

12 “aJ 




on 2 

12 ~3^ } 


where Z> 12 is called the coefficient of mutual diffusion of the two constituents 
in the mixture. Hence 


= Juj^C^ — \m 2 1 2 C 2 . 


For this relation to hold, the numerical constants u x , u 2 must depend on the 
properties of both gases, and on their proportions in the mixture. 

It is not possible to infer from 2 the precise degree of dependence of D 12 
on the proportions of the mixture; but the exact theory shows that Z) 12 does 
not vary greatly with the proportions (14.3), for a given pressure and 
temperature. It is, however, inversely proportional to the pressure, 
whereas the coefficients of viscosity and thermal conduction are independent 
of the pressure. 
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When the two gases in the mixture are identical, the process under con¬ 
sideration is the diffusion of certain selected molecules of the gas relative to 
the rest. In this case D 12 is replaced by Z> n , which may be termed the 
coefficient of self-diffusion of the gas; its value is given by 

-^11 = 2 U 11 ^5 .3 

whence, by 6 . 2 ,i, D X1 = rL xl /ijp, . 4 

where u^ denotes a new numerical constant of order unity. 

The above derivation of the value of the coefficient of diffusion is open to 
objection. Though the two constituents are diffusing through each other, 
the values adopted for the numbers of molecules crossing z = 0 are those for 
gases at rest. Since we are here concerned only with orders of magnitude, 
this source of error is not considered in detail; but it must be pointed out that 
the free-path method is only approximate; implicit reliance on results 
derived by its use may lead to serious difficulties.* 

6.5. Defects of the simple theory. The determination of the various 
numerical constants u, u', u l3 u 2 , f, u ll3 u^ x introduced in the preceding 
sections requires a deeper investigation than that given above. It is possible 
to estimate them approximately by taking successively into account such, 
factors as the difference between the lengths of the free paths of different 
molecules, the persistence of velocities after collision, and so on. This is the 
plan adopted by Meyer and others.| Even in its most refined form, however, 
this mode of attack leads to somewhat inaccurate results, and the precise 
magnitude of the error has to be found by other methods. It is therefore 
better to proceed by evaluating the velocity-distribution function, as in the 
later chapters of this book. 

* See Chapman, “On approximate theories of diffusion phenomena”, Phil. Mag. 
5, 630, 1928. 

f Cf. Meyer, Kinetic Theory of Gases, or Jeans, Dynamical Theory of Gases, chapters 
11-13. 
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Chapter 7 

THE NON-UNIFORM STATE FOR A SIMPLE GAS 

7.1. The method of solution of Boltzmann’s equation. The present chapter 
deals with the method by which Enskog solved Boltzmann’s equation in the 
general case. We consider here a simple gas, and in Chapter 8 a mixed gas, 
whose molecules possess translatory kinetic energy only; the corresponding 
solutions for a gas composed of rotating molecules of a special type are 
considered in Chapter 11 . 

Enskog’s method is one of successive approximation. Boltzmann’s 
equation can be expressed in the general form £(/) = 0 , where £(/) denotes 
the result of certain operations performed on the unknown function /. 
Suppose that the solution is expressible in the form of an infinite series* 

/ = / (0) +/ (1) +/< 2) + .... 

Suppose also that when £ operates on this series, the result can be expressed 
as a series in which the rth term involves only the first r terms of the series 
in i; that is, 

£(/) = £(/ (0) +/ (1> +/ (2) +.-.) = ^ (0) (/ (0) ) + ^ (1> (/<°>,/ £1) ) + 


The functions f {T \ which as yet are subject only to the condition that their 
sum is a solution of £(/) = 0 , are now assumed to satisfy the separate 
equations ^ (0)(/(0)) = ^ 3 

£ (1) (/ (0) > f a) ) = 0 , 4 

WV (1) >/ (2) ) = 0 , 5 


which together ensure that £(/) = 0. The function/ (0) is determined from 3 , 
and..., are then found successively from 4, 5, each equation 
contains only one unknown when all the preceding equations have been 
solved. 

The division of £(/) into the parts £ (0) ,£ (1) ,..., if possible at all, is not unique, 
because any term £ (r) can be divided into any number of parts, any of which 
can be transferred to any subsequent term without altering the general 
form of the expression. The division must be made in such a way that the 
* All the series introduced are supposed to converge uniformly. 
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equations 3, 4, ... are all soluble, and regard must also be had to the con¬ 
venience of solution of these equations. 

Arbitrary elements may enter into the solution of the various equations: 
they must be so chosen or grouped that the number of arbitrary elements in 
the final result does not exceed that appropriate to £(/) = 0. The expressions 
/( 0) 3 /(<o) _|_j(i ) 5 /(O) _j_/(D ... will be successive approximations to /. 

7.11. The subdivision of g(f); the first approximation / ( °). In the case of 
Boltzmann’s equation for a simple gas, 


Of) = JiffiHQf, 

where J(FG X ) = tf{FG x - F'G' X ) k x dkdc x 

so that J (ff x ) = — d e f/dt, by 3.52, 11 ; also, as in 3 . 1 , 3 , 


dt + ' dr + ' dc' 


.2 


•3 


Substituting from 7.1 ,1 into r, we have 

af) = jmv)m s) )}+®Ff r) 

-ZEJIffifW + ZStfto. 

Enskog wrote 

J(r) = Jfr)(/(o) 5 /<« .../W) 

= ^(/ ( 0 ) /i r) )+^(/ ( 1 > /r i) )+ +/(/W/i°>), 


corresponding to the mode of grouping of the terms in the expression for the 
product of two infinite series Ex r and Ey r as a third series 

E(x 0 y r + x x y r _ x +...+ x r y 0 ). 

Enskog also divided Z^f r) into a series of parts ^ (r) , but not by the obvious 
method of writing 3 (r) — @f (r \ His method of division will be explained later 
(7.14); it suffices here to say that he took 


^(°) = 0 , 

and for r > 0 he made depend only on/<°),...,/( r_1) . Thus, writing 


£(r) = J(r) + @(r) . 6 

we have £<°) = J®) = 0 , . 7 

£fr) = J(r) 4- gffl = 0. (r > 0 ) .8 

Now 7, or J(f 0) ft 0) ) — 0, 


is identical in form with the equation 4 . 1 , 7 , which determines the velocity- 
distribution function/in the uniform steady state. The general solutionis 











7.12] The Non-uniform State for a Simple Gas 109 

therefore of the form found in 4.1; that'is, log/ (0) is a linear combination of 
the summational invariants of 3.2,2, say 


logf (0) = a (1) + a (2) . mc+a®. bnc 2 , 

where a a) , a (2) and a (3) are arbitrary quantities, which are independent of c, 
but may depend on r and t. By a simple transformation as in 4.1, we get 


/ ,0) = ^ 


ZttJcTJ 


M mC "' 


•9 


where C = c — c 0 ; n, c 0 , and T here denote arbitrary quantities related to 
a d), ot (2) j an d a (3) by simple relations. So far as ^ is concerned they are not 
necessarily identical with the number-density, mass-velocity and tempera¬ 
ture of the gas. Their values are, however, entirely at our disposal, and it is 
convenient to identify them with these quantities. This amounts to the 
choice, as a valid first approximation to/at r, t, of the Maxwellian function 
corresponding to the number-density, mass-velocity and temperature at r, t. 
Later, in 7.15, it is shown that this choice is the only one that leads to a 
properly ordered form for the whole solution/. 

In consequence of our identification of n, c 0 , and T, 

ff<®dc = n = jfdc, 

and similarly 

SfVmCdc = SfmCdc, J/<°> \mCHc = Jf}mC 2 dc. 


These relations may be written 

J(/-/ (0) )^c = 0, 

where now = 1, mC, \mC 2 . By 7.1,i, this is identical with 


.IO 

It follows from 9 that / (0) /i 0) = / co) // 0> - . 11 


7.12. The complete formal solution. Equation 7.11,8 may be written in 
the form 


j(F m m +-... - . 1 

there being r terms on the right (when r = 1 the single term on the right is 
— Sfi)). The right-hand side involves only f 1 ^, ...,/^ r-1 ^, and these are 
known from the solutions of the previous equations £ (0) = 0, ..., £ (r_1) = 0; 
the unknown function/ w appears only on the left, and occurs there linearly. 
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Hence if F {r) is any one solution, any other solution will differ from jW by a 
quantity x (r) which is a solution of 

J(f w xl r) ) + J(? 6 r) m = 0; 

JW an( i %(r) correspond to the particular integral and complementary func¬ 
tion of a linear differential equation. The most general solution of i is the 
sum of .F (r) and the most general solution of 2 . 

To obtain the general solution of 2 , write y (r) = 0 (r) /. (o) , so that becomes 
the function to be determined. Now, if <fi (r) is any function of c, by 7.1l )2 
and 4.4,3, 

)+ j(f l0 ¥ r) fi 0) ) = n/ (0) /i (0) (^ (r) + 4> {rY - <f>i ry ) hdkdc, 

= n*I(<f>W), . 3 

where the suffix has been omitted from since the gas contains molecules 

of one kind only. Thus 2 takes the form I (</> (r) ) = 0, of which the solution was 
shown in 4.41 to be 

= a (1> r) + a ®’ r) . me+ aP > r) . bmC 2 , 
where a (2 -a (3 * r) are arbitrary functions of r, t. Hence 
^ + a (2 » **>. me+a< 3 * ^. £ mC 2 ). 

Moreover, as any solution/ (r) of 1 is of the form _F (r) + x (r K by a suitable choice 
of a (1 > r) , a (2 ’ r) , a (3 ' r) the quantities 

(i = 1, 2, 3) 

can be made to take any arbitrary values. It is convenient to choose 
aP-’ r \ a (2 » r) , a (3 ’ r) such that, for all values of r greater than zero, 

jf<r)TjFi)dc = 0 (i = 1 , 2, 3). . 4 

This choice ensures the satisfaction of 7. 11 , 10, which is the only restriction 
as yet placed on the functions/ w , beyond the fact that they satisfy r: it also 
implies that at every stage of the approximation to / the new constants 
introduced depend on no parameters other than n, c 0 , and T, and their space- 
and time-derivatives of all orders, at r, t. This choice of od 1 ’ r \ a i2 ’ r) , and 
a ( 3 ,r) ma y S eem unduly restrictive, since it substitutes, for the one condition 
7.11,io, the infinity of relations 4 ; but actually the same value is found for 
the sum whether this is made to satisfy the single relation 7 . 11 , 10 , or 
its parts are made to satisfy the set of relations 4 (see 7.2). 

7.13. The conditions of solubility. Equation 7.11,8 is as yet indefinite 
because has not so far been divided into its component parts ^ (r) . The 
division cannot be performed arbitrarily, for, according to the theory of 






Ill 
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integral equations, the equation is soluble only if Q {r) satisfies certain con¬ 
ditions. For, if the equation is satisfied, 

+ = 0, 

where denotes any one of the summational invariants of 3.2,2. Now 
JW is divisible into pairs of terms such as J(f ip) fi q) ) -f Jif^f^), together 
with a term J(f lp) f i p> ) if r is even. When these are multiplied by ijr^dc and 
integrated over the whole range of c, integrals similar to those appearing in 
3.54,4,5 are obtained; these vanish since 

^ + ^-^'-^ = 0. 

Hence a necessary condition for 7.11,8 to be soluble is that 

= 0. i 

This is, moreover, a sufficient condition; for if we write 

/W _ 2 

then, using 7.12,3, equation 7.11,8 becomes 

Jif^m .3 

In 7.6 it is shown that which is a function of c, can be expressed 

in the form 

K 0 (c) 0M(c)+JZ(c, Cl ) 0(D( Cl ) dc l3 

where K(c, c x ) is a symmetric function of c, c v Consequently 2 is a linear 
orthogonal non-homogeneous integral equation of the second kind; the 
associated linear orthogonal homogeneous integral equation of the second 
kind is n 2 I(® (r) ) = 0, whose independent solutions are ® (r) = (i = 1, 2, 3), 
as was shown in 4.41. From the theory of integral equations* it follows 
that 3 possesses a solution if, and only if, the associated “conditions of 
orthogonality” are satisfied, viz. 

J(f(r-i)ff))}dc = 0. 

On omitting vanishing terms from this equation, it reduces to 1. Hence this 
is also a sufficient condition for the solubility of 7.11,8. 

7.14. The subdivision of 3>f. The equations 3.21,3,5, giving the time- 
derivatives of e 0 and T, involve mean-value functions, p and q (cf. 2.31 
and 2.45), which can be evaluated only when / is known. This causes 
difficulty in the determination of/by successive approximation, because the 
time-derivatives of n, c 0 and T determine that of/ co) , which affects the 
equation from which / (1) is determined. At this stage, however, as /is only 

* See, e.g., Kneser, Integralgleichungen, p. 91: or Courant and Hilbert, Methoden 
der Math. Physik, 1 (2nd ed.) s pp. 99 and 129. 
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incompletely known, p and q also cannot be completely evaluated. This 
difficulty was overcome by Enskog by an appropriate method of division 
of the part @>f of £(/)• 

Let (f> denote any function of c,r,t ; then 

= ^ jff dc 

-I \SP***> 

where $ (r) = — . 2 

In particular, taking in turn (f> = mCC, <j) = EC, we have 


P = ip (r) > 9f = S« (r) » .3 

o o 

where p« = jmCCf^dc, gM = jECf^dc; . 4 

in the present chapter, of course, E — bmC 2 . 

Owing to the form of / (0) , q (0) = 0; .5 

also the non-diagonal elements of p (0) vanish, and each diagonal element is 
equal to JcnT. Consequently 

p«» = JcnTU = Up, .6 


where U is the unit tensor (1.3), and p is the hydrostatic pressure. 

The expressions 3.21,1,3,5 giving dn/dt, dcjdt and dTjdt may now be 
written 


dn 

dt 


d_ 

dr 


• (nc 0 ), 



These time-derivatives are divided into parts, as follows, 

= 9 co ^Co BT _ dJT 

dt dt’ dt dt~’ dt~ dt ’ 
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where the quantities on the right are not themselves time-derivatives, but 
are defined by 


c 0 n o . . 

3 1 ~ S7'‘ (wCo) ’ 

d r n 
~dt 

3 n c, 


= 0 (r> 0), 

!°£°- ( e 8 

st - l c »-erj c -> +i ' par-' 




d r c o _ 

dt 

d«T 


d r T 
dt = 




A7i-/M P 


3 T 

2 fr 

C ° * Sr 

Nknf 

3 T 

2 T 3 

c °*sF _ 

N Sr 

Nkn{ p 

3 

: 8^ 


,(0). _g(0) 


‘ 01* 


C 0 , 


c ° + er^ 


dr ‘ 


(r > 0), 


..8 


the value of N being, in the present case, 3. It is convenient also to write 


so that D 0 [Dt denotes a first approximation to D]Dt, and 

3 


Dt 


dr 

D 0 T 

Dt 


• c 0 , 


D o c o _ F _I ^ 

. 15 

Dt p dr 5 

P/3 \ 

r U*‘ c r 

. 16 

*) = 0, 

. 17 


From 15 and 16 it follows that 
Dt K 

so that, to this first approximation, the variation of temperature during the 
motion of the gas follows the adiabatic law 

pocTK 


CCM’ 
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Now, if F is any function which involves t only through n, c 0 , T, 

a f_ 

dt 


9 Fdn dF^ dco dJFdT 
'"dn'di + dc 0 ‘ dt + dT dt 


_%(Wdrn W d r c 0 dF d r T\ 
o'\37z. dt 6c 0 dt dT dt ) 


where 

and similarly for DF/Dt. Hence 

®/=(. 


BF drT 

dt ~ dn dt + 0c o - dt dT dt 


4 +c 4 +F 4, 








’ 0C / ‘ 


Enskog’s division of 2$f can now be indicated. He took ^ (0) = 0, and, for 
r > 0, 

Qj{r) s ^W(/(0) } y(D } ... /fr-D) 


= dj^dj^> a, 

- a* a« a* 


f(0) 3f(r-l) 0/Cr-l) 

—+c.-%— + F.-% , 
0r 0c 


i9 


each term in which is determinate when/ (0) , are known. This pro¬ 

cedure overcomes the difficulty mentioned at the beginning of this section. 
It has to be shown, however, that with this mode of division the conditions 
of solubility = 0 (i = 1, 2, 3) 

are satisfied. Since ££ (0) = 0, we need only consider the case r > 0. 

It may first be remarked that the quantities 

S&®&fdc 

have already been evaluated in 3.21, and that the expressions given there 
can be analysed at sight into the parts corresponding to the separate expres¬ 
sions in so doing, wherever the time-derivative d<J>/dt of the mean value 
of a function $ occurs, it must be divided into a series of expressions each of 
the form 0 o £<r-D a^fo-a _ d r _^ 

dt + ~dT~ + ‘" + ~di~’ 

corresponding to the subdivision of dfjdt among the expressions 3^. But 
in the equations of 3.21 the only time-derivatives present are those of mean 
values of the functions which, by 7.12,4, are such that 

^ (T) = 0 (r > 0). 




115 


7.15] The Non-uniform State for a Simple Gas 

Thus these equations become 

W»@fdc = S\'pfi&v>dc, 

where = ^ + «£ - .c 0 , 

j^S^dc = (r> 1), 

J0®S“><*c = ^.p«»-/> (f-^ 0 ), 

J^m®fr)dc = ^;.p(’-«+p^5s (r> 1), 

jy®*®*, = g°(f ^y)+P®>:|;e 0 + f nkT^_.c„, 

Sy»av>dc = %1 nil) + p(-i> : 1. c 0 + 1; .g*-* (r > 1). 

By 7.14,8-i6, all these expressions are zero. 

Thus the conditions of solubility are satisfied, and/ can be determined to 
any desired degree of approximation. The time-derivatives of n, c 0 , and T 
are then known to the same degree: they do not appear as arbitrary adjust¬ 
able parameters, but are uniquely determinable in terms of n, c 0 and T and 
their space-derivatives at r, t. 

7.15. The parametric expression of Enslcog’s method of solution . The pre¬ 
ceding description of Enskog’s method will now be summarized. 

Boltzmann’s equation is expressed in the form £(/) = 0, and a solution 
/ = Zf r) is assumed; £(/) is expressed in the form where 4- & r \ 

and t/w, are given by 7.11,4 and 7.14,19. The first term (/ (0) ) of f is the 
same function of the number-density n, the mass-velocity c 0 , and the 
temperature T at the point in question as would represent the velocity- 
distribution function in a uniform gas in the steady state in which every¬ 
where the number-density, mass-velocity and temperature are n, c 0 , and T. 
The later terms, f r \ are the solutions of the equations £ (r) = 0 such that 

ff^i/r^dc = 0 (* = 1,2,3); 

the solutions thus defined are unique. 

The division of £ into Z£ (r) was expressed concisely by Enskog in the 
following way. He introduced a parameter 9 into the series for /, writing 

/==i/<»>+/®+0/®+0*/®>+... . j 





where + 3 {T \ as before. If £ (r) = 0 for every r, then £(/) vanishes for 

all values of 6. The preceding description of Enskog’s method corresponds 
formally to the case 6=1. 

On evaluating/ (0) , / (1) ,..., with the above choice of arbitrary parameters, 
it is found that / (0) is proportional to n (or p), / (1) is independent of n, 
/ (2) is proportional to 1 (n, and so on. Hence the power of 1(6 appearing in 
any term "of the equations is the same as that of n appearing in the same 
term. If a different choice of arbitrary parameters were made, the solution 
would not be thus simply ordered according to powers of the density, 
though the value of the complete solution would be unaltered (7.2). 

When the density of a gas is comparable with that of the atmosphere near 
the ground, and the non-uniformities in n, c 0 , T are such as ordinarily occur 
in laboratory experiments, the terms/ (r) in / decrease rapidly as r increases, 
and/®4-/ (1) is a sufficiently good approximation to/for most purposes. In 
rarer gases, naturally, the later terms are relatively more important, so that 
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for some purposes it is worth while to determine / (2) . Unfortunately the 
complexity of the successive terms f r) increases rapidly with r. 

Hilbert expressed / by an equation of the form i, but his discussion of 
Boltzmann’s integral equation did not afford a convenient deter min ation 
of / beyond the first term / (0) , because he did not introduce 2 before pro¬ 
ceeding to the division of Z2>f. 

7.2. The arbitrary parameters inf. The solution / of Boltzmann’s equa¬ 
tion which is obtained by Enskog’s method depends on no parameters other 
than the values of n, c 0 , and T throughout the gas. The conclusion that the 
physical state of the gas depends on these parameters, and on no others, 
appears to be in accordance with experiment. However, Enskog’s solution 
of Boltzmann’s equation is not the most general one: it is possible to assign 
an arbitrary value to/ at an initial instant, and Boltzmann’s equation merely 
determines the way in which / subsequently varies. 

It might be supposed that Enskog’s solution lacks the arbitrariness of the 
general solution because of the special values which have been adopted for 
n, c 0 , and T in the expression 7.11,9 for/ (0) , and the special values adopted for 
the arbitrary constants a (1 » r) , a (2 > r) ,.and aP> r) appearing in the expression for 
/W in 7.12. This, however, is not so: it can be proved (though the proof is too 
long to be given here) that, subject to certain conditions of convergence, 
every solution given by Enskog’s method of subdivision, corresponding to 
a given distribution of n, c 0 , and T, is identical with the one obtained with 
these special values of the arbitrary elements. The lack of arbitrariness is 
due to the fact that df r) jdt does not contribute to the equation determining 
/ w : if it did,/ w could be arbitrary, and the equation would merely determine 
dfWJdt. 

To see the relation of Enskog’s solution to the general one, suppose that 
initially a given mass of gas possesses an arbitrary velocity-distribution 
function. Let the gas be left to itself for awhile; by analogy with the results 
for a gas in a uniform state (4.1)/will approach one of a series of “normal” 
values, each depending on certain parameters in a standard way. After a 
normal distribution of velocities has been reached, / w r ill continue to take 
only normal values: it will vary only through the variation of the parameters. 
On physical grounds it is clear that, at any instant the three quantities n, c 0 , 
and T are independent and arbitrary functions of position; their values 
throughout the gas are therefore among the parameters in question. On 
physical grounds, also, these parameters appear to be the only ones on which 
the distribution of velocities can depend in the normal state. The normal 
solutions of Boltzmann’s equation thus depend only on n, c 0 , and T, and vary 
with the time only through their dependence on n, e 0 , and T. The method of 
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evaluation of df/dt given by Enskog is such that these conditions are satisfied' 
his solutions of Boltzmann’s equation are accordingly normal solutions. 

7.3. The second approximation to f. The remainder of this chapter is 
devoted to the detailed evaluation of the second approximation to / (in- 
volving the determination of 0®); this leads to the determination of qGi and 
pW, and hence to expressions for the coefficients of thermal conductivity 
(A) and viscosity (fi). 

The equation from which f a) or / <0) 0 (1) is to be determined is 

£(D = ^KD + Jd) = 0. .. 


The differential part ^ (1) of £ (1) depends only on/ (0) . As /<°> is a function of C, 
it is convenient to express 3> a) in a form analogous to that of £&f given in 
3.13,3, viz. 




(*-%r) 


a/(o> 

~dC 


d_ 

dC dr 


Oqj 


or, on substitution from 7.14,15, 

f 2) 0 log/W ) 81og/<°> 1 dp dlogfv 91og/w > 9 I 

“M Dt + ar ,o6r* a c ac ar °/- 


Now, by 7.11,9 


log/ (0) = const. + log(n/T i ) — mC 2 /2IcT, 


and so 

while, by 7.14,16,17, 


a log /<°> 

ac 


mC 
~kT ’ 


D 0 log/(o> mC*D 0 T mC 2 9 

£>* 2&T 2 D* ” 3/cT 7 8r * 


.2 


Thus the sum of the first and last terms in the bracket on the right-hand 
side of 2 is 

— CC ■ — e 
kT CC 'dr Cl >’ 

O 

where CC is given by 1.32,2. Also the sum of the two middle terms is 


C. 


- C. 


/ d log/ (0) m 0p\ 

\ 3 r pkT dr) 

c / a log T~i [ mC 2 dT 


Slog (JJnkT) 


dr 


dr 


2kT* dr 


(mC 2 5\^ Slog T 

\2jfcT 2) '—dr ~ 
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Accordingly 2 may be written in the form 

SO = 31 °g y +J±c°C- 8 r 1 

J \\2kT 2)^' 3r + kT CC 'Sr °J 

= /(°){(^-f)C.^: + 2*:lc 0 }, . 3 

where ^ is a dimensionless variable defined by the equation 

»-(&)■« 

with components 'fIT and magnitude ( €. In terms of this variable 


The integral part J (1) of £ (1) is given by the equation 

Substitute / (1) =/ (0) ^ (1) : then, using 7.12,3, we get 
Jd) = n *I($W). 

The equation £ (1) = 0 is therefore equivalent to 


»V ( a>®) = -/“»{(*?* - f) c.^^ + 2 W: 1 c„ 

7.31. The functions 0 (1) . Since 0 (1) , like/ (1) itself, is a scalar, it suffices 
to consider only the scalar solutions of 7.3,7. Now I(0 (1) ) is linear in 0 (1) , and 
the right-hand side of this equation is linear in the space-derivatives of T and 
of u 0 , v Q , w 0 : hence the most general scalar solution 0 (1) is the sum of three 
parts: (i) a linear combination of the components of dT/Br: for this to be a 
scalar, it must be given by the scalar product of dT/Br and another vector; 
(ii) a linear combination of the components of djdrc 0 : this must similarly be 
the scalar product of d/Brc 0 and another tensor; (iii) the most general scalar 
solution of the equation 7(0 (1) ) = 0. Of these (i) and (ii) correspond to the 
particular integral of a differential equation, and (iii) to the complementary 
function. Thus we can write 


0(i) _ 

n 



_I B : J-c 0 +<&■» + a (2 ’». mC+aP ’«. 
Br n Br " 


where A and a (2 > x) are vectors, and B is a tensor: A, B are functions of C, 
while a (1 > 1} , a (2 > X) , a (3 > x) are constants. 
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Substituting from i into 7.3,7, and equating the coefficients of the 
different components of dTjdr, d/drc Q , we find that A, B are special solutions 
of the equations 

nI(A) =/< 0) (^ 2 -f)^ 3 . . 

nl( B) = 2/<°><g%\ . 

It is easily verified that the conditions of solubility of these integral equations 
are satisfied, i.e. (cf. 7.13) that 

J/(°)(^ 2 — f) ^ if^dc = 0, J/(°)W^)dc = 0 (i = 1, 2, 3). 

The only variables involved in a, 3 are C, or 92, and the values of n, T at 
the point in question; c 0 does not appear explicitly, but only as involved 
in 92. Hence A and B must be functions of n, T and 92. The only vector 
which can be formed from these elements is 92 itself, multiplied by some 
function of n, T and the latter being the one independent scalar con¬ 
nected with 92. Hence, we can write 

A = A(92)92, . 4 

A(9f) being a function of ^ (and of n, T). 

Equation 3 can be separated into nine component equations; typical 
among these equations are 

nI(B xx ) = nI(B xy ) = 2/«» WT 

Addition of the three equations of the first type shows that 
I (Bxx + S uy + B sz ) — 0, 
while, from those of the second type, 

I{S xy ~B yx ) = 0 . 

Thus the nine equations possess solutions such that 

&xx + Byy + S Z3 = 0, B xy = B yx , etc., 

i.e., such that B is a symmetrical and non-divergent tensor. How B depends 

only on n, T and 92, and the only symmetrical non-divergent tensors which 

o 

can be formed from these elements are multiples of 9292 by factors which are 
functions of n, T, and 92. Hence for the solution of 3 we can write 

B = .5 

where B (9) is a function of 9>, n and T. 
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The constants a (ls 1) , a (2 > X) , a {3 > x) in i are to be chosen such that the corre¬ 
sponding form for/ (1) satisfies equations 7.12,4, i.e. that 

0 = f^fVdc = f o)0(i) dc 

- *w * : ^ c » 

+a (x > X) + a (2 > x) . mC + a (3 > 1} . dc. 


Neglecting vanishing integrals, and simplifying by 1.42,4, these equations, 
for i = 1, 2, 3, become 


J/(0)( a (i,i) +a (3,i)^ m(7 2)^ c = 0 , 

Jf<°> +wa( 2 . i) j mC 2 dc = 0, 

J/«»(a< x > x >+a< 3 > x >. |m£ 2 ) 4m<7 2 dc = 0. 


The first and third of these relations show that a (1>1) == 0,a (3 ’ x) = 0; the second 
shows that a (2> X) is proportional to dT/dr, so that in i the term a (2 > X) . mC 
may be absorbed into the first term on the right: hence we can also write 
a (2, i) _ o, when the second of these relations becomes 


JfWAffl&dc = 0. 

Also i reduces to 

1/2 JcT\i 9 log T 1 D a 
0 (1) =-- 1 A .—=2-B : — c 0 


%\ m J 


6 r 


.6 


•7 


7.4. Thermal conductivity . Before considering the details of the method 
by which A. B are determined, we shall derive general expressions for the 
second approximation to the thermal flux q (this is q a \ since q (0) = 0; cf. 
7.14,5) a nd to the deviation of the pressure system from the hydrostatic 
pressure given by p (0) or pU; this deviation is, to the approximation con¬ 
sidered, given by p (x ). The equation giving # (x ) i s 

qW = %mjf»C*Cdc = hm^0^C 2 Cdc. 

On substituting for & {1) from 7.31,7, and neglecting integrals of odd functions 
of the components of ^ or C, this becomes 



aiogT 

dr 

a log t 


- dc 

3 mn dr J J 


dc 


dc 
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The thermal flow is therefore, to the present order of approximation, 
opposite in direction and proportional in magnitude to the temperature 
gradient; this agrees with the approximate theory of Chapter 6. The 
quantity A is the coefficient of thermal conduction of the gas. 

7.41. Viscosity. The equation for p (1) is 

p(« = mffVCCdc = mff^&wCCdc. 

In this we substitute for & (1) from 7.31,7: then, on omitting integrals of odd 
functions of the components of C , 

p« = -25 jf CCdc 

= (W:|.c 0 ) W* 

whence, using the theorem of 1.421 and 7.31,3, 
o 

p(1) = 5 : c. (W: W) dc 


2 TcT d 
5n 0r C ° 




: B dc 
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O 

= -*M’[B,B]i ; c 0 . 

Thus, if fi = fohT[ B, B], .i 

so that yM, like A, is an essentially positive quantity, the above expression for 
p (1 > becomes 

r o 

P«~%4«V 

By 7.14,3,6, the second approximation to the complete pressure tensor p is 
pU + p (1) , or 


by 2 . Thus the values of the second approximations to the typical elements 
p xx , Pyz fhe pressure tensor p are 


Pxx 



dv 0 Sw 0 \ 
dy dz ) ’ 


Pyz ~ 



These are identical with the expressions for the corresponding stress-com¬ 
ponents in a medium of viscosity p. They are generalizations of the result 
of 6.2, which corresponds to the case when v 0 = w 0 = 0, and u 0 is a function 
of z only; the above approximations to the six components of stress then 
reduce to 

Pxx = Pyy ~ Pzz = P> Pxy ~ Pyx = ft > Pyz ~ Psy — 0 = P 2X = p xz . 


7.5. Sonine polynomials. The quantities A and B are determined by 
expressing them in terms of certain polynomials,* defined as follows. 

Let s be a positive number less than unity, and x, m be any real numbers. 
Then the polynomial S$(x) is defined as the coefficient of s n in the expansion 

^ ( X — : m —I g— xs/(l—s) . i 

* These polynomials were first used in the kinetic theory of gases by Burnett, Proc. 
Land. Math. Soc. 39, 385, 1935. The polynomial called S%\x) by Burnett differs by a 
constant factor l/r(m + n+ l) from that defined above. 
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in powers of s. Now 

(1 _ 5 )-7n-lg—xs/(l—s) __ ^ (~xs) v (1 — s)~ 1 > ~ m ~ x f‘p ! 
p 

= 2 2 (- xs) {> s"(m +p + q)Jp Iql, 

p a 

where r q denotes the product of the q factors r, r—1, ..., r-q + i- on 
selecting the terms out of this sum such that p + q = n, the value of 
is found to be n 

8%>(x) = 2 (~v) p ( m + n )n-v!'PHn-p)\. . 2 

3>=0 

In particular S$(x) — 1, = m+ 1 — x. ...... 3 

The polynomials S^(x) are numerical multiples of Sonine’s polynomials,* 
which arise in the study of Bessel functions. 

Since (l (1 - $ °° e"* t 1+1 ~ l ) x m dx 




-ij e -X(l -si 


:0/(l-«)(l -D x md x 


= (1 — + 1), 

on equating coefficients of sHi on the two sides of this equation, we find that 

J* e~ x S[f^(x) B^(x)x m dx = 0 (p 4= q) 

= r{m+p + l)lp\ (p — q) .4 


7.51. The formal evaluation of A and A. Suppose that the function 
A( = WA(&)) can be expressed as the sum of a convergent series of the 
form n 

A = 2 a r a(r \ . 1 

r=0 

where aM = <&, .2 

while the coefficients a r are quantities independent of c €, whose values are 
to be determined.! The functions a r , like are dimensionless quantities. 

* Sonine, Math. Ann. 16, 41, 1880. The typical Sonine polynomial is equal to 
r(m + n-\- 1) (— It is related to the generalized Laguerre polynomials I 

used by Schrodinger (Ann. Phys. 80, 483, 1926), which are such that 

J, X "”+* (a:) JXSTF+T) = < -1)“ ( 1 - i)-”- 1 

t We are in effect assuming that A( e £) can be expanded in a series of the polynomials 
The validity of this assumption for certain molecular models is proved by 
Burnett, loc. cit. F or the general theory of the expressibility of a function by a series of 
polynomials, see Courant and Hilbert, Meth. der Math. Phys. I, chapter 2. 
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The function A is the special solution of the integral equation 7.31,2 
which also satisfies the condition 7.31,6. On use of 7.3,$, this condition 
mav be put in the form 

— 0 . 

Using the above expression for A, and remembering that $i®(^? a ) = 1, we 
can transform the expression on the left-hand side of this equation into 

je-e 2 &.f a r Sf\<g z )<gd<& 

= 2tt £ StW^ 3 d(^ 2 ) 

r=0 J 0 

= 27ra 0 r(%) 

by 7.5,4. Thus for 7.31,6 to be satisfied, it is only necessary that a Q = 0. 

To determine the values of a x , a % , ..., we proceed as follows. We write 

a rs = [« w > « <s) ]> .3 

cc r = .4 

so that cc r and (cf. 4.4, last paragraph) a rs are independent of the number- 
density n. Then, if 7.31,2 be multiplied by a^dc and integrated over all 
values of c, the resulting equation is of the form 

n Ja«. 1(A) dc = J/W(^ 2 - f) ^. a^dc, 

or, by 4, [a (r) ,A] = oc r . . S 

Thus, on substituting from i, and using 3, 


a r — ^ a s [® (r) 5 a(s) ] 

s= 1 

= 2 . 6 

S=1 

As the functions a w are known, cc T and a rs may be regarded as known, so 
that the infinite set of equations obtained from 6 by giving r the values 
1, 2, ... serves to determine the infinite set of coefficients a s . Formally the 
solution is given by ^ _ 

where stf denotes the determinant of which the r, s element is a rs , while 
is obtained from stf by replacing the elements of the rth column by oq, a 2 ,...; 
the determinant jaf is symmetrical and the diagonal terms are essentially 
positive. As, however, neither of the infinite determinants s#, in general 
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converges, it is necessary to proceed in a somewhat different manner. Let the 
value of a r obtained by employing only the first m of the equations 6, and 
retaining only the first m terms on the right-hand sides of these equations be 
denoted by <*>. Then ^ (m) = 

where are the determinants composed of the first m rows and 

columns of $ 2 ri We assume that as m tends to infinity, a^> tends to a as 
limit, and that, if m 

= g 

then tends to A* 

Let denote the determinant obtained on bordering a 

column o (1) , a (2) , ..., a (w) and a final row <x x , cc 2 , ..., cc m , the last diagonal 
element being zero; then, by 7, 8 


and consequently 

[A,A]- 


AW = - ^ wl V^ (Wi) 
Lt [A, AW] = - Lt [A, 


Also, by 5, [A, a< r >] = a r , so that [A, <^ ( a w >] is equal to the determinant 
obtained from a&W by replacing the terms a (r) in the last column by a r , i.e. 
to the determinant obtained from on bordering it by a final row and a 
final column each consisting of the terms a x , a 2 ,..., a m , 0: this determinant is 
denoted by Hence the last equation is identical with 

[A,A] = ~ Lt jrfff/.**">. 


This result can also be expressed in terms of an infinite series. By a well- 
known theorem on determinants^ 






since ^~ 1 \ sfg\ ^ are the minors of corresponding to the 
four elements in the lower right-hand corner. Hence 


whence it follows that 


- = (j ^) 2 .II 

Also = a 2 /<x 11 . 

The convergence is established for certain molecular models by Burnett, loc. cit. 
t Scott and Matthews, Theory of Determinants (2nd ed.), p. 62. 
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Add tliis to the set of equations obtained from u by putting m — 2, 3, ..., 
then _ af (J^i 2) ) 2 

" a n + J&K St + ... + ^n-D^n) ’ 


so that io takes the form 

[A,A] = ^ + 


a„ 


Ki 3) ) 2 


n : 


It may be proved that every term of this series is essentially positive. For 
let denote the determinant obtained from by replacing the 

elements of the last column by a (1) , a®,..., a (m) , so that is a linear com¬ 

bination of the functions a (r) . Then, since [a (r) , a (s) ] = a rs , the expression 
[a (r) , is obtained from by replacing the terms of the last column 

by a lr , a 2r , a mr , which are identical with the terms of the rth column if 
r<m. Thus 

[a (r> , = 0 (r < m), [a {m \ 


and so, since o^ (m) is a linear function of o (1) , a (2) , ..., a (m) , the coefficient of 
a (m) being 


Since like the individual functions a (r) , is not of the form if/®, 

is essentially positive. Thus is positive; also, by its 

definition, a n is positive; hence the series in 12 is a series of positive terms. 

When the known values of the quantities a r are substituted, equations 10 
and 12 take somewhat simpler forms. By 2, 4, 


a r = i J./«»(^ 2 -|) SP(V 2 ) & 2 dc, 

and so, since Sf^ 2 ) = f —& 2 , 

cc r = -7r-t Je-^iSp^) 

= - 2 7 r-iSPC# 2 ) SP(& 2 ) % 3 d(V z ) 

= -¥ (r=l) 

= 0 (r> 1), 

by 7-3,5 and 7.5,4. Hence, if denotes the r, sth minor of that is, 
the determinant obtained from by omitting the row and column 
containing a rs , 10 and 12 become 

[A,A] = ^ L 


[A,A] = 


225 

u 


' 1 , W) 2 , (s*81 , Kit’) 1 , \ 

a u s/m jrfW jrfWjrf® • 7' 




[7.52 
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From these and equation 7.4,i, viz. 


A = 


2 FT 
3 m 


[A, A], 


the value of A can be found. Since the molecules of the gas are supposed to 
possess only translatory energy, the specific heat c v of the gas is equal to 
3kJ2m. Thus .. c iT ( 1 , . \ 

A - t-CtKJ. ^ ^ ^(2)^(3) + • •' J * .13 

When the expressions a rs are known, the value of A can be determined to any 
req uir ed degree of accuracy from this formula. The calculation of these 
expressions is effected in Chapters 9 and 10. 

Since the quantities a rs are independent of the number-density of the gas, 
it follows that the same is true of the series factor in 13 , and therefore of A. 

7.52. The formal evaluation of B and ju. The tensor B and the coefficient 
of viscosity jjl are evaluated by methods similar to those used in 7.51. Since 
B is of the form B(&), we express it as a series of the form 


B = f> r b«, 

1 

where b V = S{-*(<?*) 

and the coefficients b r are constants to be determined. Then, writing 
b rs - [b«, b«], 

0 r = | 


results parallel to those of 7.51 are obtained, in which a rs , oc r , a {r \ etc., 
are replaced by b rs , J3 r , b (r) , ^ (m) , etc. The linear equations corresponding to 
7.51,6 are , 

= A, . 5 


whence, by analogy with 7.51, 10 , 12 , 


[B, B] = - Lt &$/&*> 

m-* 00 


6 U ggtogatn + &&&&^ 


.6 


with obvious definitions of SS'ff-. every term in the series will be 

positive. 
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With the above definition offi r , by 1 . 32,9 

or, using 7.3,5 and 7.5,4 

fir = 3^1 Je^i°W 

= 5 (r — 1) 

= 0 (r> 1). 


Using these results, equation 7.41,i, viz. 

P 


reduces to the form 


“Am B, B] : 


■7 


the notation being again similar to that used in 7 . 01 , 13 . Like A, p is 
independent of the density of the gas. 


7.6. The transformation of I{0). We shall now prove that, as stated in 
7.13, 

n 2 I(0) = 0{c)K o (c) + fG(c 1 )K(c,c 1 )de lt . 1 

where K( c, c 2 ) is a symmetrical function of c, c x . The proof was first given 
by Hilbert for rigid elastic spherical molecules.* 

We consider molecules whose interaction is always repulsive: the modifica¬ 
tions to be introduced in the proof for other forms of interaction can easily 


be seen. By the definition of I{0) 

n 2 I(0) = JJ/ (o) /i°>(0 + 0 x -0'~ 0 X ) h x d\zdc x . -3 

Here 0 X , 0', 0 X are written for 0(c x ), 0(c'), 0(c x ), and c', c x are given in 
terms of c, c x by the relations 

c x = Ci-(g.k)k; c' = c + (g. k)k . 3 

(cf. 3.43,2), where g^^ — c. .4 

* Hilbert, Integralgleichungen, p. 267. 

CCMT 9 
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The expression h x is a function of g and the encounter-variable b, or, what is 
equivalent, of g and the deflection of the relative velocity at encounter. If ^ 
is the angle between g and k, this deflection is 7r- 2?//: hence we can put 

h = h(g, tir). . s 

To be able to consider separately the parts of the integral z arising from 
0, 0 X , 0 X , we must assume, as in 3.6, that the range of k is limited to all 

values such that ^ < ^ 

say. Then the part of z arising from 0 is 

0jjfmf^ kidkdCl . 7 

Since the factor by which 0 is multiplied is a function of c alone, this may 
be expressed as 0K o (c). 8 

The part of z arising from the term 0 X is 

jfMfl»0 1 Uk 1 dk}dc 1 . 9 

Since, in terms of the polar angles ijf, e giving the orientation of k about g as 

ax * s ’ dk. — ami/rdijrde, .io 

it follows that $lc x dk 

is a function of g alone. Hence this part of z can be expressed as 

J^(Cx) K x {c, c x ) dc x , ix 

where K x (c, c x ) is a symmetrical function of c, c x . 

The part of z arising from 0' is 

- JJ/ (0) /i 0) f) dkdc x . . 12 

In this we change the variable of integration from c x tog; since c x = c +g, 
the element dc x is equal to dg. Further, let g — gn, where n is a unit vector; 
then dn is an element of solid angle, and dg = g 2 dgdn. Again, let k = gk; 
then similarly dk = g 2 dgdk. Hence i z may be written in the form 

JJ/ (0) /i 0) ® K{g, t) dndk, 

the integral being over all values of n, k such that the angle f between n and 
k is less than \{i t— 8): ifr may now be taken as one of the polar angles fixing 
the orientation ofn about the direction of k as axis. 

Next we change the variable k to K, where 

K = (g • k) k = g cos ifrk = k cos ijf. 
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Then dK = cos 3 ifdk, K — g cos ijr, and so 12 becomes 

/J/ (0) / i 0) hfK sec ijr, i/r) sec 3 ifdndli, 
or, after a final change of variable from K to c', 

JJ/ ( 0 ) /i 0) \ (K sec ft, ft) see 3 ifdn dc 1 , 

since c' = c + K, and the element dc' is equal to dK. 


Now 
and as 

it follows that 



13 

14 

15 


C 2 + Cl = C 2 + (C f +g - K ). ( C'+g-K ) 

= C 2 +C' 2 -2C'.(K-g)+g 2 +K 2 -2g.K 
= C 2 +C' 2 —2C'.(K—Knsecif) + K 2 ts,n 2 ifr, . 16 

since g = K sec ijr, and the angle between g and K is ijr. Let 6 be the angle 
between C and K, and e x be the angle between the planes of C and K, and 
of K and n respectively. Then, by a well-known formula of spherical 
trigonometry, the cosine of the angle between C' and n is 

cos 0 cos - 1 - sin 6 sin ijr cos e l5 

that is, KC'. n = KC’{ cos 0 cos fjr - 1 - sin 0 sin ijr cos e x ) 

= K.C' cosr/r+KC'siaOsini/rcose v 

Hence C 2 + Cl=C 2 + C' 2 +2KC' sw.0ta 1 ni/rcose 1 +K 2 ta l n 2 i/r . 17 

Again, ijr and e x are polar angles giving the orientation of n about the direc¬ 
tion of K; thus dn = sin ijrdfjrde x , and so 13 is equal to 



(C-+C' 2 + 2KC' sin 6 tan y/r cos e,+r ! tan : yfr) 

x 0'h x {K sec ijr, ip~) sec 3 ijr sin ijr di/r de x dc'. 


Consider now the part 


J 


—TTf, S.C' sin 6 tan f cos e t _ 

; kJ - de x 


.18 

19 


of 18 . On expanding the exponential in a series, and integrating with respect 
to e x , odd powers of KG' sin 0 vanish. Hence 19 is a function of K 2 C' 2 sin 2 0. 
But this quantity is the square of the magnitude of Ka C', and as 


KaC' = (C'-C)aC' = -CaC', 


9-2 
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the square is symmetric in the variables c, c\ Thus 19 is also a symmetric * 
function of c, c moreover, C 2 + C' 2 and K 2 are symmetric functions; hence 
18 or 12 is expressible in the form 

j&(c')K 2 {c,c')dc', .a, 

where JT 2 (c, c') is a symmetric function of c, c'. 

The part of 2 depending on is 

-5$fVW ) ®ih(g,t)dkdc. 1 . 

In transforming this integral we use a new unit vector k l3 whose direction is 
that of g— (g - k) k, i.e. of the component of g perpendicular to k. If the ? 
polar angles giving the orientation of k about the direction of g as axis are 
ijr, e, the similar angles for k x are — e + 7 r; thus 

i 

dk = sinijrdijrde, dk x — cos \Jrd\Jrde, 


and so 21 may be written 

tan fdk.dc,. 


the integral being over all values of k l3 c x such that the angle w /2 — yjr between 
k x and g lies between SJ2 and n/2. 

The transformation now proceeds as for 12 . First the variable of inte¬ 
gration is changed from c x to g; then g, k x are replaced by n, k x , where 
fe 1 =gk 1 ; next k x is replaced by K x , where 

K x = c' x ~c = g-(g. k) k = k x sin<//, 

and finally the variable is changed from K x to c x . The result of these opera¬ 
tions is 

JJ/ ( 0 ) /i 0) k x (jK x cosec i/r, ijr) tan \ft cosec 3 ijf dn dc' x , . 22 


the integration extending over all values of n and c' x such that the 
tt / 2 - f between n and K x lies between d /2 and nj 2 . 

Again, as before, 


/ (0) /x° 


\Zt,1cT] e 


and in this case we put C x — C' x +g—K x , whence 

C 2 + Cl = C 2 + C' x 2 + K\ cot 2 '(Jr + 2 C' x . (A^n cosec \Jr — K x ). 

If 6 X is the angle between C x and K x , and e 2 the angle between the planes of 
C' x and K x and of K x and n respectively, we find that 

C' x . (K x n cosec ^ — K x ) = C x K x sin 6 X cot ijr cos e 2 . 
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Hence, since dn = cosifdifde 2 , 22 may be written in the form 
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m ~ 5 *r (C ' ^ Cl "~ Kl " Cot= ^ - c i’ Kl sin 0 cot *»• cos e*) 

x 0[ l\(K 1 cosec if, if) cosee 2 if dif de 2 dc[. 
Integrating with respect to e 2i we obtain an expression for 22 of the form 
[&(€[) K 3 (c, c[)dc' 1; .23 


where K 3 {c, c^) is a symmetric function of c, c[. 

Combining 8, ii, 20, 23 it follows that 

n*W) = 0(c)K o (c) + S0(c 1 ){K 1 (c,c l )~K 2 (c,c 1 )-K !s (c,c 1 )}dc 1 
= G>(c)K <t (c)+S$(c 1 )K(c,c 1 )dc 1 , 

where K(c, c x ) is a symmetric function of c, c v Thus the theorem is proved. 
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[8.1 


Chapter 8 

THE NON-UNIFORM STATE FOR A GAS-MIXTURE 


8.1. Boltzmann’s equation , and the equation of transfer, for a mixture. The 
general problem of evaluating the velocity-distribution function in a gas- 
mixture, when the composition, mass-velocity, and temperature of the gas 
vary from point to point, is solved in a manner analogous to that employed 
for a simple gas. The solution will be given here for the case of a binary 
mixture; no essentially different features are introduced when more than 
two gases are present. 

The definitions of mass-velocity, partial pressures, densities, and so forth, 
for a gas-mixture, are given in 2.5, p. 43. 

The functions f x ,f 2 which specify the distribution of velocities of molecules 
of the two gases satisfy equations of the form 


Vi. r a/i, F 1 

’di +Cx ‘di + - tl -te-~dr’ 


A +c d h +F A 

dt + 2 ‘dr* 2 ‘dc 0 ~ dt 




A 


the values of d e f 1 jdt, d e f 2 /dt being given by 3.52, 1 , 9,11 and similar equations. 
Also the equation of change of a function <f> 1 (C 1 , r, t) of the velocity of mole¬ 
cules of the first gas is (ef. 3.13, 2 ) 



a similar equation holds for a function 0 2 (C 2 , r, t) of the velocities of the 
molecules of the second gas. 

As in 3.21, Af> vanishes for certain values of f>\ the corresponding equations 
of change are of special importance. 

Case 1 . Let <f> t = 1 ; then n x Af> x is the rate at which the number-density 
of the first gas is being altered by encounters; this rate is, of course, zero. 
Thus the equation becomes 

Dn■. 3 3 — 

~Dt +ni dr' c o + = °» 


•4 
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which is the equation of conservation of molecules of the first gas. On 
adding this to the corresponding equation for the second gas, the equation 
of conservation of molecules of the mixture is obtained; this is 
Dn 3 3 

+ = 0. .5 

Again, multiply the equations for the two gases by m x and m 2 and add: 
then, since p x C x + p 2 C 2 = 0 (cf. 2. 5 ,9), the resulting equation is 

Bp d 

Dt + P^- C ^ 0 ’ . 6 


which is the equation of conservation of mass for the mix ture. 
Case 2. Let <p x — m 1 C x ; then the equation of change is 


D 

Dt 


(p 1 c 1 )+p 1 cjf r . c 0 )+± 


Bc ( 

Dt 


+PiC 1 -g^c 0 = %dm 1 C 1 . 


On adding this to the corresponding equation for the second gas, and using 

the relation — — 

n x Am x C x + n 2 Am 2 C 2 = 0, 


expressing the fact that the total momentum of the molecules is unaltered 
by encounters, the equation of motion of the mixture is obtained, namely 


d_ 

dr 


P 


P 1 F 1 +p 2 F 2 -p-^A. 


■7 


Case 3 . Let <j> x — E x . Then, since the translational motion of a molecule 
contributes a term %m x C\ to E x , d<^ x jdC x = m 1 C x . The corresponding 
equation of change is thus 


D(n x E x ) 

Dt 


• c ») + ^ • 9i-Pi c i • ( F i~15t) 


+PiC 1 C 1 : 0^ c o~ ri x AE x . 


On adding this to the corresponding equation for the second gas, and using 

the relation . n , A n n 

n x AE x +n 2 AE 2 = 0, 


expressing the conservation of energy at encounters, the equation of energy 
of the whole gas is found to be 


D[nE) 

Dt 


+^(A.c„) 



PiCi.Fi+p 2 C 2 ..F 2 -p: 


3 

8 ^ 0 ’ 
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which, like 3 . 21 , 4 , may be interpreted term by term. Writing E = ply 
as in 2.44,i, and using 5, this equation reduces to the form 

$ n ^W ]+ £i-- q - vwr&-l»&+n*ci) 

+p 1 C l .fr\ +p, 1 C,.F„ — p\ ~_e„. 

8.2. The method of solution. The equations 8.1, 1,2 for/ l5 / 2 are solved, as 
in Chapter 7, by a method of successive approximation. They may be 
written in the forms 

^1/1 + A(/i/) + AatAA) = 0 , ^2/2 +A(A/) +Ai(AA) = 0 , .. 

where @ 1 f 1 , ^ 2/2 denote the expressions on the left-hand sides of 8.1, 1,2 
aud Ufifi^niAf-f'iDWkdc,., 

Jmififz) — JJ(AA ~ A/ 2 ) h 12 dk.dc z , . 3 

with similar definitions for the expressions A(A/)= AiCA A)- 
The expansions for / l3 / 2 corresponding to 7.1 ,1 are 

A = /i 0) +/P+/l 2) +- 5 A=A 0) +A 1) +/ 2 (2) + ..., . 4 

and the equations 1 are similarly subdivided into the sets of equations 

3>p + J!f) = 0, 9jf> + jp = 0; . s 

where Jf> a J x ( A (0) / (0> ) + MfPfk®), 6 

W - f.-+W/ (0) ) 

+Mfm ) )+~-+JM ) ti% . 7 

and is a function of / x (0) , /p,..., A r-1) , but not of ff\ such that &j 0) = 0, 

and M 

im r) «^i(A 0) +A (1) +A (2) +».) = ^iA- s 

Similar remarks apply to and J| r) . 

The first approximations to/ x ,/ 2 are given by the equations 

jp B J x (/P/W) + J 12 (/f/P) = 0, jp s J 2 (/ a (o>/(o)) + J 21 (/p/p) = 0. 

These are identical in form with 4.3,i; hence, as in 4.3, they possess the 
solutions 

y(o> = n (_^hV e -^ 9 

\2nhT J 

fto) _ n ( \~ 

72 " n A2rrkT) 6 
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where n x , n 2 , c 0 , T are arbitrary functions of r, t. These are chosen, as in 
7 . 11 , such that n x , n 2 are the number-densities of the two gases in the mixture, 
while Cq and T are the mass-velocity and temperature of the mixture: con¬ 
sequently for a given gas at a given time t they are known functions of r. 
This choice implies that 


= J/i (0) ^i, fade, = Sf±*dc 2> 

SA m i c i dc i + J/ 2 m 2 CylCj = C x ic x + J/ 2 “>m 2 C 2 < 7 c 2 , 

+ = m o, Eii<h+Stt m E z d c 2 , 


i.e. that 

o' 

II 

| 

0 " 

II 

.IX 


f f± r) m 1 C 1 dc 1 + f 2 fi r) m 2 C 2 dc 2 = 0, 

J r=l Jr= 1 

.12 


Jl/P^dc^ fjtfPJSWC = 0. 

.13 


The equations from which (r > 0 ) are determined are of the form 5 . 

By an argument similar to that used in 7.12 it may be shown that, if Ff\ 
Fl r) are any pair of solutions of these equations, any other pair will be of 
the form F[ r) + x x , Ftp + x%, where XnXz are solutions of the equations 

Wxl+^+WM+M* 1 ) = 0 , 

which, on writing Xi — X% — / 2 0 )< A> reduce to 


nld 1 ((f> 1 ) + n x n 2 I 12 (^ x + <p 2 ) = 0, 


n\I 2 {(f) 2 ) + n 1 n 2 I 2x {(j> 2 +(j> 1 ) = 0, 

in the notation of 4.4. We multiply these equations by <p x dc x , f- z dc 2 , 
integrate over all values of c l5 c. 2 , and add. The resulting equation is 

the solution of which was found in 4.41 to be 

4> x = ocP + a< 2 >. m x C x + aF>E lt <p 2 = a 2 a > + a (2) . m 2 C 2 + 
where ap, a 2 (1) , a (2) , a (3) are arbitrary functions of r, t. 
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Any pair of solutions of 5 can be expressed in the forms 
Fp +/ 2 (0) By a suitable choice of a 2 (1 >, a (a) and a (3) , solutions/} 1 ’)^) 

be constructed such that 

J/i^<h = 0 , ff£ r) dc z = 0 , . i4 

J/f)m 1 C 1 dc 1 + J/^m 2 C 2 d C2 = 0, . 

m r) ^c 1+ mr)E 2 dc 2 = 0 . . l6 

We adopt these as the values of fi r) and / 2 (r) in the series 4 when r > 0. 
Equations xi, 12 , 13 are then satisfied. 


8.21. The subdivision of @f. The subdivision adopted for f x and S 2 / 2 is 
similar to that for in 7.14. The time-derivatives in equations 8 .1, 4 , 7,8 are 
expanded in accordance with the formal scheme 


0 0 O 3i 0 o 
— = 4. _ ? 4. 

dt dr dr dr'"’ 


.1 


the subdivision being made as follows, for each of the variables %, c 0 , and 
NTcT on which djdt operates in those equations; in each case the operations 
djdt, djdt, ... are directly specified, while the operation djdt is specified in 
terms of DJDt, signifying djdt + c 0 . d/dr: 


-^ 0^1 

d 0 n x , 

dn x 

0 



-§r +c ° 

' dr ~ 

O 

1* 

1 


“0T = 


Cf*) 

(r >0), 


«.|o 

III 

'f&H 

f d\ 

, C °-Srj 

|c 0 J =p 1 F 1 +p z F 2 - 

0 t 

-0^- p( 




= ^1+^2- 

dp 

~dr’ 

III 

W’l-M 

CO 

nW 

dr 

(r> 

■0), 


„DJNkT) . 


j»j» +C( W) 


a 

- p dr' C °’ 


l n — 2 NkT . (njCr + n 2 C,«) +PiCJ'K F t + p 2 Cf r) . E 2 


_0 

dr 


.q^ 


dr 


.6 


(r > 0 ). 


•7 
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The quantities p (r) , q {r) , C x {r \ C 2 (r) appearing in these relations are defined as 
in 7.14. With this subdivision of the time-derivatives, may be expressed 
in the form 










f-D, .8 


analogous to 7. 14 , 19 . 

The equations ^i°+ J[ r) = 0, Qff 4- jp = 0 

are soluble only if certain relations analogous to 7.13,i are satisfied by 
Using 3 . 54 , 3 , 4,5 and the definitions of J 2 (r) , it can be shown 

that Pi r) dc x = 0, {Jg)dc 2 = 0, 

JJ^m 1 C 1 dc 1 + p^m 2 C 2 dc 2 = 0, 

Pi r) hn x C\dc x + p>>£m 2 C\dc 2 = 0. 

Hence for the equations to be soluble it is necessary that 
j@l r) dc x = 0, f@^dc 2 = 0, 
f&f r) m x C x dc x + jS 2 (r) m 2 C 2 dc 2 = 0, 
j&{ r) im x C\dc x + i-m 2 C\dc 2 — 0. 

It may readily be verified that with the above choice of @i r \ these 

conditions are, in fact, satisfied. 


8.3. The second approximation to f. Attention will be confined to a study 
of the second approximations to f x , / 2 . If f£-\ / 2 (1) are written in the form 
then 


= nll x {&{») +n x n 2 I x2 (0p+0.p), 


in the notation of 4.4. Thus the 

Mt +C W +F 

1 * dr 1 ' 


3 1 

5o fi°\ 
3 1 4 


dc x 

m o) 


equations satisfied by 0f\ 0P are 
= -n\ I x (0P) - % 1 12 (0^ + 0^), 

= —n\ I 2 (0±») - n x n 2 1 2X (0^+0P). 


.3 


Iff is regarded as a function of C x , r, t instead of c x , r, t, the left-hand side 
of 1 is replaced by 




dlogf^J D 0 c 0 \ 31og fl*> dlogf® 
dr 1Dt )' 9 C x dC x 



•3 
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as in 7.3; also, as in that section. 


[8.3 


D 0 log/f® _ m x C\ d ^ Slog f{ 0) _ m 1 C 1 

Dt ~ 3 kTdr‘ C °’ d€ x “ IF' 

Since 8 . 21,4 is equivalent to 

the middle two terms in the bracket in 3 may be written in the form 

r r 8 Iog (^i y ~~) I d logT m ' L (F FU dp] ~] 

Cl ' L ar + 2 IcT dr plcT 1 ■ a) + dr\] .4 

Now let n 10 = n x jn, n 20 = njn, n 2x = n 2 /n x , % 2 = n x jn 2 . . s 

Then the second factor in the scalar product 4 becomes 

(m x C\ 5\ dlogT dlog(n xo nT) m x p 2 m x ndlogp 

\2kT 2/ dr + dr pkT [1 ° J p 81 * 

nr / m i g i 5\ Slogr n 9 n 10 m x p 2 n z {m 2 ~m x ) Slog p 

\2kT 2J dr n x dr pkT ' 1 2 ' p dr 5 

. 6 

since 31og(nT)/dr — Slog p /8 r. Again, write 

d - dU10 I 91 °g P PlPi (F p v 

12 dr np dr pp ' 1 2 ’ ." 

and let ei 2 i be similarly defined, so that, since n lQ + n 2Q = 1 , d 21 is equal to 
— d 12 . Then 6 becomes 

(m x C\ 5\ d log T n 
\2kT 2)~~dT~ + n x ^' 

Hence 3 , which is equal to the left-hand side of 1 , takes the form 

5 \ c dlogT n C\ mi C°C- d c\ 8 

h \\21cT 2 j ' dr + ClCl ' 8 r C °j. 8 

Similarly, the left-hand side of 2 may be transformed into 

f J(m 2 CI 5\ dlogT n m % ° d \ 

h [\2kT 2) L *'^r- + n 2 d ^’ C * + W C * C *-^ CQ ) . 9 

The expression for d 12 given by 7 is much simplified if the gas is at rest. 
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Taking D 0 c 0 fDt = 0 in 3 , and proceeding as before, we find that 6 is then 
replaced by 

/ m x C\ _ o\ 31og T 3log (n x T) ?n 1 F 1 
\2hT 2) dr + dr ~WF ’ 

and that in 8 we now have 

where p 1 = Jcn 1 T; .n 

clearly p x is the hydrostatic pressure of the first gas. Alternatively it may be 
verified that 7 is equivalent to 10 when D 0 c 0 jDt = 0 , so that, by 8 . 21 , 4 , 

PiT 1 +p 2 F i -^ = 0 . 

8.31. The functions c£> (1) , A, D, B. Since, by 8.3, 8 , 9 , the independent 
expressions 3 log TJdr, d 12 (or — d zl ) and 3/3rc 0 occur linearly in the left- 
hand sides of equations 8 . 3 ,z, 3 , we can prove, much as in 7.31, that 0 2 (1 > 
are expressible in the forms 

. Slog T _ 3 

0P — —A x . nD x .d lz — ®i : q ^ c 05 . 1 

= B 2 :^c 0 , 

the functions A, D being vectors and the functions B being non-divergent 
tensors, such that 

A = CA(C), D = CD(C), B = CCB(G) } . 3 

with the suffix 1 or 2 throughout. The functions A, D, B must satisfy the 
equations 

fmi-i) C t = +n l n 2 I 12 (A 1 + A t ), \ 

1 — C 2 = n\ / 2 (-A 2 ) ■' 

= nlI 1 (D 1 )+n 1 n i J ls (D 1 + D 2 ), I 

U 1 1 

•3 

= n t 4(A) + %^2 + fy) > 

2f<p%& % = % I/ 2 (B 2 )+ % ^/ 21 (B 1 + B 2 ),J 
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in which the variables 9^ x , c € 2 are defined by 


[8.4 



These equations may be shown to satisfy the conditions of solubility, which 
are similar to those of the original equations 8. 3 , 1 , 2 . For 8 . 2 , 14-16 to he 
satisfied, A, D must also be chosen such that 

J/i 0) m , C x . A x dc x + J/ 2 (0) m 3 C 2 . A 2 dc 2 = 0, . g 

+ = 0. . g 

Thus, to a second approximation,/! and / 2 are given by 

\ -/f {l ■ -MCi) C,. d -^~nD 1 (G 1 ) C, .d 12 -£,(<?,)cfo: |c„), 

...10 

f 2 = / 2 (0 >{ 1 - 4 2 ( 0 2 ) C 2 . - *10,(0,) C,.d 12 - B 2 (C 2 ) C°C 2 : 2 ;«,}. 

..II 

it may readily be verified with the aid of these expressions that, correct to 
the second approximation, the mean kinetic energy of the peculiar motion 
of the molecules is the same for each of the two constituent gases. 

In virtue of 4 - 6 , if a is any vector-function, and b any tensor-function, 
each defined in both velocity-domains, then 

n x n 2 {A ,«} = )C X .a x dc x + J/ 2 «»(^i ~ I) C 2 . a 2 dc 2 , .a 

«!«,{*>.“} = t |/f»C 1 .a 1 <i Cl -t (f^C 2 .a 2 dc 2 , .13 

n lJ n 2 J 

n x n 2 { B, b} = 2 J/f : b^ + 2 j/«» : b 2 dc 2 . . 14 

8.4. Diffusion and thermal diffusion. The two constituents of the gas- 
mixture are said to be diffusing relative to one another if the mean velocities 
of the two sets of molecules at r, t are not the same, that is, if c x — c 2 or (what 
is equivalent) C x — C 2 is not equal to zero. Now 

c^c^IJac^IJac^. 

On substituting from 8.31, 10 , 11 , the first and last terms in the ex¬ 
pressions for f x and / 2 give integrals of odd functions of the components 
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of C; hence these integrals vanish. The remaining terms readily yield the 
expression 

Ci-C, = jfg»CiD 2 (C 2 )dc z }nd u 

= -i[(i S frCi ■ D ^-lJf? )c > ■ »*» 

4y/f>c 1 .4 1 ^-ij/ a »» C2 .^e 2 )^r] 

= 0}nd 12 +{D, 

by 8 . 31 , 13 . 

The velocity of diffusion C 1 — C 2 accordingly has one component in the 
direction of — d 12 , since the factor {D, D) is positive, by 4.41,3. Since — d 12 
itself (cf. 8 . 3 , 7 ) has components proportional, with different (positive) 
factors, to — dn 10 /dr, to F 1 —F Z) and to — (m 2 — m x ) 9 log p/dr, the diffusive 
motion of molecules of the first gas relative to the second has components 
in the directions of these vectors. The first of these three components 
corresponds to diffusion tending to reduce the inhomogeneity of a gas whose 
composition is not uniform; the second component indicates that diffusion 
also occurs, as one would expect, when the accelerative effects of the forces 
acting on the molecules of the two gases are unequal; the third component 
shows that, when the pressure is non-uniform, the heavier molecules tend 
to diffuse towards the regions of greater pressure. 

The velocity of diffusion also possesses a component in the direction of the 
temperature gradient; at this stage no general statement can be made about 
the sign of the coefficient {D, ,4). No simple explanation of this “thermal” 
diffusion, analogous to the simple theory of Chapter 6, has yet been given. 
Thermal diffusion tends to produce a non-uniform steady state in a gas 
enclosed in a vessel, different parts of which are maintained at different 
steady temperatures. 

The definition of the coefficient of diffusion D lz given in Chapter 6 refers 
to a state of the gas in which no forces act on the molecules, and the pressure 
and temperature of the gas are uniform. In this case n does not depend on r } 
and so 8 . 3,7 reduces to 

_ 3%o _ 1 
ttl2 ~~dF~n dr' 

_ _ _ _ 

Cl -C 2 = C ± -C z = -ln x n z {D,D}-^. .3 


Thus 
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The vector n x c x giving the flow of molecules of the first gas is equal, as in 
6.4, to — Z> 12 dn x /dr, and similarly for molecules of the second gas. Hence 


, = -£>■ 


-A 


-D v 


/ 1 dn x 

2 \% dr ~ 

W nj 

n 3 n x 
n,n 9 dr ' 


dnf 

a dr . 


dn x 

6r 


•3 


Comparing 2 and 3 , we see that 

A 2 = (n|w|/3w) {/>,/)}. . 4 

We also write D T = (n\n\IZn*) {D, A} . 5 

and k y = D T jD x2 — {D, A}/n{D, D}. . 6 


The coefficient D T is called the coefficient of thermal diffusion, and ky mil 
be termed the thermal-diffusion ratio. In terms of D 12 , D T and k r , 1 may 
be written as 




A .2 A 2 + T) t 


J. dT\ 
T dr) 



+ ky 


_1 3 T\ 
T 0rj ’ 


which is the general equation of diffusion (to the present order of 
approximation). 


8.41. Thermal conduction. Since we are at present considering a gas- 
mixture in which all the molecules possess only translatory communicable 
energy, the thermal flux is given (cf. 2 . 5 , 13 ) hy 

q = JA \rn x C\C x dc x + J/ 2 |m 2 C\C 2 dc z . .1 

Thus 

(qim-Un.Cl+n.Cl) = J/ 1 ('81-t)C l <fc 1 +J'/ 2 («1-f)C 2 <ic a .a 

After substituting for f x , f 2 from 8.31, 10 , 11 , and omitting terms that do not 
contribute to the final result, the right-hand side of this equation becomes 
(to the present order of approximation) 

-1 J/m-f){(Ca• D i )™* 12 + (Cx. A,) dc 1: 

- i m^l - i) {(C 2 • » 2 ) »<* 12 +(C a . A t ) dc 2 , 
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or, using 8.31, 12 , 

- D] nd 12 +{A, A} j. 

Hence our approximation to q is 

q = pT(% +% 2 C^) —| kn x n 2 T^{A, D) %d 12 + {4, 

or, eliminating d 12 between this equation and 8 . 4 , 1 , 

q = | kT(n x C~ x + n 2 Cl) + C~ 2 ) ({A, D}j{D, D})-A~ 

0 ^ _ _ _ _ 

= + ^kT(n x C x +n i C i ) +knT\z T (C lL -C 2 ), 

where A = \hn x n 2 [{A, A}-{A, 1>} 2 /{D, D }]. 

By 4.41,7, A is essentially positive.* If there is no mutual diffusion of the 
gases in the mixture, so that C x , C % both vanish, the thermal flux becomes 
equal to —A dTJdr; this is the case when the composition has attained the 
steady state corresponding to the given temperature distribution. Clearly A 
is identical with the coefficient of thermal conduction, as usually defined. 

Equation 3 indicates that the thermal flux is in general made up of three 
parts. Eirst, there is the ordinary flow of heat resulting from inequalities of 
temperature in the gas. Next, when diffusion is proceeding, there is a heat- 
flow resulting from the flux of n x C x +n % C % molecules per unit time relative 
to the mass-velocity: each molecule carries, on an average, a quantity 
f kT-\ of heat energy. This flow appears because the thermal flux is measured 

* The sign of equality in 4.41,7 is inadmissible, since it requires that A, D should 
be identical, apart from a constant multiplier; this is not so, since the same functions 
cannot simultaneously satisfy 8 . 31 , 4 , 5 . 

f The factor § occurs instead of the usual # because the kinetic energy of the 
molecules, as well as the thermal flow, is that measured relative to the mass-velocity 
c 0 , not the mean velocity c. The following analysis is due to Enskog. 

By analogy with 8.41,i, the flow of energy relative to the mean velocity c of the 
molecules is 

~ c). (Ci — c) (c* - c) +p,(c 2 - cj . (c„ - c) (c, - c)) 

= - C ). (C x - C) (C x - Q+P 2 (C 2 - C ). (C 2 - C) (C 2 - C)). 

Expanding this, and using the fact that p x C x + p 3 C 2 = 0, we obtain the expression 

MpiC7c~i + p-iOTc^) - ipC. cc- i( Pl cT 2 + P 2 O?) C - Py cfc x . c - . c. 

Now C is a small quantity: thus we may neglect i ts s quare, and its produc ts w ith 
other small quantities. Hence we can neglect jpC. CC, and in the product Pl C 1 C 1 . C 
we can replace C X C X by its first approximation C X C X W — ( kTjm x ) U, where U is the unit 
tensor. Then the expression becomes 

q — iknTC~ q — fife T{n x C x + n 2 C 2 ). 

Thus the term § kT^nfcl+n,^) in 3 arises from the fact that thermal energy and 
thermal flow are both relative to the mass-velocity c 0 , not to c. 


CCMT 


10 
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relative to the mass-velocity c 0 of the gas, not relative to the mean velocity 
c of the molecules; if it were measured relative to e, this term in the flow 
would disappear. Lastly, even if the flow of heat were measured relative to c 
diffusion would contribute a term JcnTk T (C 1 - C 2 ) to the heat flow. Only 
the first of these three parts of the thermal flux is usually measured in 
laboratory experiments. 

8.42. Viscosity. As in the case of a simple gas, the first approximation 
to the pressure system reduces to the hydrostatic pressure. The second 
approximation adds to this the pressure system given by pW, where 

p {1 > = n 1 mf i C l Cff^ + n 2 m 2 (C a C 2 ) ll \ 

which represents, to this degree of approximation, the deviation of the 
pressure system from the hydrostatic pressure p. 

Only the terms in 8 . 31 , io,ii which contain djdrc 0 contribute to the 
value of p (1) ; thus, as in 7.41, 

pa) = A B 2 : 

O 

= - g^ij/rcfa: B 1 <te 1 + m,J/f»C s °C > : B 2 dc 2 } 

O 

= —~n 1 n 2 kT{ B, B}—c 0 , 

by 8.31,3, the theorem of 1.421, and 8 .31, 14 . Hence, if we write 

[i ~ ^n x n^hT{B, B}, . 1 


the last equation becomes 


- 2 ja 


dr 


which is identical with the expression for the viscous stress system in any 
medium (cf. 7.41). Hence ji can be identified with the coefficient of viscosity. 
As in the case of a simple gas, fi is essentially positive. 

8.5. The four first gas-coefficients. Thus, when the velocity-distribution 
functions for a gas-mixture are determined to a second approximation, it 
appears that there are four coefficients concerned in the phenomena of the 
non-uniform state, namely D 12 , D T , A and [i. These will be called the “first” 
gas-coefficients for a non-uniform gas. They and the associated ratios f and 
k T ( 6 . 3,3 &nd 8.4,6) depend on the four integral expressions 
{A, A], {A, D}, {D, D}, (B, B}, 

which may be evaluated by methods similar to those of 7.51, 7.52. 
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8.51. The coefficients of conduction , diffusion, and thermal diffusion. 
It is assumed that A 1} A 2> D x , D 2 may be expanded in series, which, for 
convenience in later work, we write in the forms 

A X = 2 a r A 2 = 2 a r .r 


2>i = 2d r af\ 


-- 2d r aP, 


where a[ Q) = P 1 Pz%ilpn 1 m\, a«» = - p x pf€fpn. z m\, .3 

and, for values of r greater than zero, 

ap = 9g x SPi&l), ap* = 0,| 

«f> = 0 , . 4 

The expansions 1,2 thus resemble those of 7.51. It will be noted that in the 
two equations 1 the same coefficients a r are written, and likewise the co¬ 
efficients in 2 are the same: but except when r = 0, one or other of a[ r) and 
af r) is always zero, so that the equality of their coefficients has only formal 
significance. The equality of the coefficients of a 1 <0) and a 2 (0) follows from 
equations 8.31, 8 , 9 , which the functions A, D must satisfy. On substituting 
from 1,2 into these equations, the parts of the integrals involving the 
functions a (r) vanish (as in 7.51) when r # 0. Hence, since the same coefficients 
have been chosen for aff* and both of the equations reduce to 
-a^d^ + J/ 2 (0 >m 2 C 2 .a^dc 2 = 0; 

this is satisfied because, with the above values of a] 0 * and a| 0) , it is equivalent 
to the equality , ^ r 

i-j fPm x C\dc x = T-J fPm 2 C\dc 2 . 

Thus equations 8.31,8,9 are satisfied by expressions for A, D of the forms 
1,2 if the coefficients of a] 0) , a 2 (0) are equal, but not otherwise. 

Now let 

n,n, 0 L r dc 1+ jw^-^C^.a^dc,, .s 

= — f/f»C l .af'>ic 1 -- f/i»C 2 .a|rtdc 2 . . 6 

n lJ n zJ 

Evaluating these integrals by the methods of 7.51, using 7 . 5 , 4 , we find 
oc 1 = - (15/4n 2 ) (2kTjm 1 f, cc_ x = - (15/4^) (2kT(?nN,\ 
d Q = Z{2kTfj2n x n 2 , J 

whereas for all other values of r. 


.8 
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Combining 5,6 with 8 . 31 , 13 , 13 , we get 

= {A ,««}, 8 r = {D,a% 

and so, if a rs = { a(r) > a<s) } = a sn 

it follows from 1 and 2 that 

+ co +00 

JZ'fs®rs = ^J'rVrs = ^ ■ 

These equations are similar to the set 7.51,6, the only difference in form \ 
being that in the former set s could only take positive values. The method I 
of solution is similar; the results, analogous to 7.51,9, are j 

A = - Lt V«^ (m) , D = - Lt w 

m-»- oo TO—><o 

where is the determinant of 2 m +1 rows and columns, whose general 
term is a rs , with r, s ranging from — m to m; and^ ( ” l) , are obtained from 

by adding a final row and column having zero as their common element, 
the other elements of the row being a (s) , and of the column cc r and 8 r in the 
two cases: the suffix 1 or 2 is to be attached to A, D, a w through¬ 
out. Since are linear combinations of the functions a {r \ by 9 it 

follows that 

{A, A] = - Lt {A,^}ls/^ - - Lt .n 

where is the symmetrical determinant obtained from by replacing 
the elements a (s) of the last row by a s , or, what is equivalent, i s obtained 

from by bordering it by a final row and column, of which the common 
element is zero, and the other elements are a r , oc s respectively. Similarly 


{D, D} = — Lt . 12 

{A, D} = — Lt .i 3 

m~> 00 


where are obtained from by bordering it by a final row and 

column whose common element is zero, the other elements in the last row 
being <$ s , and in the last column being, in the one case, 8 r , and, in the 
other, a r . 

Likewise it may be shown that 

{A, A} - {A, D} a /{», D} = — Lt - (*?<■$)*) 

00 

But if is the determinant obtained from by bordering it by two 
final rows and columns, the common elements of which are zero, the other 
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elements being respectively cc n 8 r and a 8 , 8 S , then are 

its minors conjugate to the four terms in the right-hand bottom corner. 
Hence, by a theorem already used in 7 . 51 , 


Consequently 


= ^ m) ^ss • 

{A,A}-{A,Dfl{D,D} = - Lt J*™,,!*®. 

m-*ce 


.14 


The results ia, 13, 14 take shghtly simpler forms, as follows, after the 
values of the quantities a r , 8 r given by 7, 8 are inserted: 




{-4.0}' 


45hT 

4 


Lt (^0-1) / 
\n^m\ 01 %mf 0 l Jf 


{A,A}-{A,D}*/{D,D} 

225JcT 

8 7 


Lt 

i-*-col»a OT i 




where and denote the r, 5th minors of and stjjHf, that is, the 
determinants obtained from and s/ftp by deleting the row and column 
containing a rs . 

On combining these results with those of 8 . 4 , 8 . 41 , it follows that 


= Lt 4 V W . .15 

‘ Lfb m—>00 

k T = f Lt (n 10 rap* sf 0 ( f> + ra* .16 

m —> co 

A = ^-k 2 T Lt (ra 12 rap 1 ^ lf Q0 - 2 (m 1 m 2 )-* jsC^\ 0 o+ w 2iwi 1 ^ ( - 1 -100)/-^oo 

m-xn 

.17 


As in the latter part of 7 . 51 , it is possible to prove various theorems 
about the determinants introduced above, as, for example, that is 
positive for all values of ra. Again, by taking differences between successive 
approximations, corresponding to consecutive values of ra in 11-14, the 
above results can be expressed by series of terms, which in the cases n, 13,14 
are all positive. On account of the complexity of the results for gas-mixtures, 
however, these results will not be given here. 


8 .52 . The coefficient of viscosity. As in 8 . 51 , it is assumed that B l5 B 2 can 
be expressed in series, of the form 

B i= 5° b 2 = 2 b M\ . 1 
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with the same coefficients in the two series: the functions b< r > are defined in 
the two velocity-domains by the equations 

bf= 0 , bt r) = 0 (r<0),| 

b (r>0).J . . 

Let the quantities fi r be defined by the equations 

n x nj r B 2 : bf + 2 //<«) : b 2 «dc 2 , . 3 

so that, integrating as in 7.52, 

A—' A-0 (r*±l). 

Also let 6 rs = {b«, b<*>}. . 5 

Then, by i and 8 .31, 14 , J5 r — {B, b (r) } 

= 2 b r b„, . 6 

S~ — CO 

there being no equation corresponding to r = 0 , and no term corresponding 
to 5 — 0 in the other equations. Thus, by methods analogous to those used 
in 7.52, 

{B, B} = - Lt SBfjfSM. 

m —> 00 

Here & (m) is the symmetrical determinant, having 2m rows and columns, 
whose general term is b rs , and r, s take all values other than zero between 
m and —m\ is obtained from by adding a final row and column 
whose common element is zero, and whose other elements are fi s , j3 r respec¬ 


tively. Thus 8.42,i becomes 

fi — —-Y^n-^n^kT Lt . 7 

or, using the values of the quantities /? r given by 4 , 

(i = f TcT Lt {n 12 ^if>- .8 

where denotes the minor of conjugate to b rs . 
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Chapter 9 

VISCOSITY, THERMAL CONDUCTION, AND DIFFUSION: 
GENERAL EXPRESSIONS 

9.1. The evaluation of [a^, a®] and [b^, b®]. In order to determine the 
coefficients of viscosity, thermal conduction, and diffusion of a gas by the 
methods of the last two chapters, it is necessary first to evaluate {a (r) , a (s) } 
and {b (r) , b (s) ), and therefore, by 4.4, 12 , 

KUi s) ]i 2 > KUriia, [b ( r,bf] l5 [br,bf] 12 , 

This involves integration over all the variables specifying an encounter 
between pairs of like or unlike molecules; such integration can be completely 
effected only when the nature of the interaction between the molecules is 
specified. As noted in 3.42, the special law of interaction affects only the re¬ 
lation between the deflection (x) of the relative velocity at encounter, and the 
variables g and b. The integration over the variables other than g and b 
can be performed without a knowledge of the law of interaction, and is 
effected in this chapter. In the next chapter various special laws of inter¬ 
action will be considered, and the corresponding values of the above ex¬ 
pressions will be determined. 

9.2. The encounter relations. Some general encounter relations, certain 
of which have already been given, are grouped here for convenience of 
reference. The velocities c v e 2 of two molecules of masses m l5 m 2 before 
encounter are given in terms of the variables G, g 21 by the equations 3.41,6, 
or, what is equivalent, 

c 1 = G- M 2 g 21 , c 2 = G+M 1 g 21 , 

where, as in 3.41,r, 

M 1 = m x lm 0 , M 2 = m 2 /m 0 , m 0 = m 1 + m 2 , 
so that M x +M 2 = 1. 

Similar relations connect the velocities after encounter, c[, c 2 , with the 
variables G, g' 21 . The magnitudes of g 21 , g 2X are equal, and are denoted by g. 

Let Gq denote the velocity of the mass-centre of the pair of molecules, 
relative to axes moving with the mass-velocity of the gas, so that 


G n = G — c 0 . 
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Then the peculiar velocities C x , C 2 of the molecules are given by the equations 


Ci — G 0 -M 2 g 2l , C 2 — G 0 + M x g^ x ; 
similar equations give C' x , C' 2 . From these it follows that 
\m x C\+\m 2 C\ = %m 0 (G% + M x M 2 g z ) 


-I t C r- c\ \ ^(Gq, § 21 ) T 

and (cf. 5 . 2 , 2 ) a ( c„ C a ) L . 4 

By analogy with the equations 8.31,7, namely 

= (m 1 /2kT)*C 1 , c € 2 = (mJ2kT)*C 9 , . 

we define new variables p, p' by the equations 

= (m 0 l2JeT)iG 0 , p = (m 0 M x M 2 l2kT)i g 2X , f = (m 0 M x M^kT^g^ 

. 6 

so that f — f*. 

From these definitions and 2 , 3 , 4 it follows that 


<S a = M\<S a + M\ 9 , W x = M\<S a -M\ f \ . 7 

^ + *1 = n + ?», . 8 

_ 8(»,y) 3(gp, gfet) = 

3(0,. c a ) 3(© 0 .*2 i)'3(Ci.C,) (»)■' . 9 

Also, since the angle between p and p' is the same as that between g 21 

and ^ 21 ’ p.p'=? 2 cosx. . 10 

Any function of the velocities of two molecules after encounter may be 
transformed into the corresponding function of the velocities before 
encounter by taking y = 0 . 


9.3. The expressions 

[S(Vl) , S(Vl) dx. and [S(V$ , 8{V\) «£»dit • 

By 4.4 :4 ,9 and 3.5, 3 , ^(^|) du 

is equal to 

^ • spun) 

which, by the definition (7.5) of is the coefficient of in the 

expansion of 

_L (1 _ S) -J (1 _ ()-* -e-i) 

x e~ T ^i 9i> 2 gb db de dc x dc 2 , . 2 
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wtere rs rr -f .3 

Inserting the values / 2 (0) in a, we get 

x e~ T ^‘? < ^ % gbdbdedc 1 dc 2 , 

or, using 9.2,8, 9 , 

(1 -«)-*( 1 - i)~ fi 7T~ 3 JJJ- e -s^' 2 ^) 

xe- T ^ 2 gbdbded%df. 

Let #«(*) = . tf 2 d» 0 . . 4 

Since any function of 9F' 13 is transformed into the corresponding function 
of #!, ty putting y = 0 , 

# 12 ( 0 ) = , <% 2 d<g Q . 

Thus the expression a is equal to 

(1 _ s) -» (1 _ «)-*77-> j;/{ff 12 ( 0 ) - HMgbdbiedf . 5 

Similarly, it may be shown that 

[SfW «i«i, Wi) .6 

is the coefficient of ^ in the expansion of 

(1 -«)"* (1 -t)-$TT~ 3 SSl{L 12 (())- L 12 (x)}gbdbdedf, .7 

where L 12 (x) = : %& 2 d %. .8 

9.31. The integrals H 12 (x) and X 12 (y). By 9 . 2,7 

= M 2 ^l + M l f + 2(M 1 M ! )i« 0 . 9 , .i 

and similarly «”i* = . . 2 

Hence 

n+f+^ + m = i 12 &* + i 21 f+2(M 1 M i )HT<& 0 .g-s<g 0 y), 
where i 12 = 1 +M x s + M 2 t = {1-M 2 s-M- L t)l{l-s){l--t),'\ 

Hi = l+M 2 s-hM x T. J 

v = %+i-(M 1 M 2 )*(T?-s?'), . 4 


Let 
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so that a change of variable from C S 0 to v is equivalent to a change of origin 
in the ^ 0 -space. Then we may show that 


2 + stf'j 2 + t<%1 = i 12 v 2 + i 21 f - (M x M 2 ji 12 ) {Tf -Sf '). (if - 
or, using 9.2 ,10 + T< &1 ~ * 12 v2 + J 12 


where j 12 - % - (^1 m JHz) ( s * + ? 2 ~ 2 st cos x) 

-1 + M 2 s + M 1 t i + jn lS + M t T 

(1 +s) (l + t) — 2M x M 2 st( 1 — cos x) 

~ 1 + M x s + M^t 

= {1 — 2M X M 2 st( 1 — cos %)}/( 1 — M 2 s — M x t) 


by 3 and 9 . 3 , 3 . 

Again, writing t? x s (M x [i 12 ) (if - 8f f ) + f' , y 
v 2 = (. M 2 li X2 )(Tf-Sf')-f , J 


V) 


•s 


.6 


•7 


we have, by 4 and 9 . 2 , 7 , = M\v — M\v x ,'\ 

<@2 = M\v — M\v 2 .\ 

Hence 

^ x . %> 2 = . (lf 2 i? 1 +^172) + (Af x If2)^!.^, 

W 2 = Jf 1 v 2 -2(if 1 M 2 )iv 

= M 2 v 2 -2(M x M 2 ) i v .v 2 + M x v\, 

and so 


^ 2 <g 52 _ M x M 2 v i +v 2 (M\v\-\- M\v\) + 4cM x M 2 (t> . (v .v 2 ) 

+ M x M 2 v\v% + odd powers of v. 
(<&{. <% 2 ) 2 = M x M 2 v* + 2 M x M 2 v 2 v x .v 2 + {v. (M 2 v x + M x v 2 )} 2 

+ M x M z (v x . v 2 ) 2 + odd powers of v. 

Thus, using 1.32,9, 1-42,2, and the theorem of 1.421, we may write 9.3,8 in 
the form 

T 12 (X) =je^^ 2 {(^. 

= M x J4 2 j*®{| v ^+^-v 2 v x . v 2 + (v x . v 2 ) 2 — } v\v% dv 

= 4:7tM x M 2 ^ e -ii 2 v 2 - 3 12 ff 2 ^2 v I+2Ql v 2 Vx .^ 4 . (V X .V 2 ) 2 — - 3 - v\v§V 2 &'0 

= 7rm x M 2 e-h^i x ^{§+^-i 12 x> x .v 2 +i 2 2 (v x .i? 2 ) 2 - li\ 2 v\v§ .m 
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9 . 32 ] 


Again, by 9, 

s i2 (x) = 

= e-i.j + v,.v„)v*dv 

J 0 

= ^ f (if i-if 2)* + i lz v x . ^ 2 ). .n 

It remains to evaluate v t . ® 8 and vf. From 7, using 3 and 6 and 9.2,ro, we 
find 


®1 . ® 2 

= (if 1 MJifz) {Tf - &f') • (zy - ^') + (1 /h 2 ) (if 2 ?' -if x ?). (ry - sf)-$.f' 
— (M-lM 2 /if 2 ) ^ 2 (s 2 + t 2 — 2st cos y) 

+ (IA‘12) { - if 2 5 “ -^1 r + (ifi -5 + if 2^) cos x] ~f 2 cos X 

= (flh 2) { 4 i -^12 - (-^2 5 + if 1 r ) + (if 1 ^ + if 2 Z 1 ) COS ^ - ^2 cos 
= (? 2 lh 2 )(l~j 12 -COS X). . 12 

Again, a i? 2 ) 2 = rf vf — (n x . t> 2 ) 2 , 

and since f\f = — 0 = ^'a^', we find 

A1? 2 = {-(if 1 if 2 /i! 2 )5T + (l-ifi < s/ii 2 )(l-if 2 2’/»i 2 )}^A^ 


= (H 2 -ifi-s + if 2 r)^A//ii 2 

= (9*f')lh&, 

by 3. Hence, since the magnitude of f Kf’ is f % sin y, 

v\v\ - (t? x . v 2 ) 2 = (? 4 /*ia) sin 2 A- . 13 

By using 12, 13 in 10, 11, we find 

EM = (1 -j 12 -cos y)? 2 }, .x 4 

Bi 2 (^) = f tt*M ! if 2 e -Ji 2 ^ + 5(1 —j 12 —cos x) f 2 

+{{! -ii2 - cos x) 2 - i sin 2 xW . *5 


9 . 32 . H 12 (y) and L 12 (x) as functions of s and t. By 9.31,3,6,14, 

(1 -«)“* (1 -t)~* {MiM^n-t-H^x) 

= e~ Jia ?3 ( 1 — if 2 s — if ! t)“- {f + (1 3iz cos x)f 2 } 

= e- ff2 ( 1 - if 2 s - Mp)-*- {| + (1 -j 12 - cos x) ~k%) r f 2r ! T 1 

= e-^( 1 - if 2 5 - if !$)-* 2 ( r +|-f 2 cos y) (1 -j 12 ) r f r lr ! 


= e-n 2 ry ( r +1 -f 2 cos X) 


{2M 1 if 2 si( 1 - cos y) - if 2 s - if j £} r ' 
(1 -M 2 s—M 1 t) r+ - 
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Using the binomial theorem we can expand the right-hand side in a series 
of powers of s and t. Since M x , M % appear only in the combinations M x t, if s 
the coefficient of s p P in this series has M%M r { as a factor, but is otherwise 
independent of M v M 2 . It is in general a polynomial in ^ and cos*, 0 f 
degree p + q +1 in f 2 , and of degree in cos x equal to the lesser of p +1 and 
q+1. Thus, on expanding, 1 becomes 

(1 _ 5 )-« (1 —35)-* (M x M 2 )-*7T-%H lfi (x) = e- 32 2 A mrl (M 2 s)P (M^f'cosh 

P, a, r, l M 

.. 

where A pqrl is a pure number, independent of M x and M 2 . 

Similarly 

1(1 - s)S (1 - *)-* tt -1 L 12 ( X ) 

= e-ha» 2 (i -M 2 s-M x t)~ l 

x [if- + 5( 1 -j X2 - cos x) f- + {(1 -ji 2 - c °s X) 2 ~ i- sin 2 x] 

= e- ffS ( 1 — M 2 s — M x t)~* 

x2{(r + !) (r+|)-2(r + f) f cos y + (f cos 2 % -y 1 } (1 -j l2 ) r f r {r ! 

r 

= e~ 9% 2 [{( r +1) ( r +1) ~ ( 2r + 5 ) 9 2 cos X + a(3 cos 2 x ~ 1) 

x {2 M X M 2 st( 1 — cos x) — M 2 s — Jfii} r y 2 7(l — M 2 s — M x t) r+ %r !]. 

On expanding this in powers of s, t, the coefficient of s p P is found to be 
e~ g2 m% ilff, multiplied by a polynomial in y 2 and cos y, of degree p+q +2 
in q 2 , and of degree in cos x equal to the lesser of p + 2 and q + 2. Thus 

|( 1 - «)-»(1 - *)-* ^ JWx ) 

— 6-5,2 2 ^(^ 2 5) p (^i«)^ 2r cos^. 3 

P,a,r,l 

where B pqrl is a pure number, independent of M x and M 2 . 

9.33. The evaluation of 

[S{^D <& lt 9^ 2 ] 12 and [^ 2 )<^ 1? S(V$V& a ] a . 

By 9.3, c € x , 8^1) ^ 2 ] 12 

is the coefficient of s p P in the expansion of 9.3,5, that is, of 

(1 _ s) ~* (1 _ t)-**- 3 JJJ{tf 12 (0) - H 12 { X )}gbdbdedf. 

Hence, using 9.32,2, 

Sj*(V |) «- a ] 12 

= TT-tMf+iM'i+i SfSe-e’ '2,A vv .,f r (l - oos‘x)gbdbdedf. 
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The integrand here is independent of e and of the direction of f \ thus, on 
integrating over all values of e and all directions of f, we find that 

[snn)^ w iWu 

= s ^^M^Jje-^4 P ^Hl-oos l X )gbdbd^ 

r,l 

r,l 

where are defined by the equations 

<i>i 2 sj(l- cos'x)gbdb, . 2 

. 3 

so that 12$(r) = 0, >0 if i > 0. 

Similarly, by 9.32,3 and 9.3,6-8, 

W * 1 * 1 , f®4k 

= 177~ ! .¥|+ 1 _¥f+ 1 JJJ<r« ! J x)gbdhdedf 

= - oos ‘x)gbdbdf 

r,l 

To obtain explicit expressions for 

and [SpH&Svfci, 

we need the actual values of the coefficients A pqrl and B pqrl which appear 
in 9.32,3,3. Using the expansions 

{2 M 1 M 2 st( 1 — cos x) — Al 2 s — M 1 t} r 

= 2 M 2 S-M ± ty{2M 1 M z st(l~co&x)Y~ j r\/jl(r-j)l 
j=o 

(l-M 2 s-M 1 t)- n = | (MzS+MjYin+l -1 )Jl\, 
i—o 


and 
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9.32,i may be put in the form 
(1-8)-* (l-i)-* 

„ v (~} VS r+1 + ^ (-+f-? 2cos x)»*(•**»«+ Mi *)** 

r ’1> 1 J x {2Jkf 1 ibf 2 si(l — cos x)} ; 

(_l)<(rH^J)»(i±i^.( r +|_y»o 0 sx)^ 

x (jtf 2S r+”-'-'(Af l «r w -”‘{2(i -oos X ))w. . 

iL ..„ v ,„ iri „ over all values of r and l, and over values of j and » 

” 1 . w— “ - b »■**- *™“ 

__ (_ 1)7 (p + <? + j — r + f ^-Kg+j-ar (ff + g + 2 j ~ 2r) 1 
2 ? 2r cos* % = 2 jrfZjj!('p + q+j-2r )! (? +i - r)! (p - r)! 

71 "" J x(r+|-y 2 cosx)y 2r {2(l-cos^)}^, . 6 

the summation being over all values of r and is** that J<r<t+ j and 
ir^ + q+j. From this relation the values of the coefficients can be 

obtained. 

Similarly we find that 
1(1 _ s )-i (1 - t)-l (ilfiifj)- 1 ir x LvAx) 

_ e -? 2 J ?n(r+ |)(r+|)-2 ? a (r + t)cos X +/(fcos\ 1; -«} 

X (-1)1 (Jf,< + Jf 1 «y+ , {2.M 1 .ltf 2 si(l -« os X)}'"' fr+l+iW'- (’•-1)11! 

= 6 - s . j ? »{(r + |)(r + t)- 2 y a ( r + t) oos ^ + ^ oos2x -W 

r.lJ.m ( r + J + J),y + !)l 

x (-1)1 (-M' 1 ir +, “ ro { 2 ( 1 - eos W ji(r—j) !!!i»!(j+i-.)f 


the limits of summation being as before. Comparing this with 4, we get 

2B Iart ^eos i x = 2? i ‘ r {( r +J)( , ' + * ) '" 2f2<r + 4)COS:1,:+ ^ (fOOS2x “- )} 
’•• I r ’’ fp + q+.)-r + t)»-H7+J-2r(ff + 3 l + %- 2, ') ! 

x (-1)’ {2(1- cos x)F ’ j 1 ( r _j)! (p + g + j - 2r)! (5 +,? - r)! (p + j-r)!’ 


the summation being over the same values of r and j as in 6. From this the 
value of the coefficients B vv , can be obtained. 

Expressions for 

[.SpW!) V x . S^>(#f) 'K’.Jw and [SJ P> ('*’?) «’i®’i. 
in terms of the functions fl&(r) are given in 9.6 for some special values of 
p and q. 
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9 . 4 . The evahtation of 

[S(%D £(#!) &i]i2 and imi) dfex, S(<&$ ^W a ] 12 . 

The methods here required are similar to those of 9.3-9.33, so that only the 
main steps will be indicated. 

The expression <& l3 Sjzftff) < g > 1 ] 12 .i 

is equal to the coefficient of s 7> ifl in the expansion of 

(1 (1 HS^m-HMUbdbded? . 2 

in powers of s and t: where 

BM = . Vid9of . 3 

and 5 and T are defined by 9.3,3. 

The expression S^&l) ^i^x]i 2 .4 

is likewise equal to the coefficient of s^ti 1 in the expansion of 
(1 _ 5) -* (i - t )-i7T-s JJJ{H l(0) - L x ( X )}gbdbdedf, 

where Lfx) = f : . 5 

Using relations analogous to 9.31,i,a, we find that 


+ + {s® Q .f' + T& 0 . f ), 

where s= l+Jtfj/s + r), i 2 = 1 +Jf 2 (s-fr). 

Hence 3 , 5 can be evaluated by making the substitution 

vzs&o- {sf’ + Tf)jL 

Integrating as in 9.31, we find 

&i(x) = if 1 e-h^[| M 1 4 - {Mfl ~jj) + M 2 cos y}^ 2 ], 

Lf X ) = f vt ip e-h^Ml + oMf.Mfl-jf) + M % cos X }f 

+ {M-f 1 -jf) + M 2 cos x} 2 ?* ~ pfiy 4 sin 2 y], 
where j x = i 2 — (s 2 + t % + 2st cos y). 

By 6 , 9 and 9 . 3 , 3 , 




1 - JT 2 (s 4 - 1) 4 - (JT 2 - M j) st 


.6 


-7 

.8 

•9 


,10 
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j x = 1 + M 2 (s + t)-M 1 M 2 (s 2 +t 2 +2stco&x)I{1 + M 1 (s+t)} 

= {(1 + s) (1 + t) - st{M\+M\ + 2 M x M t cos x)}l{ 1 + M 1 {s + T )} 

= {1 - sl(M\ + MI + 2 M X M 2 cos X )}l{ 1 - M s {s + t) + (M 2 - Mjst}, 


so that Hdx), L x {x) can be expressed as functions of s, t. If the expansion of 
(1 (1 H^x) in powers of a and t is expressed in the form 

e~ y3 £A' parl s p Wf* cos* 

then = SlKonmr) .* 

which is analogous to 9.33,i. 

Likewise the value of 4 may be derived from the coefficient of s v tS in the 
expansion of (l-s)-*(l-«)-* jr* Z^jt). Expressions for 1 and 4 in terns 
of the functions i2$(r) are gi yen in 9.6 for special values of p and q. 

9 . 5 . The evaluation of 

[S(%{)<&,, and lS(<gfldfa v 8(^\)^ x } v 

It is clear from 4 . 4 ,ii that [S^ p) (^ x ) r ^ v can be derived from 

" j u 

by taking m 2 equal to m 1 and adopting the law of interaction between pairs 
of molecules of the first gas instead of the law for the interaction of pairs of 
unlike molecules. The effect of these changes is that in every result M li M l 
must each be replaced by 1/2, and Q$[r) must be replaced by the similar 
integral Q^(r), relating to the encounter of pairs of molecules of the first gas. 

On putting M x ~ if 2 = the expression 9 . 31,14 for H 12 ( X ) becomes 
identical with the expression 9.4,7 for B^x), except that cos^ has the 
opposite sign (cf. 9.31,6 and 9.4,9). This implies that the coefficient of 
!2}§(r) in the expansion 9.33 ,1 is (-1)* times that in the expansion 9 . 4 , 13 . 

Ttos [spw) »i. sfw «ju+*1, sp «> 

is equal to the expression derived from ^7 

suppressing those terms involving ^(r) for odd values of l and doubling 
the remaining terms. Hence [$| p) involves only 
expressions Qfi(r) for even values of 1. 

The value of is similarly derived from 
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9.6] 

Expressions for 

r <?ih and [Sp»(iq)V°& 1 , Sf»(V 

in terms of the expressions ^®(r) are given in 9.6 for certain special values 
of p, q. 

9.6. Table of formulae. The following special cases of the results of 9.33, 
9.4, 9.5 are tabulated for convenience of reference: 

[fl?x, *J M = - 8(Jfi M 2 )KQm, 

[*x, WI) *«ki = 8(Jf? 

[ Wi) «!, AfW * Jx* - - 8(Jf x J 

x {^£$(1) “ SOff (2) (8) - 20^(2)}, . 

[*i, SfKWV Ju = -8JCS{fiff(2)-|flff(l)} f 

DSfW) *x, ^] 12 = 8i/ 2 {f(6Jf! + 5H/i)i2^(l)-5M|i2^(2) 


+ M\Q$(Z) + 2M X M Z Q$(2)}, .6 

[tfx.WiW i = 0* .7 

The last result also follows directly from 4.4,8, by the principle of con¬ 
servation of momentum. Again, 

[ W?) 96 x , ^ (1 W) *Ji = 40^2), 8 

[SPi^D 96 x , (<Tf) J x = 7Q[*\2) - 2£f>(3), 9 

[SfCtfD «x, (^|) 96 Jx = ^Oj»(2) -743f (3) +£f(4), io 

96 1 , 2?Jx = *£Q?>(2) + *flf®(4), « 


ism ?)«!, ^ (3) (^!)^]i= 

.... 12 

[ W?> ^ > spm »Ji = -HiW(3) +W W)- t*W) 


+^( 6 )+4^m .*3 

[tffo, -|.Qi! ) (2)}, .14 

[^X, * fo] u = V+| Jf a fl£p(2)}, . 15 

\f€°p6 1 , = 442f(2), .If 

[Sf>(^ 2 ) ; ^j i = 7fif>(2) - 2i3f>(3), .r* 

[£f C*f?) ^Vx, = ^£f(2) - 7i2f>(3) +43®(4), . 18 

CCMT II 
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[ 9.7 


Viscosity , Thermal Conduction , and Diffusion: 
IspiVDVfa, = ^P(2)-|Df(3) + -^P(4 ) 3 

[£f C^f) , Sf(^) <^i] = - M3) 

+ ^P(4)-i^)(5) 3 . . 

[£f (^!) = WW) 

+ W&P (4) -1^ 2) (5) + *Sf»(6) + ^>(4). . 

9.7. Viscosity and thermal conduction in a simple gas. In the case of a 
simple gas the elements a rs of the determinants sV, sV m) of 7.51 are defined 
as equal to [a (r) , a (s) ], that is, by 7.51,2, to [Sj r \& 2 )<&, &| s >(^ 2 ) <&], Hence 
9.6, 8-13 give the values of a rs for values of r, s from 1 to 3. Similarly equa¬ 
tions 9. 6 , 16-21 give the values of the elements b rs of 7.52,3 for the same range 
of values of r,s (cf. 7.52,2). 

In 7 . 51 , 13 , 7.52,7 the coefficients A and y are expressed as infinite series. 
By taking one, two, ... terms of this series we obtain first, second, ... 
approximations to A or y. These will be denoted by [A ] l3 [A] 2 ,... or 
Mi> [/*] 2 > so that, for example. 


r 1 MT 
Wi - t—. 


Ml = 


25 c v JcT 


\ a ii 




Similar notation will be used for successive approximations to Z) 12 , D T> A, 
y and k r for a mixture. The first non-vanishing approximations are obtained 
by deleting the limit sign in such expressions as 8 . 51 , 15-17 and 8.52,8, and 
giving to m the value 0 in 8.51, 15 , and 1 in the other cases. Similarly for 
the ratio f of 6 . 3 , 3 , so that we write [f ] x = [A^/c^/t^. 

This manner of indicating successive approximations differs from that 
used for the velocity-distribution function/, the successive approximations 
to which are/ (0) ,/ (0) +/ (1) ,...; but there is no reason why a similar notation 
should be employed. All the quantities A, y , Z> 12 , D T , f, k r depend on the 
second approximation to /, and approximations to them are really sub- 
approximations related to phenomena depending on/ 0) +/ (1) . 

Trom 9 . 6 , 8,16 it follows that 


[A] x = 25c v kTI 16i2f>(2), |>] x = 5kT/8Qj*>(2). 
Thus, whatever the nature of the interaction between molecules, 


This shows that the first approximation [f] x to the ratio A jyc v is f for all 
spherically symmetrical non-rotating molecules. 
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In considering the second approximations [A ] 2 and j >] 2 we make use of the 
results 9 . 6 , 8 ,i 6 and 9 . 17 , 10 , 18 , giving 

b- L1 = a xl , b 12 = a l2 , b. 2 . 2 = a. 22 +\ la 11} 

we thus find 

(^if) 2 /j/ (1 W (2 > = afa/^nKiaoo-afo) 

^ bh/bufaibn-bh) = (##)*/#«#»; 
the sign of equality corresponds to the ease when a 12 = & 12 = 0 . Thus 

No similar result valid for all degrees of approximation has been obtained: 
but numerical calculations for special molecular models s ug gest that the 
ratio A/c, UJ w increases as successive degrees of approximation are taken into 
account, and that the limit is only slightly greater than f-. 


9.8. The determinant elements a r$ , b rs for a gas-mixture; |r(<l,[s[<l. 
The expressions for the elements a rs , b TS of the determinants & {m) 
discussed in 8.51 and 8.52 are simpler than those for the general complete 
integral {F, G } of 4.4, 12 , by reason of the conditions 8.51,4, 8.52,2. Thus 

a rs = {«« a (s) } = [af, a^] 12 +u 12 [af, a^)] x 

= a' rs + n n a" 8 (r, s> 0), . 1 

a rs = [ap, ap] 1% +n %x [ap, a 2 (s) ] 2 

= a'rs + n 2l a rs (r,8< 0), .2 

a rs = «2 (S) ll2 = a sr (r>0>s), " . 3 

and similarly for b rs . As the quantities a (r) , b (r) do not involve the number- 
densities if r is different from zero, these appear in the expressions for 
a rs , b rs only as shown explicitly in the above equations, when r, s differ 
from zero. 

The values adopted for a{°\ a 2 (0) ( 8 . 51 , 3 ) lead to specially simple forms of 
<z 0s . By the principle of momentum it follows from 4.4,8 that [^,F] X = 0, 
F] 2 = 0, whatever the function F. Thus, if s > 0, 


«0 S = W ) +«2 (0) J <]l2- 

Agaip, from 4.4, 10 , [m 1 C 1 + m 2 C 2 , F] 12 = 0 , so that 
F] 12 = -m|[W 2 ,F] 12 . 

L) 

P VH m l n 2 m 2/ 


■4 


Hence, 


V&d a i s) \z — m i L^v a i s) ]i2* 
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Similarly, if s< 0 , a 0s = —m\[ c € 2 , a 2 (s) ]i2i . . 

likewise, if s = 0, applying the same method a second time, 

« 00 = m|[^,af+af] 12 

= — ( m x m 2 )- [9^ x , < ^’ 2 ]i2- .5 

Now, by 9.6,4,6,8, 

« 00 = %m (i M x M l Q${\), 

= 8JbT 3 [|:(6Jkrf + 5Jl^l)i3^( 1) - -M|{5i2^>(2) ~^|>(3)} -f- ^|) (2)]) 

= ^i 2) (2), 

whence, by i, we know <%; similarly for a!_ x _ x , a"_ x _ x , and a_ x _^ using 2 , 
Again, a 01 = - 8mf if|{^>(2) -|^)(1)}, 

«h-x = - {5^(2)-^^>(3)} - 2^i>(2)]. 

Let four constants a, b, c, e be defined by the equations 

a=£$( 2)«>(i), b s {50ff(2)-flff(8)}/fi0ff(i) f c = somytom 


e = kTjm x M z Q®{l), 


so that a, b, c, depending on raitos of the functions Q (9.33,3), are pure 

numbers. Then 7 _. 

«oo = %^T/e, .9 


a 01 = -5(c-l)m^-M‘ 2 A? T /2lW'jE, 
a 0 _j = 5(c -1) mlM x kTj2M\'E, 
a i-i - - 5(M 1 M z ) i kT (^-- B - 2 a)/e 


ai a = 5JkT{J(6iff + 5llf|) —lkf|B + 2ilf 1 if' 2 A}/ll4 1 E,. 13 

and similarly for aL X - X . Again, if \jjl^\ x denotes the first approximation to the 
coefficient of viscosity of the first component gas of the mixture at the 
temperature T, by 9.7 ,1 

a xx = 5kT/2[/i 1 ] 1 . 14 

with a similar expression for (T_ x _ x in terms of \ji^ v 
The values of 6 1X , 6^ and 6_ 1 _ 1 may likewise be deduced from 9 . 6 , 14 , 15 , 16 , 
using the definition of b rs given in 8.52. It is found that 

= -5A;T(|-a)/e, . 


•IS 
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— 5 kT(§ + M 2 A/M 1 )jB, 16 

bh = 4Qp (2) 

= o/j2 r7 /2[/^ 1 ] 1 , I7 

with, similar results for bL^, 61i_ x . 


These expressions for the quantities & rs , 6 rs give first approximations to the 
coefficients of viscosity, thermal conduction, and diffusion in a gas-mixture. 


9.81. The coefficient of diffusion D 12 ; first and second approximations 
[Z > 12 ] l5 [D 12 ] 2 . The first and second approximations to D 12 , written [D ia ]i> 
[D 12 ] 2 , are obtained (cf. 9.7) by deleting the limit sign in 8 . 51 , 15 , and putting 
m — 0 or m — 1. Thus 


[^i 2 li = 3JeT/2na 00 = B^j2nm 0 . 


The second approximation, [jD 12 ] 2 , is obtained by multiplying [Z > 12 ] 1 by the 
factor a 00 he. by 

a n a io a i-i 

^00 a n a i-i , , 

a Q1 a 0Q a 0 _ 1 

* 1-1 “- 1-1 


so that CA 2 L = lAJiA 1 -- 1 ). .3 

where « 00 (%i«-i-i ~ «i-i) A = «oi«-i-i + «o-i«ii ~ ^-u^oi^o-n 

Using the values of the quantities a rs given in 9.8, the value of a is found 
to be 


where 


a = 5 (c— l ) 2 


P l n l2 + P 2 W 21 + P 12 

Ql^*12 h 92^21 'h Q12 


•4 


p i = p 2 — -^| E /L M 2]i5 .3 

P 12 = — + .6 

q 12 = 3(Jf 1 -Jf 2 ) 2 (5-4B) + 4if 1 ilf 2 A(ll-4B) + 2E 2 lf 1 Jf 2 /[ i tf 1 ] 1 M 1 , 

. 7 

Q x = {SMI + 5M 1-± M l B + .8 

with a similar relation for q 2 . 

The general expression for the third approximation to D 12 is extremely 
complicated, and will not be considered here. 
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9.82 . The thermal conductivity for a gas-mixture ; first approximation [A] 
The value of the coefficient of thermal conduction for a gas-mixture was 
found in 8 . 51,17 to be 

A = Lt (n l2 mV ~ 2(m 1 m a )-^ ^Aoo + n 2X m^ ^_ 100 )/^). 

co 

The first approximation to A (cf. 9.7) is thus 

[A]i = ^ 5 -^ 2 T(w 12 ml 1 2(m 1 m 2 )- i a 1 _ 1 +%m2 1 a 11 )/(a 11 a_ 1 _ 1 - a 2 H ) i 

The values of a xx ,a_ x _ x , a x _ x have already been found in 9.8, 13-14 in terms of 
e, [p x \ and [/i 2 ] l5 ..., but it is convenient here to express these quantities in 
terms of f, [A-Jj and [A 2 ] x ,..., where 

1 5k 

f = -—e, . x 

4m 0 


and [A x ] x , [A 2 ] x are the first approximations to the coefficients of thermal 
conduction of the constituent gases in the mixture at the temperature T, so 
that, by 9.7, 3 , 


15k 


15Jc r 


[AJ1 — f [/fill ( c u)i — Vm x ~ ’ 

where (c^ denotes the specific heat of the first gas. In terms of f, [A x ] x 
and [A 2 ] 1} the equations for l9 a' lx , a xl become 

a x _ x = - (75 Jc 2 Tl8m 0 ) 2(M x M 2 fi {fif- - b - 2 a)/f, 
a' xx = (75PT/8m 0 ) 2 {£(6lf 2 + $M%) - Jf|B + 2M 1 M 2 a}/M x f, 
a xx = (75 k 2 T/8m 0 ) (l/Af x [A x ] x ), 

similar equations giving a'_ x _ x , a’L x _ x . On substituting these values of a rs in 
the above equation for [A] x for the mixture, we obtain 


[A]x 


where 


R X [A X ] X n 12 + B , 2 [A 2 ]i'^ 2 i + B i 2 
9l X 2 + ^2 ^21 “f ®'12 


,Bu s 3(iH 1 -Af 2 ) 2 (5-4B) + 4Jf 1 lf 2 A(ll-4B) + 2F 2 /[A 1 ] 1 [A 2 ] 1 . 3 

n; 2 = 2 f{f/[A 1 ] 1 + f/[A 2 ] 1 + (11 -4b -8 a) M x M 2 ), .4 

% = f(6M%+5M2~4:M2b + 8M 1 M 2 a)/[A 1 ] x , .5 

with a similar formula for n 2 . 


On putting n x or n 2 equal to zero, this first approximation to A reduces, as 
it should, to the first approximation to the conductivity of a simple gas. 
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9.83. The thermal diffusion ratio ; first approximation [k r ] x . By S. 51,16 and 
9.7 this is given by 

ri__ -i ^ n io m i'( a oi a -i-x'~ a o-~i a i-i) + n2 a mi i (a 0 _ lL a 11 — a 01 a 1 _ 1 ) 

L K rJi — 9 ~ ~ —i • 

w a n a -i~i a i~i 


Thus, using the values of a rs given in 9.8, we find that 


[kyJi — 5(c— 1 ) 


( S l W 10~ S 2%o) 
Ql%2 + Q2 n 21 + Ql2 ’ 


where q 15 q 2 , Q x2 are the quantities defined in 9.81, and 

S x = MfE/M 1 -3f 2 {3(lf 2 -Jf 1 ) + 4Jf 1 A},\ 
s 2 = x df 2 ) + 4 i¥ 2 A}.J 


.2 


9.84. The coefficient of viscosity for a gas-mixture ; first approximation [/*] x . 
By 8.52,8 and 9.7 this is given by 

[Xli = + —26 1 _ 1 )/(6 11 6_ 1 _ 1 — 6 f_ x ). .i 

Hence, using the values of b rs found in 9.8, the first approximation can be 
put in the form 

% 2 (| + .M x A/if 2 ) + -rc 2X (f + i¥ 2 A/i¥ x ) +E/2p x ] x +e/ 2 [/ 4 3 ] x + 2(f - A) 

1 w i 2 (f + df x A/i¥ 2 )/[/t x ] x + w 2 x (f+J¥ 2 A/ilfi)/[yi2]i+E/2[/4 x ] 1 [yt 2 ] x + 4 a/ 3E_lf x Jl " 2 


On putting % = 0 or w 2 = 0, this expression reduces to the first approxi¬ 
mation to fi for the corresponding simple gas. 
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[10.1 


Chapter 10 

VISCOSITY, THERMAL CONDUCTION, AND 
DIFFUSION: THEORETICAL FORMULAE 
FOR SPECIAL MOLECULAR MODELS 

10.1. The functions Q(r). The expressions derived in Chapter 9 apply 
to any type of spherically symmetrical molecule possessing only energy of 
translation, but they involve the functions Q®(r) of 9.33,3, which can be 
evaluated only when the law of interaction between molecules is known. 
These functions will now be determined for certain special molecular models. 


Rigid elastic spherical molecules 

10.2. An encounter between two rigid elastic spherical molecules of 
diameters <r x , cr 2 occurs only if b < cr 12 , where cr 12 = |-(cr 1 + erf). At an encounter, 
by 3.44,2, 

b = <r 12 cos -|x 

independent of the relative velocity g. Hence 
bdb = — i-or| 2 sinydy, 

and so, by the definition of fill given in 9.33,2, 

<f>% = (1 - cos* x)gbdb 

= Igoi 2 J 0 (I-cos',vising 

= l^f{2- r T{i+(-i) 1 }]. 

On substituting in 9.33,3, and expressing g in terms of f by 9.2,6, the value 
of Q ( x i(r) is found to be 


+<- >»] (™F (J - +! 

If in this equation cr 2 , m 2 are put equal to cr l5 m x , the value of D ( f(r) is found; 
this is 





10.22] Viscosity, Thermal Conduction , and Diffusion, etc . 169 

10.21. Viscosity and conduction for a simple gas. These results will first 
be used to transform the formulae of 9.7 for A, y. The first approximations 
[/di and [A]i are given by 


5 f(kmT) 


Mi = I03i^ = 


75 llfTff 
64cr 2 \ 7 Tin ) 


Later approximations to A and y are obtained by multiplying the above 
values by successive partial sums of the respective series 

1 +M^)7» 2) +&uW/» ) + . 2 

1 + +... .3 


(cf. 7.51,13, 7.52,7). In the present case each term of these series is a pure 
number, since the factor Ijcr 2 ^{TcTjm) occurs in each element of the deter¬ 
minants sV. 88, and so cancels throughout. 

From 9 . 6 , 8 - 13 , using the above expression for i 2®(r), it is easy to deduce 
that 


fl 12 — ~i a ll> °22 — ft^lU a i3 ~ ~'iz a lV a 23 -®33 = 

6 12 = - Ihl’ ^22 = W^ll» &13 = ~^115 ^23 ~ — ^33 == 

Hence the first three terms in the above series are 


and 


1+ Ii + 


(HI) 2 
88 x 66951 


1 + 0-02273 + 0-00209 


1 + 252 + 


(347)2 

808x145043 


1 + 0-01485 + 0-00103. 


The fourth terms of these series have also been calculated,* though the 
results necessary for the calculation are not given in 9.6; these terms are 

0-00031, 0-00012, 

so that, to the fourth degree of approximation, the expressions for A, y are 


[A] 4 = 1-02513[A] 15 1>] 4 = l-01600[/i] ls .4 

while [A] 4 = 2’522[y] 4 c. v . .5 


The convergence of the above approximations is so rapid that these values 
may be taken as correct to within one-tenth of 1 per cent. 

10.22. Gas-mixtures; [D 12 ] 15 [D 12 ] 2 , [A] l5 [k r ] l3 [y\. The results for gas- 
mixtures, found in 9.81—9.84, can be completed in the present case by 

* A numerical error in this part of Chapman’s calculations was corrected by 
Burnett, Proc. Lond. Math. Soc. 39, 385, 1935. 
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means of 10.21,i, from which the following values of a, b, c and e are 
obtained: 

a - 2/o, b = 3/5, c = 6/5, 


\7tM x M 2 ) Scrf 2 " .. 


Molecules that are centres of force 

10.3. Another important simple molecular model is a point-centre of 
repulsive force, such that the force P between two molecules of masses 
m x , m 2 at a distance r satisfies the relation 

P = . I 

Let the position-vectors of the two molecules at the time t be r x , r 2 ; then 
the position-vector r 2X of the second relative to the first is r 2 —r x . The 
equations of motion of the two molecules are 

= — P, m 2 r 2 = P- 

Hence m x m 2 r 21 = m x m 2 (r 2 — r x ) = ( m x + m 2 )P = m 0 P, 

so that the motion of m 2 relative to m x is the same as the motion of a particle 
of unit mass about a fixed centre of force of magnitude 


(m 0 fm x m 2 ) K 12 r~ v 


at the distance r. If polar coordinates r, 6 be taken in the plane of the orbit, 
the equations of angular momentum and of energy for such a particle 
have the forms 

r^Q = constant = gb, . 2 

^(r 2 + r 2 <9 2 ) + m 0 /c 12 /m 1 m 2 (v— l)r y_1 = constant = -}g z , . 3 


where g and b have the same meaning as in 3.41, 3.42. 

By eliminating the time between the equations 2 and 3 , we get the differ¬ 
ential equation of the orbit. 


l ^ 2 
2 r 4 



-\g % 


m x m 2 {v— 1 )r v ~ 


which has the integral 



2m 0 Ki 2 r 5 - 1 
m x m 2 (v- 1 )g 2 6 2 


dr. 


■4 


if 6 is measured from an axis parallel to the initial asymptote of the orbit. 
In terms of two pure numbers v, u 0 defined by 

v = bjr, v 0 = b(m x m 2 g 2 [m 0 /c 12 ) 1/(y_1) , .S 
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the integral may be expressed in the form 

The apse of the orbit is given by drjdd = 0 or dvjdd = 0, that is, by 

1-,. * (ip.0. 

If v > 1, as is the case in practice, the left-hand side of 6 is a steadily decreasing 
function of u for positive values of u; accordingly 6 has only one real positive 
root, which we denote by u 00 . The angle between the asymptotes of the 
orbit is twice the value of 6 corresponding to v — v 0Q . Since the angle x is 
the supplement of this angle, 

hence x depends only on v and the non-dimensional quantity v 0 . 

The integral <j>% of 9.33 ,z can now be transformed as follows: 

08 = J Q (1 —cos l x)gbdb 

= 0’ V~/hl-°O3'x)»„*0 

where M v )- I (l-eos'x)u 0 dt> 0 , .9 

J o 

so that a^v) is a pure number depending only on l and v. Hence is the 

V-D 

product of g*'-! and a factor which depends only on l and the molecular 
constants m l3 m 2 , k 12 and v. 

The integrals 12^ (r) of 9.83,3 can in the present case be expressed in terms 
of gamma-functions, for (cf. 9.2,6) 


fz(r) = e-^y^Via 


7rK4 l (v)K v 12 1 (2kT) 2 ^ 


f 


7T*A l {v)K£ 1 {2kTr»-»r[ 




H-A) 


.10 
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The corresponding expression for Qf>(r) is obtained from xo by putting 
m 2 = m la = -M 2 = /c 12 = /Cj. 

From io and 9. 8 , 7,8 the following are found to be the special forms of 
a, b, c, e appropriate for molecules which interact in accordance with. 1 ■ 

3v-5 a 2 (v) (3r-5)(v+l) 2(3v-5) 

A " 5(r~l)7fVy B_ 5(v — l) 2 5 .« 


(2kTmf^ (2k 


2 hT\ 




The numbers a, b and c thus depend only on v. 


The constants A t (v) have to be evaluated by quadrature.* The following 
table contains values of A x {v), a z (v) for several values of v, and also some 


values of a : 


Table 3 


V 

Afv) 

a 2 (v) 

A 

5 

0-422 

0-436 

0-517 

7 

0-385 

0-357 

0-493 

9 

0-382 

0-332 

0-478 

11 

0-383 

0-319 

0-465 

15 

0-393 

0-309 

0-449 

21 

— 

0-307 

— 

25 

—. 

0-306 

—. 

00 

0-5 

0-333 

0-4 


Rigid elastic spherical molecules may be regarded as a limiting case of 
the present model, corresponding to v = 00 ; the force vanishes if r > <r 12 
and becomes infinite at r — cr 12 . These conditions are satisfied if 

Roc Lt (cr 12 fry. 

v->oo 

10.31. V iscosity and conduction for a simple gas . The first approximations 
to A and ji for this model are given by 

Mi = S(kmTln)H2kTl K )^ [A], - fMi<V.* 

Both [A] x and \ji\ x are proportional to T s , where 


* A x (5), a 2 (5) were calculated by Maxwell ( Collected Papers, 2, 42), and by Aichi 
and Tanakadate (see Enskog, Archiv. f. Math. Ast. och Phys. 16, 36, 1921); A x (v) and 
A 3 (v) were given by Chapman (Manchester Lit. and Phil. Soc. Memoirs, 66, 1, 1922) 
for v = 5, 7, 9, 11, 15; a 2 (2 1) and a 2 (25) were found by (Lennard-) Jones ( Proc. Roy. 
Soc. A, 106, 421, 1924) and a x ( 9) and a 2 ( 9) by Hasse and Cook (Proc. Boy. Soc. A, 
125, 196, 1929). The values given in the text are those of Chapman and (Lennard-) 
Jones. 
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The limiting value of the index s as v tends to infinity is the value already 
found for rigid elastic spherical molecules. For smaller values of v the index 
is larger, becoming equal to unity when v = 5. 

The exact values of A and p are obtained as in 10.21 by multiplying the 
above first approximations by the series 10 . 21 , 2 , 3 . The sums of these series 
are pure numbers; by an argument similar to that used in 10 . 21 , it may be 
shown that they depend neither on the temperature of the gas nor on the 
force-constant of the molecular fields, but only on the force-index v. The 
second terms of these series can be determined, using the result 

which is an immediate consequence of 10.3, io; substituting in the equations 
of 9.6, we get 

= “ (l '" iWl)'“u- “ (b'“W l + (JVIji)“u- 

This leads to the second approximations 

which are identical with the first when v — 5; for values of v between 5 and 
infinity, the numerical multipliers of \jc\ and [A] x lie between unity and the 
values found above for rigid elastic spherical molecules. The ratio A jjic v 
also lies between 2-5 and the value 2-522 appropriate to elastic spheres. 

10.32. Maxwellian molecules. When v = 5 the formulae of 10.3, 10.31 
become specially simple. The simplicity of this case was first perceived by 
Maxwell*, who found that it was possible to develop the theory for a gas 
whose molecules are centres of force repelling proportionately to r~ 5 , 
without determining the velocity-distribution function /. For these 
“Maxwellian 55 molecules, by 10.3, 5 , 

gb db = (m Q /c 12 /m 1 v 0 dv 0 , . 1 


* Maxwell, Collected Papers, 2, 1. 
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so that the element gbdb does not depend on g, but only on u 0 . ^ 
integrals of 9.3-9.5 accordingly take simpler forms: thus, for example, from 
9.31,14, 

H H M)fgbdbd 9 

= 7T?i r2 ri (^)' s2 (l + ( 1 -il2 - C °S x) V 0 dv 0 ^ 

= t 77 ^) K'baiia) -1 (! “ C0S X) v 0 dv 0 , 
and so, by 9.31,3,6, 

(!-«)-»(1 - t)-i Tr-^UWiW ~ B a(X )}gbdbded f 

= - J{1 - ZM x M 2 st(l - cos x)}-l (1 - cos X) 

\ m ol 

Now the coefficient of s p t « in this expression is equal to 

[W* 1, mvi)v 2 ] 12 : 

this accordingly vanishes unless p — q. Similarly from 9.5 

= 0 

unless p = q. An analogous argument shows that the same is true for 
[Sg>\V*) Sp>{<V*)W&]. 


Using these results, and the known values of cc r , fi r , the sets of equations 
7.51,6, 7.52,5 reduce to 


^1^11 — flCj, ®2®22 “ 9, ®3®33 “ 9, 
^1^11 = AlJ ^2^22 == 9 , 63633 = 9 , 


so that all the coefficients a r , b r vanish, save a v b v The formulae for A, p 
therefore reduce to the first approximations given in 10.31, i.e. 

1 /2m\- JcT 5 - , 

j^(S)' A = ^ c »’ f- *- 


It may similarly be proved that all the quantities a rs , b rs of 8.51, 8.52 
vanish unless r = s or r = — s , and hence that in the series 8.51, 1 , 2 , 8.52 ,1 
all the coefficients a r , d r , b r vanish save a x , a_ x , d Q , b x and 6_ 1 . Consequently 
the expressions for the coefficients of diffusion, viscosity, and thermal 
conduction for a gas-mixture become identical with the first approximations 
given in 9.81, 9.82 and 9.84, while the coefficient of thermal diffusion 
vanishes. 
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These results imply that for a simple gas the expansions in series of the 
functions A, B given in 7.51,i, 7.52,i reduce to the single terms 

A = a x aV = 

B = 6 x b<« = b x P 

Similar results hold for a gas-mixture. 

10.321. Direct deduction of the velocity-distribution function for Maxwellian 
molecules. A direct proof of the results of 10.32 will here be given for a 
simple gas. The theorem to be proved is that, for Maxwellian molecules, 
equations 7.31,2,3 are satisfied respectively by 

A = a^e^ 2 —§), B = W, .x 

where a x , b x are certain constants. It is therefore required to show that 


nSfl^axW^-^gbdbdedc, = n<#(<&*~ |), .2 

JJJ/i (0) K gb db dedc x = 2 A, . 3 

where 8 e F = F 1 + F—F' 1 —F'. . 4 

By the principle of momentum, = 0. Also if ^ 0 , y are the variables 

of 9.2,6, so that in the present case, for a simple gas, 

®o=4(^+« , i). .s 

V-' V -1 

we find that 


l-*»o.9+f ! ) + ¥*x{n + 2»*-9+9 % ) 

- Wffl - Z&0-9' +f) - Wxin + 2^0 +f-) 

= +? 2 ) w + C®o • *) (*i - - (»o • 9') m - W) 

= (V 2 ) {(^0 • f) f- (&0 ■ ?') ?'}■ 

Since the angle between f and %' is y, and that between the plane of f, f’ 
and a plane through f and a fixed direction is e (cf. 3.42), if h, i are suitably 
chosen unit vectors perpendicular to f and to each other, 

f = ^cosy+^hsiny cose+gdsiny sine. 

Hence, neglecting vanishing integrals, 

J 2 n 

—sin 2 y{(® 0 . h) h cos 2 e + (%. i) i sin 2 e}] de 
= 7T V2( 1 - cos 2 y) %. {2ff - ^ 2 (hh+ii)}, 


.6 
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whence, by 10.3,8, 

J J £ e ) gbdbde — ^2) ^i (2) ^ 0 -{2s^-? 2 (hh + ii)} 

= 2t T(Kjm)*A t (5) ( 3 0 . [tyf - <y 2 (hh + ii)}. . ? 

Since fff s h and i are mutually orthogonal unit vectors, we have, by 1.3 9 
nlf + hh + ii = U, 
where U is the unit tensor; and so 

%.{2 n ~f(hh + ii)} = 3(« 0 .jp)y-y*» 0 

or, returning to the variables 9£, c € x > 

®o-{2^-? 2 (hh + ii)} 

= 2^/2 - ^ 2) -»)-(«! + **- 2«1 ■«) (*, + *)}. 

Thus, using 1 . 4 , 2 , 

. ="- , Aje-n2^ 2 -WD*Wi 


Combining this with 7 , we get 

= m i(~j A ^ 5 ) (**“I) 

so that 2 is satisfied if 

7r% (^)^ a(5) = . 8 

Again, by substituting for ^ l3 in terms of ^ 0 , <?, it is easily shown that 

£ e 0 g%) = n-/f r . 

Hence, expressing f' in terms of f, h and i by 6, and integrating with respect 
to e, we find that 

P 27T o 000 

J ^ d e \ (OT) de = 2 tt sin 2 x{ff ~ i? 2 <hh + ii)}. 

Since h, i, f are mutually perpendicular, and h, i are unit vectors, by 

5 } 000 

f (hh + ii) =-ff. 


J 8 e (f&9S) de = 3tt( 1 — cos 2 x)ff- 


and so 
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Proceeding as before, we get 

nW$<l)gbdbde = fcu,(5)(^)'£. 

Now in - (?! - *)Vx “*■) = - W, -«■“«> + 

and so 

= |^,(S) (§)* J/f (*°«1 - - «■> + «?«?)ic, 

= |M 2 (5 

o o o 

the terms involving ^ ^ l3 ^’^ > ls make no contribution to the integral 

(cf. 1.42). Therefore 3 is satisfied provided that 

t*i^ 2 (S)(^)‘ = 2- 

Thus the theorem is proved. 


10.33. The inverse-square law of interaction. If a large proportion of the 
molecules of a gas are ionized, electrostatic forces play a dominant part in 
the molecular encounters. It is therefore of interest to consider the case 
when the force P between pairs of molecules satisfies the equation 

P = e x e 2 lr 2 . r 

(where e l5 e 2 denote the electric charges of the molecules), ignoring any small 
part of the force which varies more rapidly with r. 

The variable v Q of 10.3,5 will now be given by 

v 0 = 6g 2 («® 0 Jf 1 Jf 2 /e 1 e 2 ), . 2 

and the angle x hy 


where v 00 is the positive root of the equation 


The expression for % is integrable in the present case, the result being 

1 


X = 2 sin -1 


V(1 + «8)’ 


whence it follows that 


oosz = i|TT- 


CCMT 


12 
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We accordingly find that, in this case. 


08 = S(l-cos l x)gbdb 




and in particular 


A(X) — 

/ e i e 2 ^_3 

r2v 0 dv 0 

Y12 ~ 


J l + "o 


( e a 

Uo M x MJ S 

log c (l + oh), 

A, (2) _ 

l e l e 2 V 3 

f ±vldv 0 

yb.2 

[moM.Mj * 

J(l + ^) 2 

= 

e l e 2 

3 [iog fl (i + i&; 


, 1 

1 + y oiJ’ 


[10.33 


■4 


where u 01 denotes the upper limit of u 0 . In the previous discussion the upper 
limit of v 0 was taken as infinite: but this is not a valid approximation here, 
as it would give infinite values for <fi$, <j ){|>, and the corresponding values of 
the coefficients of viscosity, diffusion, and conduction of heat would all 
vanish. 

The difficulty arises because electrostatic forces, being proportional only 
to the inverse square of the distance, decrease with distance much more 
slowly than the ordinary forces of interaction. Hence important contri¬ 
butions to the integrals 4, 5 are made by encounters in which the mutual 
distance of the molecules is always large. However, a molecule at a large 
distance from a given molecule will also be under the electrostatic attraction 
or repulsion of many other molecules, so that these “distant” encounters 
are not really binary; but throughout our analysis account is taken only 
of binary encounters. When “inverse-square” forces are dominant, the 
molecular fields interpenetrate one another to such an extent that all 
encounters might be regarded as multiple. It is, however, possible, in certain 
circumstances, to derive approximate values for the coefficients of viscosity, 
conduction, and diffusion, considering only binary encounters. 

Consider the force exerted on a given molecule by other molecules. That 
exerted by molecules in the immediate neighbourhood varies rapidly, both 
in magnitude and direction, as the molecules move about; but the resultant 
force exerted by molecules at distances large compared with the mean 
distance between neighbouring molecules varies slowly, and may be re¬ 
placed by the force due to a continuous distribution of charge, of magnitude 
+ n 2 e 2 per unit volume: this is properly to be regarded not as a force of 
encounter, but as a body force, and its effect is to be included in the F of 
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Boltzmann’s equation. The individuality of the molecules needs to be taken 
into account only at distances at which the charges on them can singly 
produce an appreciable deflection of the molecule considered. If the dis¬ 
tance b in such encounters is much less than the mean distance between 
pairs of neighbouring molecules in the gas, these encounters may be regarded 
as, in substance, binary encounters. Hence our analysis can properly be 
applied to such a gas, and the upper limit of b can be taken to be of the same 
order as the mean molecular separation; the integrals4,5 are not very sensi¬ 
tive to a moderate variation of b when the gas satisfies the stated conditions. 

For example, at a certain level in the solar atmosphere, the number- 
density of charged particles is 10 14 per cm. 3 Thus the mean distance between 
pairs of neighbouring molecules is approximately n~* or 2*1 x 10~ 5 cm. 
The absolute temperature is approximately 5750 °. If an encounter 
produces a deflection of 10° in the relative velocity of the molecules con¬ 
cerned, u 0 = 11 - 43 . Using 2, and remembering that the mean value of 
m 0 M 1 M 2 g 2 for all encounters is 4 JcT (cf. 0.3,5), the mean value of b for a 
deflection of 10° is found to be 11 • 43 e 1 e 2 / 4 ^ 7 7 . This has the value 8 x 10 -7 cm., 
if e v e 2 equal the electronic charge ( 4-774 x 10 -10 e.s.tj.). This distance is 
much smaller than the mean distance between pairs of neighbouring 
molecules. Hence in this case it is sufficient to consider binary encounters. 

In actual calculation it is convenient to adopt for v 01 , the upper limit of 
t .„, the value given by = ukT u„ 


where d is the mean distance between pairs of neighbouring molecules; this 
is equivalent to taking a mean value for g 2 or m 0 M x M 2 g 2 in 2. Such a process 
is permissible because the functions of u 01 appearing in 4, 5 vary only slowly 
with v 01 . The values of the constants ^ 1 (2), j 2 (2) of 10 . 3,8 are then found to be 

^(2) - log„(l +1&), J,(2) = 2 jlog e (l +1&) - . 


In terms of these, the first approximations to the coefficients of viscosity, 
conduction, and diffusion are expressible in the forms* 

r , 5 (JcmT\i/2kT\ 2 I mi on 

- TelWr) W l M2) ’ [A]l = fWlC " 


Wu 


_ 3 /_ 2 j 


2 IcT 


1 Qn \m 0 M x M %1 


n 2 JcT\ 2 / 


( 2 ). 


* The above discussion is that given by Chapman, Monthly Notices, R.A.S., 82, 
294, 1922. In Monthly Notices, R.A.S., 86, 294, 1926, E. Persico, who considered 
the effect of the charge induced in the matter in the neighbourhood of a given 
charged molecule in shielding the more distant molecules from its influence, obtained 
results in good agreement with those of Chapman. Related problems were considered 
by Ferraro, Monthly Notices, R.A.S., 93, 416, 1933. 
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10 . 4 . Molecules possessing both attractive and repulsive fields. As noted 
above in 3 . 3 , the force between molecules is repulsive at small distances 
but may be attractive at larger distances. This can most simply be repre¬ 
sented mathematically by supposing that the force P between two molecules 
at a distance r, taken as positive if repulsive, satisfies an equation of the form 

P ^ K 12 lr v ~K' 12 fr^, ., x 


where v > v'. Tor small values of r the first term in this expression will 
predominate, and for large values the second term; thus at small distances 
the interaction is a repulsion varying as the inverse vth power of the distance 
and at large distances an attraction varying as the inverse v'th power. 

The inclusion of an attractive force modifies the results of 10.3 as follows: 
10.3,3 is replaced by 


W*+f 2 # 2 ) = is 2 ~ 


m 0 ( K 12 
m x m, 2 \{v — l) r v ~ x 


^2 \ 


and 10.3,7 becomes 


/*v 00 ( 

X = 7r_2 J o I 1 -” 2 ' 


y- 1 W v ~ l 



.2 


where u 0 = &(m 1 m 2 g 2 /m 0 K 12 )’'- 1 , v' 0 =b(m 1 m 2 g 2 [m 0 K , 12 ) v '- 1 , .3 


and v 00 is the positive root (the least such, if there are more than one) of 
the equation 


1-lflo -°V "d—7—-7 (-tV 1 = 0. 

v-l\y 0 ; v'-l\v' 0 J 


•4 


From 3 we derive the relation 

v-v' v’-l 

KM '- 1 = ( m o M 1 M 2 g 2 Y ~ 1 

v-v' v'-l 

— (2kTf 2 y 1 1 f K i2> 


where g is the variable of 9 . 2 , 6 . Equations 2, 4 may accordingly be put in 
the forms 



The evaluation of Qf^{r) now becomes somewhat difficult in the 
general case. If, however, the attractive part of the field is weak, fairly 
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simple approximations can be made. It can be shown that Sy/c^, exists 
and remains finite as k ' 12 tends to zero; thus, when k ' 12 is small, x can be 
expressed approximately in the form 


% = Xo + Xi k'uIT’- 1 * 


where Xo denotes the value of % obtained in 10.3,7, when only the repulsive 
part of the molecular field was considered; both Xo and Xi are functions of 

y n and f only. . ... 

Using this value of x, and (for consistency in approximation) neglectmg 

higher powers of k ' 12 than the first, we find that 

v-v’ 

<j>% = J{1 — cos 7 (;\: 0 + Xi F 1 JT V ~ 1 )}gb db 



cos 1 Xo +1 cos 7 " 1 Xo sin Xo 


,^)gbdb, 

T*-i 


or, on transforming as in 10.3,8, 




x £=i 

\m x m 2 ] 


!(' 


COS ' 7 Xo +1 cos 7 - 1 Xo sin Xo 


T V=i f 


— *}» 

where M)o is identical with the jig of 10.3,8. and /?(!) depends on l and on ? , 
V and U, but not on T. Hence finally 

Q%{r) = 

= '(0B(r))o{l + 8 i*S l > r)/T^}, 


where (_Q®(r)) 0 is identical with the flg(r) of 10.3,10, and S 12 {1, r) depends 
only on l, r and on the molecular constants k 12 , k[ 2 , v,v . 

Expressions for the first approximations to the coefficients of viscosity 
thermal conduction, and diffusion may be derived as before; these are of 
the forms (cf. 9.7,2) 

Wl = WJII+S/A [All - IMifi.. 

v-v' 

[DJi = UDn)oW + s i°J T " 1 '>’ 


where \u 1 KA.lnli are the values of the first approximations to the eoeffi- 
^ rfSty and diffirsion for molecules repelling each other with a 
force proportional to the inverse vth power of the distance. 
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The evaluation of the constants S 12 (l, r) is fairty simple in two special 
cases, which will now be considered.* 

10.41. Sutherland's model. Suppose that the molecules are smooth rigid 
elastic spheres surrounded by fields of attractive force. This molecular 
model was first studied by Sutherland,! and is therefore known as Suther¬ 
land’s model. It may mathematically be regarded as a particular case of 
the model discussed in 10.4, v being taken as infinite, and k X2 being so adjusted 
that when r > cr 12 (cr 12 being the sum of the molecular radii) the force /c 12 r" 
is zero, and when r < <r 12 it is infinite. 

In an encounter, two molecules may either collide, or be deflected by each 
other’s attractive field without colliding. If they collide, the apsidal dis¬ 
tance of the relative orbit (i.e. the least distance between the centres of the 
molecules) is equal to cr 12 , and so, by 10 . 4 , 3 , 

y oo == b/cr ls ; .. 

if they do not collide, the term of 10 . 4,4 which involves the repulsive force 
can be neglected, and so 



In either case, since the integration in 10 . 4,2 is over a range corresponding 
to r > cr 12 , the repulsive term in the integral can be omitted, and 

This result can also be derived directly: by a method similar to that of 
10.3, the integral represents the angle turned through by the radius vector 
joining the molecular centres between the beginning of an encounter and 
the apse, because of the action of the attractive force, and this angle is in 
either case equal to \(rr—x)- 

Suppose that k' 12 — 0 ; then when b < cr 12 we derive from 2 

X = Xo = 2 cos - 1 (b/cr 12 ) , . 3 

and if 6 > <r 12 , the molecules do not collide, and y = 0. Thus when /cj 2 is not 
zero but small, if b > cr 12 the deflection y is a small quantity of order k[ % 
(cf. 10 . 4 , 7 ), and the factor 1 — cos^y appearing in the integrand of <f>f 2 is of 
the order of k[ J, and may be neglected. This means that in evaluating <j >\| 

* Further eases (v= co, v' = 5 and v = 9, v' — 5) have been considered by ! 
and Cook, Phil. Mag. 3, 978, 1927, and Proc. Roy. Soc. A, 125, 196, 1929. In these 
papers the case in which k 12 ' is not small is considered numerically. 

t Sutherland, Phil. Mag. 36, 507, 1893; 17, 320, 1909. 
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we have only to consider encounters such that b<cr 12 ; for these, we have 
from 2 and 10.4,3 

x = *-2 r{i-* + * 

Jo l r-lU/ »hm 2 g-J 


= Xo~‘ 


m 0 K 12 


| ^(l-^J-tdi; 


/-l%m 2 g 2 Jo 

correct to terms of first degree in /q 2 ; the value of u 00 is given by i. 

For the first approximation to the coefficient of diffusion the value of 
0(P(1) is required. IsTow 


9i2 } = J o '' \l-COS x)gbdb 

-JT( 


.. , . 2m 0 Ar]o6 1-! ’ 

l-oosxo + smxo-^: ",^^ 


J — D 2 ) _i 


_ (Aim , ^gjr' 

/*! ( /*i’oo 

X J o *&> ” C 1 - wgo)*J o - ^ 2 )~- dudu ot 

by i, 4 and 9.2,6. Let us write 

H(v') = 2 f ^"'(l - i&)* f V- X (l -v 3 )-*dudu 00 , 

Jo Jo 

so that ifv') is a function of v' only. Then 

and so £$(1) = (£$(!))<,+^7_ yy J 0 e ~* ^ 


" (^i ( i ) (l))o+ 


TTHfv’) K' 12 oj 2 v ’ 
(v'—l) 


or, using the value of (,Q$(1)) 0 given by 10.2,i, 

am) = 

Thus the first approximation to Z> 12 is given hy 

[AJi = [<-Dia)oL/(l + SuJT)- . 6 

where F(-D 1 < ! )ii]i is the first approximation to D la for rigid elastic spheres, and 
S^ = H(v‘)Ki t l{v’-l)^k. .7 
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For the first approximations to /i, A for a simple gas, the value of Q^) 
is required. Now 


| } =j* o '(l-cos 2 x)gbdb 

r°W n „ . 2m () K , 1 ob 1 - v ' /*•'•« , , \ 

= Jo (l-oos^ 0+ 2sinx 0 eosXo. Kj - 1)mim2g3 j Q 

_ (<i m _ 

- Ipi 2 io+ (l/ _ ’ 

ri ryoo 

where i 2 (i^) = 4 t$T"( 2i; oo- 2 ) (* ~ y oo)- ^(l - v 2 )~*dvdv w . 

Jo Jo 

Hence flg(*> - (*», + (y jg 

= (^!>(2))o (1 + HOC - 1) kT). 


Thus the first approximations to /i, A are 

Wi = w./(i+«m=“(^)7(i+fi), [A], = .. 

where [/to]! is equal to the quantity JXIi in 10.21,i, and 

S - i 2 {v') k'/{v' - 1 ) cr v '~ 1 k. . I0 

It may he observed that S is proportional to k'/(v' — 1 ) <x v '~ x , which is the 
potential energy of the mutual attraction of two molecules when in contact. 
This gives an independent physical interest to S. A similar result holds 
for $ 12 . 

The functions i^v'), i % (v') defined in 5 , 8 have been evaluated for certain 
integral values of v';* their values are set out in Table 4. 


v' 

3 

4 

5 
7 
9 


Table 4. Values of i x {v') and ifv’) 


H(v') 

$(12~tt 2 ) = 0-2662 
3-4 log 2 = 0-2276 
^(37 t 2 — 28) = 0-2010 
| = 0-1667 
^ = 0-1444 


H(v') 

Htt 2 - 8) = 0-2336 
4(3 log 2 — 2) = 0-2118 
|( 10 - tt 2 ) = 0-1956 
4(9^-88) = 0-1736 
-/s = 0-1556 


10.42. The Lennard- Jones model. We next consider the special case of 
the theory of 10.4 which corresponds to v' = 3. This case was first studied 
by Lennard-Jones.f The choice v' = 3 is made not on physical grounds, but 

* Enskog, TJpsala Dissertation, and C. G. F. James, Proc. Camb. Phil. Soc. 20, 
447, 1921. 

t J. E. (Lennard-) Jones, Proc. Roy. Soc. A, 106, 441, 1924. 
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only for mathematical convenience. Nevertheless, results obtained for 
this value of v' may be expected to throw some light on the probable 
behaviour of models with less special values of v'. 

Equations 10 . 4 , 4,2 now take the forms 


where u 0 = 6 (m 1 m 2 g 2 /w 0 Ar 12 )^-«, v' 0 = 6 (m 1 m 2 g 2 M 0 /c[ 2 )h 

Let the variables v, v 0Q , v Q be replaced by £, £ 00 , £ 0 , where 
£Jv = £ 0 /u 0 = £oo/ y oo = (1 — IK 2 )*- 
Then i, 2 take the forms 

and 7T-x = ( 1 - 1 /yo 2 ) - - (Jr“ X% 


where 


*—* n-'-Arr* 


.2 

•3 

•4 

■5 

.6 

-7 


On comparings, 7 with 10 . 3 , 7 , 6 , the variable y' is seen to be the same function 
of £ 0 as the x of 10.3 is of u 0 . 

Now, to the degree of approximation considered, if 

b Q = (m 0 

then 


f (1 — cosx) bdb — 2 f bdb = m ° Kl2 ... f (1 —cos 2 x) bdb = 0, 

Jo Jo Jo 

since y = -n if b — 0 . Hence, using 3 and 6 , 

jy-ooB X ) g bdb 

=Sl 1+ °^M 1+ t^))] sbdb 


-j;i 


Now, by 3 and 4, 


l + cos(*r-x') — ain(7r-x'). (»-*') 
2 

I m^g 2 Y^lb 2 m ° K ' 12 ) 

\ m Q K 12 ) \ 7n 1 m 2 g 2 J i 


gbdb. 
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Thus, to the present order of approximation. 




SsJo (7r -*' )sin *’f 


\%m 2 / 6 

where a x (v) is the constant defined by 10.3,9, and 

i?i(*>)=l-iJ o (Tr-x')sinx'jh. 

On using this value of and transforming as in 10.3, it follows that 

am 1) - m 

= (fi 1 l i>(l))„ + !r i B 1 (>'K 2 /2(m ( ,JIf 1 Jf 2 .2 kTf, 
and so the first approximation to the coefficient of diffusion is 

Pidi = KA1W1/(l + S n IT^), 


where [(D 12 ) 0 ]i is the first approximation for centres of purely repulsive 
force, and 


Similarly 


B x( v ) K xJ A i( v ) K i2 1 (%l c ) v 1 v _ 


<t>i$ = J* 6 (1 - cos 2 y)g6d6 

= j b jsin 2 (rr - x') + {n- x') sin (zr - x') cos (zr - x') 
2 

\ m i m 2 ; w 1 m 2 g 

where ^ 2 (v) is the constant defined by 10.3,9, and 

B z( v ) = - f (zr-x')sin%' cos*'^. 
Jo go 


m 1 m 2 6 2 ^ 5 




Also 


•13 
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Hence, finally, the first approximation to the coefficient of viscosity is 

= + .14 

where equal to the first approximation [/i] x of 10.31, 1 , and 

8 m -2 b 2 (v) k'uMv) /cjy ). . i S 

The constants b ± (v), b 2 (v) have to be determined by quadrature. Their 
values for certain integral values of v are given in the following table:* 


Table 5. Values of b x (v) and b. 2 (v) 


V 

B,(V) 

B 2 (v) 

0 

— 

- 0-4829 

7 

-0-173 

-0-2758 

9 

- 0-077 

-0-1649 

11 

-0-016 

-0-0953 

15 

+ 0-0564 

-0-0177 

21 

0-1278 

+ 0-0514 

25 

— 

0-0804 

co 

+ 0-2662 

0-2337 


It is to be noted that Bfv), b 2 {v) are positive for large values of v, but 
negative for small; thus the effect of the attractive field is to decrease /i and 
D 12 when v is large, but to increase it when v is small. 


The Lorentz approximation 

10.5. A specially simple expression for the velocity-distribution function 
in a gas-mixture may be obtained if (i) the mass m x of the molecules of one 
constituent is very great compared with that of the molecules of the second 
constituent, and (ii) the influence of mutual encounters among the latter 
in altering their motions is negligible compared with that of their encounters 
with the heavy molecules. The latter condition is fulfilled if either ( a) the 
number or (6) the extension of the molecular field of force is much less for 
the light than for the heavy molecules. The kinetic theory for a gas satis¬ 
fying these special conditions (i) and (ii) was first studied by Lorentz ;f 
hence we shall refer to such a gas as a Lorentzian gas. 

* The values of Bo{v) are taken, from p. 456 of the paper by (Lennard-)Jones cited 
on p. 1S4; our B 2 (v) is the function J of his equation 4.07, not the J 1 of 4.17, which is 
4 J ; throughout his § 5, J 1 should be read as J. The values of B^v) have been computed 
from the values of x' given by Chapman {Manchester Lit. and Phil. Soc. Memoirs, 66, 
1, 1922). 

f Lorentz, Proc. Amst. Acad. 7, 438, 585, 684, 1905. 
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On account of the condition (ii), the integral I 2 can be omitted from the 
right-hand sides of 8.31,4,5,6. Also, since the mean kinetic energies of the 
peculiar motions of the two sets of molecules are approximately equal, the 
peculiar -velocities of the heavy molecules will be small compared with those 
of the lighter molecules; hence the relative velocity g in the encounter of 
molecules of opposite types is roughly equal to the peculiar velocity Q % of 
the lighter molecule. The problem, in fact, approximates to the deter¬ 
mination of the distribution of motion among a set of light molecules subject 
to deflection by stationary obstacles. 

The velocity of one of the heavier molecules is not appreciably altered bv 
a collision with one of the lighter molecules: thus, in evaluating the integrals 
/ 12 , / 21 in equations 8.31,4,5,6, we can put C{ = C x , A' x = A v 

= B x . Since, moreover, J 2 is to be neglected, and g — C 2 , the second of 
equations 8.31,4 becomes 

= SHfM^-A'JCzbdbdedC!, 
whence, on integration with respect to c l5 we obtain 

(«1~f )C 2 = C 2 bdbde. 

Since the relative velocity after encounter is equal in magnitude to that 
before encounter, C 2 = C 2 . Hence this equation is equivalent to 

ay — |)C, - »i^ 2 (0 2 ) JJ-(C,-Ci) C z bdbde . 

Similarly the second members of the pairs of equations 8.31,5,6 reduce to 

— -C 2 = %D 2 ((7 2 ) JJ(C 2 -C') C 2 bdbde, .a 

n 2 

779,. o 00 

j|C 2 C 2 = n t B 2 (C z ) JJ(C 2 C 2 — C 2 C f 2 ) C 2 bdbde .3 

Now if C ' 2 is integrated over all values of e, that is, over all orientations 
about C 2 of the plane containing C 2 and C 2 , the part of the integral involving 
the component of C 2 perpendicular to C 2 vanishes. The component of C 2 
parallel to C 2 is C 2 cosy; thus 

JJ(O a -C') C 2 bdbde = 2 ttC 2 J(1 -cosy) C 2 bdb 
= 2ttC 2 ^> 

by 9.33,2. Also, by an argument similar to that used to obtain 10.321,9, 
jj(C 2 C 2 —C 2 C 2 ) C 2 bdbde = 37 rC°C 2 f(l - cos 2 y) C 2 bdb 
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Here o{V are functions of C. 2 . Using these results in i, 2, 3, we get 


A ^={W-l)h 




4 


Fo(C 2 ) = - .5 

B 2 (C 2 ) = m 2 jZ7in x kT(j)$. .6 

In the present case equations 8.4,1,7 reduce to 


C, 


-3^{^ l2 |/l 0, c'li) 2 (C' 2 )dc s +i^J/'»)q^ s (C' ! )* 2 


n 2 

n x n 2 


-1^12^12 "f D 


-clog T) 

T ~d¥~j’ 


since here C x = 0. Thus, using 4 and 5, 


1,12 = -tk\fP >0 i D *( C *) dc * 


’ = -^2 

=_L_ f ^ 

67m 2 J /2 <j>®\2kT 2J - 


In the conduction of heat the lighter molecules, because of their larger 
velocities, are more effective, in proportion to their number, than the heavy 
molecules. If the conduction is assumed to be due predominantly to the 
light molecules, then in 8.41,4, namely, 


we must insert the following simplified forms of 8.31,12,13: 

n.nJA.A) = ifr ~l) 

n x nlA, D] = “ 2 )® * 5 *’ 

i r u 2 


hdc,. 


The contributions of the two sets of molecules to the pressure system are 
of the same order of magnitude, if their number-densities are comparable; 
this is because the contributions to the pressure are of order w 1 7%<7f and 
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ra 2 »i a C|, and the mean values of m % C\ are equal. If the pressure 

system due to the light molecules alone is considered, then (ef. 8.42) the 
corresponding coefficient of viscosity [i is given by 

P = Am.J/f’cfa: clcMCJde, 

" iSmJcT .•» 

using 6 and the theorem of 1.421. 

The meaning of equations 7-10 can perhaps be better seen if we make the 
substitution 

27m l9 5$ = C 2 fl(C 2 ). 

If the molecules are rigid elastic spheres, (f)$ = |0 2 crf 2 , by 10.2, and so this 
substitution implies that for such molecules 

l(C 2 ) = 1 l{7m 1 cr\ z ). 

Since in the Lorentz approximation collisions between pairs of molecules 
m 2 can be neglected, it follows that for rigid elastic spheres 1{C\) is the mean 
free path of molecules m 2 of peculiar speed C 2 : for more general molecules we 
may interpret l(C 2 ) as an equivalent mean free path for molecules ra 2 of 
peculiar speed C 2 . 

For example, making the substitution, we get 

A. - ^Jh 0) <V(cy = ^OACl j. 

a relation which may be compared with 6.4,2. 


10.51. Interaction proportional to r~ v . These results take a specially 
simple form when the molecules are centres of force varying inversely as 
the vth power of the distance, so that, using 10.3,8, and putting m 0 = m v 

g=c z , 

2 v —5 

«>= (laKT'CTV). 

In this case 


^. 3 

n 2 v - 5 

T -n 0 2( V -iy 


■4 
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A - ^S*©'" lp ( 8+ i^I )l 37Thl ^’ 

* - 4 ^ m2 O i O’’ _Ir ( 3+ ^i)/ 46i ' , ' i I ^c' ) - 

A//i = lohA 2 (v)f4m 2 A 1 (v) = (c r ) a 5^ a (»»)/2j 1 (v), 


-5 

.6 

•7 


where (c r ) 2 denotes the specific heat of the lighter gas. 

These equations can be made to apply also to the case of rigid elastic 
spherical molecules, by making v tend to infinity, and jc]jg approach cr 12 . 
In particular, since j 1 (co) = J, a 2 (oo) — we then have 


= ^ A-f tfc r ) a . .8 

10.511. The Lorentz case for the Lennard-Jones model. For the above 
models ~k T does not depend on the temperature. This is no longer true when 
in addition there is an attractive field of force; for example, for the Lennard- 
Jones model, by 10.42,8, putting m 0 = m x , g = 


and so, since squares and higher powers of k' 12 can be neglected, 

2 _ s 

W = (S’)" ^ V ~ 1/A ^ V)_Ar “ ma V ~ 1C2 3Vl ^)/ /c i2 : 

On substituting this in 10.5,7,8 the corresponding value of k r is found to be 
<j—5 (,-3)r(i + ^)B l( ,K« \ 


k rn - 


n 0 \2(v-l) 


iy- 1) +^) Afy) 1 (2JcTy~ 1 j 

showing the dependence of k T on the molecular attraction. 


10.52. Deduction of the Lorentz results from the general formulae. The 
results of 10.5 can also be derived from the general solution, by making 
m 2 jm 1 tend to zero, and neglecting the terms arising from the mutual 
encounters of the light molecules. The results thus derived are expressed 
in terms of infinite dete rmin ants, as in the general case: it may be shown* 


See Chapman, Joum. Lond. Math. Soc . 8, 266, 1933. 
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(though the proof will not be given here) that these determinantal expres 
sions are equal to those found above, and the comparison of the two forms 
of the results throws interesting light on the nature of the convergence of 
the determinants in which the general solution is expressed. 

The elements a rs , b rs of the determinants are given by 9.8,i 23 

and similar equations; by hypothesis, if r and s are positive, a'!_ r _ s and b" 
are to be neglected, since they depend on the mutual encounters of the light 
molecules. In the remaining terms only the lowest powers of m 2 or if 2 need 
be retained. By 9.33, if r, s are greater than zero, a r _ s is of the order of 
by 9.4, a rs and a_ r _ s do not involve a power of M 2 as a factor; a 00 and 
a Qs are multiples of M 2 , and a Q _ s is a multiple of M\. If the middle row and 
column of be each divided by M\, so that itself is divided by Jf 2 
then in the resultant determinant all the elements corresponding to a 
a -r,s> a o,~s’ a -s, 0 still involve powers of M % as factors; these may accordingly 
be equated to zero in evaluating the determinant. Thus reduces to 
the product of and , where the former expression denotes the 
determinant forming the positive quadrant of (r, s > 0), while the latter 
denotes the complementary minor. Similarly reduces to the product 
of and the latter being the minor of J3conjugate to a 00 ; and 
and are similarly expressible as products in which is a 

factor. Hence, neglecting all save the lowest powers of m 2 , 8.51,15-17 become 

k T = §n 2 o m 2 * Lt .2 

m->e o 

A = 1 Lt . 3 

m-+ 00 

where denotes the minor of conjugate to a 0 _ lf and the 

minor of conjugate to a_ x _ x . 

Again, if r and s are positive, b r _ s involves M r 2 as a factor, while b rs and 
b_ r _ s have no power of M 2 as factor. Hence, using a notation similar to that 
employed above, can be expressed as the product of 0^1 and 
Since, however, and cannot be expressed in the same way as a 

product of factors, it is not possible to divide out the factor involving those 
of the terms b rs arising from the mutual encounters of heavy molecules. 
This corresponds to the fact, noted above, that the contribution of the 
heavy molecules to the viscous stress system is not necessarily small com¬ 
pared with that of the light molecules. To obtain a parallel with the results 
of 10.5, and 0^ must be neglected; this is equivalent to neglecting 






10 . 53 ] Formulae for Special Molecular Models 193 

in The coefficient of viscosity for the light molecules is then found 
to be 


ft = fn 21 kT Lt 


where is the minor of conjugate to 6 _ 1 _ 1 . 

The four coefficients A, pt, D 12 . k T can therefore be expressed in terms of 
the quantities 

<& 2 , S^l) ^ 2 ] 12 and [8^\) &°& 2 ] 12 , 

the values of which can readily be found from 9.4. The first is equal to the 
coefficient of s' p t a in the expansion of 

(1 -s)^(l-t)-*n-sjff{H 2 (0)-HM}gbdbcUd 9 
where, in the present case, 

Hfx) = rr- e -s-a-stm-s)a-i) f 2 cos ^ 

Hence, by integrating over all values of e and all directions of f, 

[Sp\<Z*)<g z , Sf >(^SWJu 

is found to be the coefficient of s p t? in the expansion of 

(1 — S)~t (1 — 1)~- 87T*J e -ff 2 a-s«/( 1 -s)(l -0 . 5 

Similarly >S^ fl) (9 ’|)# 2 # g ] 12 is the coefficient of s p t? in the 

expansion of 

(1 - *)-* (1 - 1)-*- 7 r- 3 JiJ{X 2 ( 0 ) - L 2 {x)}gbdbdedcf, 
where L 2 (x) = e -s 2 a-s 0 /(i-s) tt -0 ^ 4 (cos 2 a:~ J sin 2 ^); 

hence the required coefficient is that of s p t? in the expansion of 

(1 — 5 )-^ (1 — 1)~- S 7 Ti J e.-ff-0-Stm-s)ll-Ogfi0&) fly _ . 6 


10.53. The convergence of the general formulae for a Lorentzian gas. When 
the molecules are point-centres of force, by 10.3,8, <j>% is expressible in the 
form 




\m 2 ) \m 2 ; 


M v )f~ 


- hf-*> 


13 
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where fa is independent of f. Thus in this case the expressions 10.52,5,6 take 
the values ^ 

M(i ->) (i (i -s()' 3+;:rT ^ 1 r[3-, 

4t7*{(i-»)( i(i 
Now, if r and s are greater than zero, 

a -r,-s = «f(«1)W 2 ] 12 , 

®o,-« = —»»|[W a , 
n 0 o — m 2[ < ^ > 2> 


Hence 10.52,r,2,3 are equivalent to 

3 kT 


£>12 — 


87r* m 2 n<}) 1 3 — “-y j 


k _ , w Lt zg; 

k y - ~#20 - Llt y( m ) ’ 
m~> 00 v 00 

75 k*Tn„ 


A = 




Lt 


Lt 


Vg 

, 5 




.2 


■3 

■4 


where V (rn) denotes the determinant of m rows and columns whose elements 
a p<1 are the coefficients of the powers sH q in the expansion of 




p and q ranging from zero tom-1; also and V ( Jf are the minors of V (m) 
conjugate to a 00 and a 01 , and is the minor of conjugate to a u . 
Similarly 


5n 2l JcT Voo (m) 

- LjT1 V7' > 




•s 


where V' (wi) denotes the determinant of m rows and columns whose elements 
are the coefficients of the powers s p t q in the expansion of 


{(i - «Hi - (i - «t> - 1 . 

p, q ranging from zero tom-1; and Vo 0 (m) is its minor conjugate to /? 00 - 
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For these results to agree with 10 . 51 . 3 , 4 , 5,6 it is necessary that 

n L t v«/v« = r ( 3 -^r) 

= t ( 1+ ?rr) - ^r) ( 1 - ^)/ si “(^i). s 

“ lH r ( 3+ ^l) r ( 3 -^l) 

=4( 2+ A) u . 8 

= ^(s+JL) rfi-jij) 

It may be showm that these conditions are fulfilled. In fact-, it is found that 

v&p/v (m) = 1 + ^ + +... to w terms, .xo 

where p — (v— 5)/2(i> — 1), q — 3 —2/(v— 1): also 

and if is the minor of V (m) conjugate to a n , 

VWV« =-{i + (^1 +(^§t€t! + -*° * ■- :1 H ’ 

whence V^j can be found, using the equation 

= Ho’V'S’-W) 2 - 

Again, v;<”>/V'<”> is given by an equation similar to xo, with 
p=(v-5)/2(v-L), q = 4 —2/(v— 1). 

Using these results, the limits on the left of equations 6—9 can be expressed 
in terms of hypergeometric functions. For a full discussion the reader is 
referred to the paper by Chapman cited in 10.52. Here we shall merely give 
the first few numerical approximations to these limits, in order to indicate 
the rate of convergence. 
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Since successive approximations to Vgp/V^ correspond to successive 
approximations to D 12 , and since the first approximation to the former, by 
10, is unity, it follows that is equal to [D 12 ]J[D 12 ] V I n Table 6 the 

values of for m = 1,2, and 3 are compared with the limiting value 

given by 6. The first line, for v = 00, corresponds to the case of rigid elastic 
spheres; thus the first approximation to D 12 for this model is in defect bv 
about 12 per cent.; the second reduces the error to less than 5 per cent, 
and the error of the third approximation is about 2 per cent. The errors of 
the various approximations for values of v between 5 and 00 are less than 
the errors for v = 00; when v = 5 (corresponding to Maxwellian molecules) 
all the non-diagonal elements of V< m > vanish, and the first and all later 
approximations are equal to the exact value. When v is less than 5, the 
quantity 2/(v— 1) appearing in the exponents of the expression whose 
expansion gives the elements of V (m) rapidly increases; the first approxi¬ 
mation falls off greatly in accuracy, though the second and third 
approximations are good. 

Table 6. Values of V ( 0 ^/ V(m) (equal to [X> 12 ] m /[Di2]i) 


V 

v$/v (1 > 

vgg/v' 2 ’ 

v<? 0 Vv <3) 

Lt 

m—>co 

CO 

1 

1-083 

1-107 

1-132 

17 

1 

1-049 

1-060 

1-072 

13 

1 

1-039 

1-048 

1-056 

9 

1 

1-023 

1-027 

1-031 

5 

1 

1 

1 

1 

3 

1 

1-125 

1-130 

1-132 

2 

1 

3-250 

3-391 

3-396 


Table 7 gives the ratios which V^/V^ bear to the limiting value 

of V ( 0 f/V^ l) ; it shows that the first approximation to k r is more in error than 
the first approximation to D 12 . When v = 5 , k T and every approximation to 
it is zero, but the ratios in question tend to unity as v tends to 5. 

Table 7 . Ratios of the fibst and second approxima¬ 
tions TO ky, TO THE EXACT VALUE OF k y 

v= 00 17 13 9 5 3 2 

[k r ]i/ky = 0*77 0-83 0-85 0-89 1 1-11 0-77 

[ky] 2 /k r = 0-88 0-92 0-93 0-95 1 1-01 1-01 

Next follows a table giving the ratios of V^/V^ and V 0 ( ^ u /V $ to the 
hmiting value of these relate similarly to A, the thermal con¬ 

ductivity. It appears that the accuracy of the approximations to A is 
about equal to that of the approximations to X> 12 . 
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Table 8. Ratios of the first axd secoxd appro xma- 
tioxs to A. to the exact value of A 

v= CO 17 13 9 5 3 2 

(1) = 0-85 0-91 0-93 0-96 1 0-82 0-28 

(2) = 0-93 0-96 0-97 0-99 1 0-99 0-92 

Finally, in Table 9 are given the ratios of and Vo ( 0 2) /V /(2) to the 

limiting value of these show that the approximations to the 

coefficient of viscosity for molecules of the second gas, here denoted by /t, 
are rather more accurate than those for D 1% . 

Table 9. Ratios of the first and secoxd approxiiia- 
tioxs to /.i, to the exact value of fl 


V = CO 

17 

13 

9 

5 

3 

2 

(1) = 0-92 

0-95 

0-96 

0-98 

1 

0-92 

0-46 

(2) = 0-98 

0-99 

0-99 

0-99 

1 

1-00 

0-98 


10.6. A mixture of mechanically similar molecules. Another specially 
simple case of the solution for a gas-mixture is that in which the different 
sets of molecules are of the same mass and obey the same law of interaction 
at encounter, so that they are mechanically similar. In this case the thermal 
conductivity and viscosity are the same as if the molecules were identical 
in all respects, and the coefficient of thermal diffusion vanishes; also the 
coefficient of diffusion is the coefficient of self-diffusion Z> n of a simple gas. 

Since all the molecules are similar, we introduce the velocity-distribution 
function of all the molecules. The first approximation to this is / (0) , where 
f®jn, fi^/n-L, fi 0) /n 2 are identical functions of the respective variables 
C, C 15 Co. The second approximation is / (0) +/ (1) , where 

f a) (C)=mo+mc). 


Since / does not depend on the relative proportions of the two gases in the 
mixture, but only on the total number-density, / (1) is unaffected by the 
relative diffusion of the two gases, and so has no part depending on the 
vector d 12 of 8.3,7. Thus, equating the terms in r depending on d 12> we get 
(ef. 8.31,io,n) ~ 

v ; n^D^C) = -n. 2 D 2 {C). .3 


We denote the common value of each of these expressions by D 0 (C). Flow, 
on account of the mechanical identity of the molecules of the two gases, 

(C,)} = iutDofC,) + D„(cy}, UD 0 (C,)} = I a {D „(C,) + D,(C,)}. 


Using this and 2, the equations 8.31,5 become 




n. 2 





198 Viscosity , Thermal Conduction, and Diffusion, etc. [jq.6 

which are identical save for the different variable involved. Again 
by 8.4 3 i 3 

so that, by 8 . 4 , 7 , = 3 ' ^o(^) ^ c - 

Thus X> n does not depend on the proportions of the mixture, but only on 
its density. 

Approximations to the value of D X1 may be derived from 9 . 81 , 1,3 by 
putting m 1 — m 2 = to. The first approximation is [Dnjj, where 

[X>n]i = 3E/4p. 

By 9.8,8 and 9.7, 1 , e/O^ = 4i2 1 < 2 >(2)/5i2$(l), 

or, using 9 . 8 , 7 , and remembering that in the present case CV(2) = £>$( 2 ), 

E/Wi = 4 a. .3 

Hence M = 3 a Mi Ip- . 4 

The second approximation is obtained by multiplying by 1/(1-i), 
where a is given by 9.81,4. Putting M x — M z in this equation, and using 3 , 
we find that 

a = 5(c-1) 2 /(11-4bh-8a). 

By substituting for a, b, c, the value of 1/(1 —a) for rigid elastic spheres is 
found to be 59/58 or 1-017; for force-centres of index v its values areas 
follows: 

v= 5 9 17 00 

1/(1_ A )= 1 1-004 1-009 1-017 

The true value of D u will be slightly greater than the second approximation: 
the exact factors by which the first approximations for these models are to 
be multiplied may be estimated as 1, 1-005, 1-010 and 1-019 approximately. 
Thus, in particular, for rigid elastic spheres the exact value will he* 

i> 11= 1-019 * 

11 8wcr 2 \77-TO/ 

_ 1-019 6/t 
~ 1-016 5 p 

— 1-204/t/p. . .S 

* This value of the coefficient of self-diffusion was first obtained by Pidduck, 
in a quite different way ( Proc . Lond . Math. Soc. 15, 89, 1915). 
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Chapter 11 

THE ROUGH SPHERICAL MOLECULE 

11.1. Spherical molecules possessing convertible energy of rotation. 
Throughout the previous discussion, it has been assumed that the mole¬ 
cules possess energy of translation only. If the molecules possess also 
internal energy, it is necessary to introduce new variables to specify the 
internal motion. The discussion then becomes very complicated in all save 
the simplest cases. We shall consider here only one model possessing 
internal energy, a perfectly rough, perfectly elastic and rigid spherical 
molecule. Such a molecule possesses energy of rotation which is inter¬ 
convertible with energy of translation. This model was first suggested by 
Bryan;* the methods developed by Chapman and Enskog for general 
non-rotating spherical molecules were extended to Bryan’s model by 
Pidduck.j The model possesses an advantage over all other variably 
rotating models in that no variables are required to specify its orientation in 
space: the next simplest model, a smooth elastic sphere whose mass-centre 
does not coincide with its geometrical centre, J requires two variables to 
specify its orientation, as well as variables specifying the angular velocity. 

The statement that the molecules are perfectly elastic and perfectly rough 
is to be interpreted as follows. When two molecules collide, the points 
which come into contact will not, in general, possess the same velocity. It is 
supposed that the two spheres grip each other without slipping; first each 
sphere is strained by the other, and then the strain energy is reconverted into 
kinetic energy of translation and rotation, no energy being lost; the effect 
is that the relative velocity of the spheres at their point of contact is reversed 
by the impact. 

11.2. The dynamics of a collision. Consider the collision of two spheric¬ 
ally symmetrical molecules of masses ?%, m 2 and diameters <r x , <r 2 . Let their 
moments of inertia about their respective diameters be and / 2 , and let 
z x and e 2 be defined by the equations 

K x = 4:I x jm x a\, E 2 he 4/ 2 /m 2 cr|. .i 

Then z Xi e 2 may range from zero, corresponding to complete concentration 
of the mass at the centres of the spheres, to a maximum value f, corre¬ 
sponding to the concentration of the mass on the surface of the spheres. 

* Bryan, Brit. Assoc. Reports, p. 83, 1894. 

f Pidduck, Proc. Roy. Soc. A, 101, 101, 1922. 

i See Jeans, Phil. Trans. 196, 399, 1901; Quart. Joum. Math. 25, 224, 1904. 
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Before collision let the linear and angular velocities of the two molecule, 
be respectively c x , c 2 and <o l3 n> 2 , and after collision let them be c', c ' and 
to', cOo. Let J denote the impulse exerted on the second sphere by the first 
and let k be the unit vector in the direction of the line from the centre 
of the second molecule to that of the first at collision: this line corresponds 
to the apsidal fine for the encounter of smooth molecules. The equations of 
impact are 

c' x = m 1 c x — J, m 2 c 2 = m 2 c 2 + J, 

I x Oi' x = A<*>1+ 1 -CTjkAe/, J 2 Cl>2 =/ 2 co 2 +|-cr 2 kA J. 3 

Also, if V denotes the relative velocity, before impact, of the points of the 
spheres which come into contact, 

V — e 2 — |cr 2 k a co 2 — c x — | oqk a . . 4 

Moreover, since this relative velocity is reversed at collision, 


V = — c 2 H~ §•< 7 2 k a to 2 + c x -f- - 2 -(rjk a co^. 

Hence 2 F = c 2 - c 2 — |cr 2 k a (o > 2 — o> 2 ) - (c x — c' x ) - l-cqk a (co x - «*>£) 


(±_ 

h _M, 

JJL+JLV 

\m x 

mj 

\m x K x m 2 K 2 ) 


by i, a and 3 . Let m Q — m x + m 2 as before, and let 1 L' 0 be defined by the equation 


m 0 K 0 = m x K x + m 2 A' 2 . .6 

Then, since k a (k a JT) = k(k .J) — J (cf. 1.11,3), 

2 m x m 2 V = - m 0 ( 1 + k 0 /k x k 2 ) JT+k(k . J) (m Q K 0 /K x K 2 ). 

Thus 2 m 1 m 2 k . V = — m 0 k . J, 

and so it follows that 


w 0 (l + K ol K x K 2) J=~ 2 m x m 2 (V + (k 0 /k x z 2 ) k(k. V)). 

Inserting this value of J into 3 and 3 , the values of c' x , e 2 , co{, to 2 are found 


to be 

C[ = c x + 2M 2 {K 1 K 2 V + A 0 k(k . V)}f(K 1 K 2 + K 0 ), 7 

c' = c 2 - 2M X {X X K 2 V+ A' 0 k(k. V)}j{K x k 2 + k 0 ), 8 

cu; = tO! - 4Jf 2 iT 2 k A V/cr x (E x K 2 + K 0 ), 9 

<o' = co 2 - 4M x k x k A V[<t 2 (k x k 2 + x 0 ). 10 


If the value of V is inserted from 4, these equations give the final velocities 
in terms of the initial ones. Since the value of V in terms of c{, c 2 , co! 2 
is also known from equation s, these equations also give the initial velocities 
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c v c 2 . co l5 to, in terms of the final ones. The equations giving the initial 
velocities in terms of the final are identical in form with those giving the 
final velocities in terms of the initial. 

In the discussion of encounters of smooth molecules (3.52), use was made 
of the fact that, corresponding to any encounter such that the initial and 
final velocities were e l5 c 2 and c' x , c 2 , and the direction of the apsidal line was 
given by the unit vector k, there was an inverse encounter, such that the 
initial and final velocities were c' x , c 2 and c l3 e 2 , and the direction of the 
apsidal line was given by — k. No such inverse encounter exists for the 
rough spherical model, as can be seen from 7 to 10 . The closest approach to 
such an encounter is that in which the initial linear and angular velocities 
are c{, e 2 , —<o[, — w 2 and the line of centres is given by — k; the final 
velocities are then c x , c 2 , — <o l5 — to 2 . 

Let g 21 and g 2l denote the velocity of the centre of the second molecule 
relative to that of the first before and after the collision, so that, as in 
3.41,4, g 21 = c 2 —c l5 g' 2X = c 2 — c x . Then for a collision to be possible, g 2l . k 
must be positive; also, by 4 , 5 

g 21 .k = F.k = -g 21 .k. . 11 

It is interesting to observe that, if s x , z 2 (and in consequence also 7 ls I 2 ) 
tend to zero, the equations governing the change of the linear velocities 
become identical with those for smooth spheres, and energy of rotation and 
energy of translation cease to be interconvertible. For, as we prove in 11.4, 
the mean rotational energy %I(o 2 , or mKcr 2 (i) 2 , is approximately equal to the 
mean peculiar translatory energy ^mC 2 ; thus in the limit when £'-*0 we 
must regard c as small compared with era), but large compared with Rcroj. 
Thus, substituting from 4 into 7 - 10 , and neglecting terms which tend to 
zero, we get 

C [ = C 1 + 2M 2 {K 1 K 2 V+K 0 k(k.g zl )}!(K 1 K 2 + E 0 ) 

= C t + 2Jf 2 k(k. g 21 ), c' = c 2 - 2M x k{k. g. 21 ) } 

, 2 JO: 2t m , 

to( = -—kAlkA^tOi + avto.,)], 

K 0 (Ti 

oj.( = Wo + ^^l^ : kA[kA(o' 1 <o 1 + cr f> ca.,)], 

“ ^0^2 

showing that the changes of the linear and angular velocities are inde¬ 
pendent. 

11.3. Boltzmann’s equation and the equation of transfer. The generalized 
velocity-distribution function / for a gas composed of rough spherical 
molecules has already ( 2 . 21 ) been defined as being such that the number of 
molecules in a volume dr , whose linear and angular velocities lie in ranges 
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c, dc and to, dto, averaged over a small time-interval, is equal to f dr dcdto. 
Moreover, it has been indicated ( 3 . 1 ) that/ satisfies a Boltzmann equation 
of the same type as that for a gas possessing only energy of translation, 
namelv 

“* of _dj 


of of 

ct or 


■ F = 


Be dt 5 


where mF denotes the force on a molecule, and d e fjdt the rate of change 
off with time by reason of collisions. Consequently the results of 3 . 1 - 3 . 2 lare 
still valid for a simple gas, and so also are those of 8.1 for a gas-mixture, if 
we now put E = \mC 2 + \I(o % , and use the appropriate value of N. 

In addition to the summational invariants ^ (1) , <p m , introduced in 
3.2, rough elastic spheres also possess a summational invariant of angular 
momentum,* given by 

0(4) _ mr K c+ 2tO, .2 

where r is the position-vector of the centre of a molecule. Since the proof 
that 0 <4) is a summational invariant depends on the fact that the centres 
of colliding molecules are at different points, for consistency this fact should 
be taken into account at other points of the theory, as, for example, in the 
evaluation of c e fjct. The equations are so little changed if this is done, 
however, that without appreciable loss in accuracy we may in general 
ignore the difference, save for very dense gases (see Chapter 16 ). 

Since 0 (4) is given in terms of c, not of C, the equation of change of 
angular momentum can most simply be derived from 3 .12,4. It is found to be 

0 g _ _ 

^(prAC 0 -f nloi 0 ) + ^-{c Q prAC 0 + Cpr aC -hnlcto)— p(vkF) = 0, 


where co 0 denotes the mean angular velocity. Using the equations of con¬ 
tinuity and momentum, i.e. 3.21,2,3, this becomes 

The equation of change for a binary gas-mixture can likewise be reduced 
to the form 

(% 1 1 + n 2 h) ^ ^ • (nICio) = <* 0 (n 1 I 1 l-.C 1 + n 2 I 2 ^ t .C z y .4 

where oo 0 now denotes the “mass angular velocity”, defined by 

( n i^i + n ^ 2 ) o> 0 = %iiC*>i + % 2 / 2 <o 2 . .5 

* Pidduek overlooked the existence of this summational invariant, as he took the 
angular momentum to be /to, which, of course, is not co ns erved at encounter. 
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11.31. The evaluation of djjct. As in 3.52, djjct will be subdivided into 
parts (c e fi!ct)i> , corresponding to collisions with molecules of 

the first, second, ..., gases. To evaluate {d e f 1 jdt) 2 , consider collisions between 
molecules belonging respectively to the first and second gases of the mixture, 
such that the linear and angular velocities of the pair of colliding molecules 
before collision are in the ranges c l3 dc l3 o> l3 and c 2 , dc 2 , co 2 , dto 2 respec¬ 
tively, and that the direction of the line of centres at collision lies in the 
range k, dk. At the instant of collision the centre of the second m olecule 
must He on an area crf 2 dk, normal to k, of a sphere of radius cr 12 concentric 
with the first molecule; thus a colhsion of this type can occur during the 
time-interval t, dt, only if at the beginning of dt the centre of the second 
molecule lies in a cyfinder with this area as base, and generators equal to 
-g 21 dt; the volume of this cylinder is crf 2 g 21 . kdkdt. Hence the total num¬ 
ber of these collisions occurring in the volume dr during dt is found to be 

fxh §21 * kdkdc 1 db> 1 dc 2 da>odrdL ..... ,x 

This expression replaces 3.5,6. 

The evaluation of the number of molecules in dr which, during dt, enter 
the velocity-ranges dc^to^ dc 2 dio 2 as a result of collisions will differ from 
that of 3.52, since, as noted above, no encounter inverse to a given en¬ 
counter exists. Let c[, c 2 and to*, co 2 denote the initial Hnear and angular 
velocities of two molecules which, after participating in a colhsion in which 
the line of centres is in the direction of — k, possess the final velocities 
c v c 2 and co l3 o> 2 . Such initial velocities can always be found; they will not, 
however, be identical with the quantities c[, c 2 and co^, to 2 of 11.2. The 
number of collisions occurring in dr during dt, such that c[, c 2 , oq, to 2 , k He 
in ranges dc[, dc 2 , dto^, dto 2 , dk, is 

f'lfzO’lzg'zi • (— k) dkdc^dtxi^dc^doi^drdt, .a 

with obvious meanings for/i,/ 2 , g 21 . 

Corresponding to the ranges dc{, dc' 2 , d<x>[, dto 2 of c[, c 2 , <*>£, co 2 there exist, 
for any assigned value of k, ranges dc l3 de 2 , dco l3 dco 2 of the final velocities 
c l3 c 2 , co l3 oj 2 . Since the equations giving c l3 c 2 , to l3 co 2 in terms of c[, c 2 , 
o>[, co 2 are linear, and identical in form with those giving c[, c 2 , co(, o) 2 , in 
terms of c l5 c 2 , oj 15 to 2 , it may be proved by the method of 3.52 that 

dcidc 2 du)idt*) 2 = dc 1 dc 2 dco 1 dco 2 . . 3 

Also, using 11.2,n, and remembering that g 21 , g 2 1 now denote the relative 
velocities before and after colhsion, and that -k gives the direction of the 
line of centres at colhsion, 

•4 


£ 21 -(- k ) = #2i-k. 
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Hence 2 reduces to the form 

f [focr 12 S 21 • k dk dCj dc 2 dtn z dto 2 dr dt. 

Prom this point the evaluation of (d e f 1 /dt) 2 proceeds as in 3 . 52 , and leads 
to the result 

Sn(fif2-fif2)° r i2g2i-' kdk dc 2 d<o 2 , .- 

corresponding to 3 . 52 , 9 . It must be remembered, however, that /', /' do 
not now correspond to velocities after an encounter. 

11 . 4 . The velocity-distribution function in the steady state. Consider a 
simple gas in a uniform steady state, under no forces. In such a gas there is 
nothing to cause the molecules to rotate about any one axis in preference 
to any other, and so/will not depend on the direction of to, but only on its 
magnitude. In particular, if/_,/l denote/(c, — to),/(c', — to'), 

/-=/, /!=/'. 

Boltzmann’s equation reduces in the present case to 

^= nmr -a/) **g =. 0, 

where g = c x — c. Multiplying this by log fdcdoa and integrating over all 
values of c and to, we find that 

nnnogf(f'J'-fJ) cr 2 g .kdkdc x d«> x dcdi» = 0. . 2 

By 1, the left-hand side of this equation is equal to 

nnS lo SfM'i-f--A -/-) <r 2 g .kdkdc x d<* x dcd(o. .3 

But, as noted in 11.2, c x , — <0^, c', —to' are the final velocities in an en¬ 
counter in which the line of centres is given by — k, and the initial velocities 
are c 1; — to x , c, — <0; hence the symbols c' x , — to^, c', — co', c X) — to 1} c, — <o,k, 
may be replaced by e l3 to ls c, to, c' x , <o£, c', to', — k; this change merely 
amounts to renaming the variables. The expression 3 then becomes 

inn^snAf-fiD^g' . < -k) dkdc^dc'd^. 

Thus, using 11.31,3,4, the left-hand side of 2 is found to be equal to 

~ JJJJJlog/'C/i/'-A/) <r 2 g • kdkdc x da) x dcdo>. 

Again, by an interchange of the role of the colliding molecules, this expres¬ 
sion is found to be equal to each of 

JIfJT Io gA(/l/' -A/) o-*g .kdkdic^fc&o, 

- JJJJJlog/W/;/' -A/) °- 2 g .kdkdCjd^dcdio. 
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Hence 2 is equivalent to* 

This equation can be solved by the methods of 4.1; it is found that log/ 
must be a summational invariant, so that 

log/ = a (1) + a (2) . me - a®(|mc 2 + 1 7m 2 ) + oc (4) . ( 7 <o + mr a c), . 4 

where a (1) , a (2) , a (3) , a (4) are independent of c and to. Since/_ = /, oc< 4) must 
vanish; and since the state of the gas is uniform, a (1 >, a (2) , a (3) must be in¬ 
dependent of r. The values of aP, a (2) , and are determined from the 
three equations 

n = jjfdcdoj, nc 0 = Jjfcdcdta, 

%nkT = %. |mC 2 = JJ/. lmC 2 dcdo>. 

The final result is / = n e -WP+itfimT m 


A more general steady state of the gas under no forces is given by 4 when 
a (4) , like a (1) , a (2> , and a (3) , is independent of r and t but not zero. For, in 
this case, 

d JSSl- A, 1 ,,«« «... . ^ 




0W =fc.^'.mr,c) 


= mfc. (ca</> (4 >) = 0 , 

and so, since dffdt, d e fjdt and F. dfjdc also vanish, Boltzmann’s equation is 
satisfied. The value of c 0 is now found to be 

e 0 = (a (2) - 1 - a (4) a r) /a (3) . . 6 

Thus the whole mass of gas moves like a rigid body possessing both rotational 
and translational motion, its angular velocity being a ( 4 ) /a (3) ; the state of 
the gas is similar to that considered in 4.14. The mean angular velocity co 0 
of the molecules is found to be a (4) /a (3) , so that it is equal to the angular 
velocity of the gas as a whole, and 

3 

2w o = 9^c 0 . .7 


If £2 is the peculiar angular velocity of a molecule, given by 

£2 = co — <o 0 , .8 

* Pidduek attempted to derive this result by a purely analytical method, closely 
resembling that used in 3.52; he established the equality of integrals identical in 
form with those considered above, but did not notice that the integration with 
respect to k in certain of these was over the hemisphere for which g.lc<0, not that 
for which g . k > 0. 
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the velocity-distribution function can be expressed in the form 

f - „ p —(mC-+ID 2 )/2k T 

J ~ n (2nkTf e 


•9 


Similar results hold for a gas-mixture. 

The mean peculiar energy of a molecule in the steady state given by 9 is 

i JJ/(imC 2 + IIQ 2 ) d<o dc = 3 kT. 


This differs from the thermal energy, which, according to the definition in 
2.4, is equal to 

|m(7 2 + §ih> 2 = JraC' 2 -f |i'(^ + <o 0 ).(SlT+co 0 ) 

= 3 JcT+^IojI. 

The difference is, however, so small that it can for all practical purposes 
be neglected: it is equal to the kinetic energy which the gas would have if 
each molecule had the velocity *J(Ifm) w 0 ; this is very small for any ordinary 
value of o) Q , since *J(Ijm) is of the order of the molecular radius. Thus the 
number N of 2.44,i can be taken as 6 , instead of 3 as for non-rotating mole¬ 
cules;* by 2.43,i,4 it follows that the specific heat c v of the gas is given by 

c v = 3Jc/m, . 10 

and that the ratio y of the specific heats is equal to f, instead of f as for 
monatomic gases. 

The observed value of y for the ordinary diatomic gases is 1 * 4, intermediate 
between §• and f, so that the present model does not represent such gases 
at all closely. The reason is supplied by the quantum theory: the degree of 
freedom corresponding to rotation about the line joining the atomic nuclei 
is not excited, as the quantum of energy corresponding to such rotations is 
very large. The gases for which y approaches most closely the value f are 
chlorine, for which y= 1*355, and methane and ammonia, for which 
y = 1*310. 


11.5. The velocity-distribution for a non-uniform binary mixture. The 
velocity-distribution for a gas not in a steady state will be considered in 

* It is to be observed that N is exactly equal to 6 only for a gas in a uniform 
steady state, since in general there is no guarantee that Iw 2 = mC % . For this reason 
Pidduek proposed to define the temperature by the relation 

imC2 + iI(^= 3/cT. 

e have retained the same definition as for non-rotating molecules, to ensure that 
the hydrostatic pressure should exactly equal JcnT. 
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general for a binary gas-mixture; the results for a simple gas follow as a 
special case. The first approximation to f x is given by 


/i 0) = % 


(2 nlcTf 


e -(»i 1 c' 1 2 +7 1 n 1 2)/2*r^ 


The later approximations to/f°> will depend on the parameters n 1} n 2 , c 0 , w 0 
and T, and on their space-derivatives. The subdivision of the time-deri¬ 
vatives of %, c 0 and T will be in accordance with equations like those 
of 8 . 21 , the only difference being that N will have to be divided into parts 
S®, in particular, in equation 8.21,6 N must be replaced by the 

first approximation to its value, namely 6 . The expression 11 . 3,4 for the 
time-derivative of <o 0 may also be divided into parts; in particular, 


In the steady state in which the gas moves like a rigid body, <o 0 is expres¬ 
sible in terms of the space-derivatives of c 0 (cf. 11.4,7); in the general case 
co 0 may be assumed to be of the same order of magnitude. The space-deri¬ 
vatives of co 0 will thus be of the same order as the second derivatives of c 0 , 
and may be neglected in considering the second approximation to/ r 
To a second approximation/! will be expressible in the form 


A=mi+m, . 3 

where (regarded as a function of C, o>, r and t) satisfies the equation 

r (0X,i - I c D ° c o) w w m 0) r .S 

J1(0 Dt +Cl - ZF+V'-^rl-dCl-dCl^-Tr 0 * . 4 

in which Ji($ (1) ) is defined by 


r 


Besides satisfying 4 and a similar equation, the functions 0p, must also 

satisfy the conditions 

SSfFVPdntdc! = 0 , JJf£»&pdo> 2 dc 2 = 0, 6 

dc ± +/J/| 0) m 2 C 2 d<o 2 dc 2 - 0, . 7 

= 0, 8 

ISfPVPh = 0 , 9 

in order that n x , n 2 , c 0 , co 0 , T may represent the number-densities of the 
two gases, and their mass-velocity, mass angular velocity, and temperature, 
correct to the second approximation. These results are analogous to those 
of 8.2 and 8 . 3 . 
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[ 11.5 


Now 

A, log/i 0) _ Ao ( ln J VY\ J. ^ Z> 0 co 0 

Wt DA b IA/ T 2kT% Dt hT '~dT > 

whence, by 2 and 8 . 21 , 2 , 6 , 

A>iog/l 0) _ w 1 c , s+A*?! 0 „ 

Dt ~ 6k T Br °* 


Again, since the space-derivatives of to 0 are to be neglected 

Slog/i°> 1 3 % / m 1 df + 7 1 13 f\ 1 37 

dr ~ ~ n x Br [ 2 kT J T Br * 


Using these relations, we can put 4 in the form 


3 r 




r jy{“iC 1 C i + i u (m 1 C'|-/ 1 . 




.10 


where U is the unit tensor, and d 12 is given by 8.3,7. The similar equation 
for the second gas is 




=/i o, [{ i 


r m 2 0\ +1 2 Q\ 
2 kT 


4/ C« 


a log t 

‘ Br 


Co . d-,c 


l- J t i {m 2 C 2 O C 2 + iU(m 2 C'l-/ 2 fil)}:| ; c 0 ]. 


The corresponding equation for a simple gas differs only by the absence of 
the term involving d 12 . 

The conditions of solubility of the equations 10 and 11 are readily found, 
as for smooth molecules. It may be verified that 

1 dc 1 + [jJ 2 { 0 ^)j/rPdio 2 dc 2 = 0.12 

Tor if we substitute for J from 5, we get the sum of three integrals, of which 
one is 


JiJJJ/i 0) / (0) {^ (1) + @i 1} ~ @ (iy -0l iy } irPo\g . k dk dto x dc x dto dc . 13 

In the part 

Snnfl 0) f (0) (<h (1) + ®P) fP<r\g .kdkdc^^dcdoy 

of this integral, we may regard c l5 and c, co as the velocities before colli¬ 
sion of two molecules, andk as the direction of the line of centres at collision. 
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These variables can be replaced by c l3 c', to', —k, wben the velocities 
after collision will have to be denoted by c l5 to l5 e, to. The expression then 
becomes 

J/J/J/i 0) '/ Cor ^ (iy +^ (-k) dkdc[ d^dc'di*' 

=nnm o) f*w iy + m**\§ . k^k deeded* 

bv 11.31,3,4- Hence 13 is equal to 

JJJJJ/i 0) / (0) (^ a) ' + 0 i 1Y ) W- &P) <r\g • kdkde^co, dcda>. 

Again, by interchanging the role of the colliding molecules, 

JJJJJ/i 0) / (0) &FWF ~ fiP) <*\g -kdkdcitfcoidcico 

= /JJJJ/1 0) / <0) ^ (1) '(^'- ^®) a\g . kefle^dwidedko, 

and so 13 becomes equal to 

JJJJJA (0) / (0) 0 (1) '(^ y + fF - ^ - &P) <r\g . kdkdc^^dcdui = 0. 

Similarly the other integrals derived from 12 can be shown to vanish. 

On replacing J x(T> a) ), J r 2 (^ (2) ) i * 1 12 by the expressions on the right 
of id, 11 , we get the required conditions of solubility. It is easily verified 
that these are, in fact, satisfied. 

11.51. The second approximation to f. The solutions of 11.5,io,ir must 
he of the form 

®P = -\Ai.?^ + nD 1 .d u + B^e,}, 

= ~ [ a 2 .+ »», .«*„ + .B, c 0 }, 

where A lf A 2 , D lf and D 2 are vectors, and B x and B 2 are tensors. The latter 
now need not be non-divergent, because of the terms involving U on the right- 
hand sides of 11.5 ,io,ii; they are, however, still symmetrical (cf. 7.31). 
The quantities A ± , and B x depend only on the vectors C 1} Sl v and on 
scalars. Since is a rotation-vector (1.11), not an “ordinary” vector, the 
only vectors (not rotation-vectors) which can be formed from C 1 and 
will be scalar multiples of C l3 SI x aC 1} S1 1 a(^1 1 aC 1 ), .... But 

£l ± A lSlj_ A (S2 X a C x )] = -Q*0 1 aC 1 

so that A 1 can be expressed in the form 

A x = AIC 1 +AI i S1 1 aC 1 +A^Q. 1 a(S1 1 aC 1 ), .3 
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This is to be compared with the first approximation ( 10 . 21 ,i) for smooth 
spherical molecules, namely 


[A]x 


75 

: 64a 2 



■7 


From these expressions it is found that the first approximation [A] x is greater 
for rough than for equal smooth spheres by a factor which increases steadily 
from 1-480 to 1-555 as z increases from 0 to its maximum value §, i.e. as the 
mass-distribution varies from complete concentration at the centre to 
complete concentration at the surface. 

We can also obtain expressions for the parts of [A] x in 6 which arise from 
the transport of energy of translation and rotation separately: these corre¬ 
spond to the terms in the integral 5 arising from the expressions %mC' 2 and 
|/_Q 2 in the bracket. We denote these by [A]^ and [A]£; they are given by 


nv nk*T _ , 

[A]i = _ 2^r- oai 


225( 1 + 2k) (1 + z ) 3 /& 3 2V 

16cr 2 (12 + 75z + 101z 2 +102z 3 )\ 77 -m) 9 


nk 2 T . „ 

CA]i = is- 3ai 


9(3+ 19z) (1 + z ) 2 ftfT\± 
4o- 2 (12 + 75 z+ 101 z 2 + 102 z 3 )\ 7 m/ ' 


The ratio of the expression 8 to 7 is unity when z = 0, and 0-946 when 
z — f, and has an intermediate minimum value of about 0-91; the ratio of 
9 to 7 increases from 0-48 when z = 0 to a maximum value of about 0-62, 
afterwards decreasing to 0*609 when z = f. 


11.61. Viscosity in a simple gas. A first approximation to fi, the coefficient 
of viscosity, can be obtained in like manner. The equation giving the tensor 
B for a simple gas is 

J(B) = i ihf i0 \™CC+lU(mC*-IQ*)), .1 


and the form of B is given by 11.51,4; also B must satisfy the equations 

JJ/ (0) B dco dc = 0, 

JJ/ (0) B lmC 2 doidc = 0, 
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which are 11 . 51 , 5,8 modified to apply to a simple gas. The only tensor of 
the second degree in the components of C, £1 which satisfies these con¬ 
ditions is one of the form 

B = b]CC + b'][U (IQ- — 3kT), 


where b£, b* are constants. This, therefore, may be regarded as giving the 
first approximation to B. 

We take as the equations determining b[, b* those which are obtained 
o 

if i is multiplied in turn by CC diode and (IQ-—3kT) diode, and integrated 
over all values of to and c. The first of these equations gives b^; its value is 
found to be 

_ 15(1 + / m 3 \* 

bl “ W(6+l3ij ^FT 3 ] • 


The deviation of the pressure-system from the hydrostatic pressure does 
not depend on b^; for, correct to this order of approximation (cf. 11 . 0 , 3 , 


11.51,i), 


pd) = jjfV&HmCCdvdc 


-Jf 


f®B:^c 0 mCC diode 


= -&K^ r C 0 jjf°>mC‘dudc 


— —2 n 


Jc 2 T 2 ,, d 
V^ bl 8r e °’ 


using 1.421. Thus the first approximation to the coefficient of viscosity is 
given by 

r 1 k * T \> 

Wi = M_ sr bl 

15 f mJcT \* (l+K)* 

8cr 2 \ 7 t J 6 + 13jK 

This becomes identical with the expression 10.21 ,1 obtained for [/fji f° r 
smooth spherical molecules if k = 0; for other values of k between zero 
and | the ratio of the expressions to the value of [/t]i for equal smooth mole¬ 
cules varies between 0*994 and 1*136. 

Since for the present model c v = 3k jm, the equation connecting [A] x 
and \ji\ is 


Mi = [ f ]iWi c »> 
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where [f] x denotes the first approximation to the ratio f ( = X//ic v ); it j s 
given by 

1 (6+ 13a') (37 + 151-ST+ 50z 2 ) 

“ To 12 + 7oir+ 101js: 2 -h 102/^ ■ .4 

Thus [f] x is equal to 1-85 when K = 0, and lies between 1-87 and 1*71 f or 
values of k between zero and §; this is to be compared with the value 
[f] x =2-o obtained for all smooth spherically symmetrical molecules 
( 10 . 21 , 1 ). 


11.62. Diffusion in a binary mixture. The coefficient of diffusion D 12 in 
a binary mixture depends on the vectors D x , D 2 of 11.51, which satisfy 
the equations 

Ji(D) = £/#»<;„ J 2 (D) = -2/f» Cl . 

A first approximation [D 12 ] 1 is obtained by putting 

d ^ 


D x 


-~c x . 


*> 2 = 


where d is a constant; these forms for D l5 D 2 ensure that 11.51,7 shall be 
satisfied. Multiplying the equations i by C x /n x and — C 2 /n 2 , integrating 
over all values of the corresponding velocities, and adding, we obtain the 
equation 

JJ2 C,. JJD) C 2 . J t (D) da> 2 dc 2 

= ^ Jj> 

The value of d is found by substituting from 2 into this equation; we find 
3 m n k 0 + K x i 


d = - 


V 2 (' 
1k x k 2 \ 


' 8 pcrf 2 E 0 + 2e 2 
Hence, evaluating the velocity of diffusion 


m 0 M x M 2 \i 
2rrkT I ' 


W 1 - 3 f i tg ° 

L 12 1 8u<xf 2 \27rm 0 M x M 2 J K 0 


3 in 8.4, we get 

* #0 + K x K 2 

+ 2k x k 2 ‘ 


This is equal to the first approximation \D x f\ x for smooth elastic spheres if 
either e x = 0 or k 2 = 0 , but becomes smaller as k x and k 2 increase. 

In the case of a simple gas, 3 becomes 


on putting m 0 ■ 


[AJi = 

= 2m, M x = M 2 


8 pa 2 \ 7T 

1 = z. 


/kmTy 1 +k 
I _ I — + 2k 
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11.7. Rough spheres of variable radius. The rough spherical model of a 
molecule, like the smooth spherical model, possesses the disadvantage that 
the magnitude of the deflection produced at the collision of two molecules 
depends only on the ratio of their velocities, and not on the actual speeds. 
In actual fact, the deflection produced by an encounter will diminish as the 
velocity of approach of the molecules increases. This can be allowed for by 
supposing that the molecule is of the rough spherical type, but that its 
diameter decreases as the velocity of approach increases. 

Such a model was considered by Chapman and Hainsworth,* who assumed 
that the moment of inertia of the molecule, 7, is constant, but that the 
diameter varies with g, the velocity of approach of the molecules, in accord¬ 
ance with the equation 

e = 4//m<r 2 = |/(1.i 

?/ and l being constants. The formal analysis for this model is the same as for 
the rough spherical molecule of fixed radius. In evaluating the various gas- 
coefficients the integrations proceed as before up to the integration with 
respect to g ; this last step involves numerical quadratures. The expressions 
found for the first approximations to the coefficients of viscosity and 
thermal conduction are 


Mi = 1 

(k s mT s 

\*3 UT) 

[ n , 

I 64 1 ’ 

Mi = | 

(lcm*T\ 

* 15 

l ^ ) 

1 32 

. (12H 1 + 25H 2 ) — 3(4lH 1 H s —25HI) 



R 2 (4R 1 R 3 -25ffi) 


.2 


•3 

•4 


MT) =J V» 


6zx+6x + 7e 
K(l+K ) 2 


dx. 


and the integrals H x , H 2 , H s are given by 




“Jo 

_ fy* dx 

Jo (1 + *) 2 ’ 

_ r, j. ( a +*> 1 2(i+g*)+3*(i±f> u, 

J 0 h(i+z) 2+ (l+x) 2 / 


* Chapman and Hainsworth, Phil. Mag. 48, 593, 1924. 


■5 


.6 

•7 

.8 
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The variable x in 5-8 is given in terms of the relative velocity g by 

x = mg 2 j4JcT. g 

It may be verified that these results reduce to those of Pidduck if we take 
K constant (corresponding to l = 0 in x). 

The most interesting results derived from this model are those relating 
to the number f appearing in the equation 

A = ipic v . 

This depends on l and K, the mean value of k for all collisions at the tem¬ 
perature considered; values of the first approximation to f for certain 
special values of l and k are given in the following table: 


Table 10. Values of [f] x in teems of l and k 


1 = 0 

1 = 0-5 

1 = 0-1 

03 

6 

il 

1-85 

1-61 

1-48 

1-34 

1-87 

1-61 

1-50 

1-29 

1-85 

1-70 

1-58 

1-47 

1-71 

1-71 

1-71 

1-71 


In the first column are given the results obtained from Pidduck’s model, 
while the last row corresponds to rj = 0. It is seen that [f] x diminishes as l 
increases, that is, as the dependence of diameter on velocity becomes more 
pronounced. 

The law of dependence of the viscosity on the temperature for this model 
was also investigated numerically. It was found that in the range of tem¬ 
perature from 0 to 250° C. there is never a deviation of more than 1 per cent, 
from a law of the form pi oc T s , if s is suitably chosen; s is found in terms of I 
and r 0 , the value of e at 0 ° C. for an assigned value of 97 in 1 . The values 
of s are given in Table 11 . 


Table 11. Values of s in terms of l and k 0 


1 = 0 

1= 0-5 

1 = 0 - 

0-50 

0-86 

0-80 

0-50 

0-75 

0-68 

0-50 

0-67 

0-60 

0-50 

0-50 

0-50 


Roughly speaking, models that give the smaller values of [f ] x in Table 10 
give the larger values of s. 

11.8. Disadvantages of the rough-sphere molecular model. The absence of 
an encounter inverse to a given encounter, referred to in 11 . 2 , is not peculiar 
to rough rigid spherical molecules; it applies to all models possessing degrees 
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of freedom corresponding to internal motions. The analysis for such models 
p mathematically less attractive than that for smooth spherical molecules, 
because no general integral theorems exist similar to those of 4.4. In 
consequence, the successive approximations to the coefficients of viscosity, 
thermal conduction, and diffusion cannot be shown to increase steadily to 
their limit. 

The rough spherical molecular model also has the special disadvantage 
that the deflection produced by a given encounter does not vary com 
tinuouslv as the encounter-variable b increases; a grazing encounter, in 
which the two molecules just touch, does not in general produce a small 
deflection in the relative velocity, as can be seen from 11 . 2 , 7 - 10 . This differs 
from what we should expect on physical grounds. Nevertheless, results 
obtained from the model are of considerable interest as illustrating the 
behaviour of gases whose molecules possess internal energy. 
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Chapter 12 


VISCOSITY: COMPARISON OF THEORY WITH 
EXPERIMENT 

12.1. Formulae for fi, for different molecular models. The various formulae 
obtained for the coefficient of viscosity fi are grouped together here for 
convenience of reference. The formulae for [/i ] l5 the first approximation 
to/t, are as follows: 

(i) Smooth rigid elastic spherical molecules of diameter cr (10.21,i), 
IkmT's^ 


Mi = 


16o- 2 \ 


:mT\* 

IT) ' 


(ii) Molecules repelling each other with a force K{r v (10.31,1), 

(iii) Attracting spheres, diameter cr (Sutherland’s model, 10.41,9), 

r1 5 [kmT\* If S\ 

16cr 2 ( ir )/\ l+ Tj ' . 3 

(iv) Lennard-Jones’ model (10.42, 12 ), 

-=i(¥)wr/--( 4 -A)(---).- 

(v) Rough elastic spheres of diameter cr (the Bryan-Pidduck model, 
11.61,3), 

r , 15 (kmT\i(I+K) 2 

= ) eTISP . 5 

where k is given hy 11 . 2 ,i. 

Further approximations have been determined for the first two models. 
For the first (cf. 10 . 21 , 4 ), the value of /£, correct to three decimal places of 
the numerical factor, is 

ft = l-OieiXk = 0-1792 {kmTfja 2 = 0-499 pCl . 6 

(cf. 4.11,2, 5.21,4 and 6.2,i), and for the second (10.31,2), 

A = Wl { l + 2( ?-l) ( ( , 10lT-113 ) + --- i - 
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Thus for rigid elastic spheres y is 1-6 per cent, in excess of [y\, while for 
Maxwellian molecules (v=5) y is identical with [y\: for values of v between 
5 and cc, y is in excess of [y]i by less than 1-6 per cent. We may therefore 
expect that for 5 < v < co no great error will be incurred for any model if 
the first approximation [y\ be used in place of the true value y. 

On comparing i with 5 it appears, as in 11.61, that the possession of internal 
energy by the molecules does not seriously affect the rate at which they 
transport momentum, since the ratio of 5 to 1 varies only between 0-994 
and 1-136 as z ranges from 0 to its maximum value f. 

12.2. The dependence of viscosity on the density. The coefficients of vis¬ 
cosity of many gases have been determined experimentally to a fair degree 
of accuracy. By comparing the experimental results with the theoretical 
formulae some information about the nature of the interaction between 
molecules can be obtained. 

Each of the formulae of 12.1 predicts that the coefficient of viscosity of 
a gas is independent of its density: this is a general result independent of 
the nature of the interaction between molecules (cf. 7.52). Thus the capacity 
of a gas for transmitting momentum, and so for retarding the motion of a 
body moving in it, is not decreased when its density is diminished. This 
surprising law was first announced by Maxwell* on theoretical grounds, and 
afterwards verified experimentally by Maxwell and others. 

The consequences of this law are interesting. Eor example, in so far as 
the damping of the oscillations of a pendulum is due to the viscous resistance 
of the gas in which it moves, the degree of damping will be independent of 
the density of the gas, and the oscillations will die away as rapidly in a 
rarefied gas as in a dense gas. This was first noted by Boyle.f 

Again, according to Stokes’s law, the velocity of a sphere of mass M and 
radius a falling under gravity (g) in a viscous fluid tends to the limiting value 

g(M-M 0 )l6nay, 

where M 0 is the mass of fluid displaced by the sphere. When the fluid is a 
gas, M 0 will be negligible compared with M, so that the limiting velocity of 
fall should be independent of the density. 

When, however, a body moves at a high velocity in a viscous fluid, the 
ordinary laminar motion of the fluid is unstable, and gives place to a tur¬ 
bulent motion. In this case the conduction of momentum away from the 
body is by eddies, not by the ordinary viscosity of the fluid. Thus the 
resistance of a gas to a body moving at a high velocity is not the ordinary 
viscous resistance, and may depend on the density. 

* Maxwell, Phil. Mag. 19, 19, 1860; 20, 21, 1860; Coll. Works, 1, 391. 
t See Poynting and Thomson, Properties of Matter, p. 218. 
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Even when no turbulence is present, the viscous resistance of a gas may 
be expected, in certain circumstances, to show some dependence on the 
density. For example, at low densities there will be slipping of gas at the 
walls of the vessel in which it is enclosed, as noted in 6.21: an apparent 
reduction in the coefficient of viscosity results. Slipping is similarly of im¬ 
portance in the fall of very small drops under gravity. Again, for a verv 
dense gas, such that the volume of the molecules of the gas is an appreciable 
part of the volume occupied by the gas, the preceding theory is inadequate, 
and actually the viscosity of the gas is found to vary with the density; an 
extension of the theory, appropriate to this case, is described in Chapter 16. 
Moreover, in a vapour near to condensation, the molecules will form aggre¬ 
gations consisting of several molecules, and again the preceding theory and 
its results need to be modified. 

In addition to such variations as these, other small departures from the 
law that // does not depend on the density have been observed.* However, 
for most gases the observed density-variations in the coefficient of viscosity 
hardly exceed the probable experimental error. 

The dependence oe the viscosity on the temperature 
12.3. Rigid elastic spheres. The various formulae of 12.1 give different rela¬ 
tions b etween the coefficient of vis cosity and the temperature. If the molecules 
are rigid elastic spheres, ju,cc T* 

while all the other models imply a greater degree of variation of viscosity 
with temperature. Experiment shows that for all gases the actual variation 
of viscosity with temperature is more rapid than that given by i, as is to be 
expected. Thus if equation 12.1,6 for the coefficient of viscosity is used, the 
diameter cr of a molecule must be supposed to vary with the temperature, 
decreasing as the temperature increases. To illustrate the order of magnitude 
of the variation, we give the diameters of helium molecules at different tem¬ 
peratures, calculated from the experimental values (2, 3) of /t, using 12.1,6: 

Table 12. Values oe y and cr for helium 


Temperature 

10 7 x/i 

10® X cr 

(°C.) 

g./cm. sec. 

cm. 

-258-1 

294-6 

2-667 

-197-6 

817-6 

2-370 

-102-6 

1392 

2-226 

17-6 

1967 

2-140 

183-7 

2681 

2-052 

392 

3388 

2-005 

815 

4703 

1-966 


* For example, a variation of [i with density has been noted for hydrogen; see 
reference (1) in the list at the end of this chapter. Later references to this list will 
he indicated by figures in the text, as (1). 
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The variation of the apparent radius with temperature receives a simple 
explanation on the hypothesis that the molecules are centres of repulsive 
force not hard spheres. The motion of the centre B of one molecule relative 
to the centre A of another at their encounter is then represented diagram- 
maticallv by Fig. 3 (p. 57). The deflection of the relative velocity g at en¬ 
counter is the same as if, in the figure, the motion of B relative to A were 
along the lines BO, OQ instead of along the 'curve LMN; that is, it is the same 
as if the molecules were elastic spheres, and collided when B reached 0: 
their effective diameter at the encounter is thus AO. If the elastic-sphere 
theory is applied to such molecules, the value of a deduced from the ex¬ 
perimental values of p is the mean of the values of this effective diameter 
for all encounters, weighted so as to give greatest importance to encounters 
producing the largest deflections. 

The deflection x the relative velocity at encounter is given in terms of 
the encounter-variable b and the effective diameter OA by the equation 
(cf. 3.44,2) ^ cog 

If ° increases, b remaining constant, the time during which each molecule 
is under the influence of the other’s field diminishes, and x will also diminish: 
thus OA, too, must decrease. Hence an increase of temperature, which 
implies an increase in the average value of g at encounter, results in a 
decrease in the apparent value of cr. 


12.31. Point-centres of force. The law of variation of viscosity with tem¬ 
perature for molecules repelling each other as the inverse vth power of the 
distance (cf. 12 . 1 , 2 ) is uccT 3 . 1 


where* 


.2 


Comparing this with 12.1,6, we see that for this model the apparent 
radius of a molecule varies inversely as the lj(v — l)th power of the 
temperature. 

Equation 1 can also be written in the form 

H-li'(TITy, . 3 

where p' is the coefficient of viscosity at an assigned temperature T . If 
the value of p is known for a second temperature, the value of s can be 
found. Hence the formula 3 can always be satisfied by the experimental 
values of p for two temperatures, if p' and s are suitably chosen. 

* This formula was inferred from dimensional considerations by Rayleigh, Proc. 
Roy. Soc. A, 66, 68, 1900; Collected Papers, 4, 452. 
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For several gases, notably hydrogen and helium, the experimental values 
of fi conform to an equation of the type 3 over a large range of temperature.* 
The results for helium are given in Table 13; in the second column are given 
the observed values of /i, and in the third, the corresponding values of// 
calculated from 3 , taking a = 0-647, and adopting the value /i = 1887 x 10- 
for the viscosity at 0 ° C. The fourth column gives the values calculated 
from Sutherland’s formula (cf. 12.32). 


Table 13. Viscosity of helium 


Temperature 

fC.) 

10 7 x fi (exp.) 

10 7 x ]/, (calc.) 
(force -centres) 

10 7 x /i (calc.) 
(Sutherland) 

-258-1 

294-6 

288-7 

92 

-253-0 

349-8 

348-9 

135 

- 198-4 

813-2 

815-5 

621 

-197-6 

817*6 

821-3 

628 

-183-3 

918-6 

918-5 

745 

-102-6 

1392 

1389 

1317 

— 78-5 

1506 

1515 

1460 

- 70-0 

1564 

1558 

1513 

- 60-9 

1587 

1603 

1563 

- 22-8 

1788 

1783 

1771 

17-6 

1967 

1965 

1974 

18-7 

1980 

1970 

1979 

99-8 

2337 

2309 

2345 

183-7 

2681 

2632 

2682 


For other gases, however, equation 3 does not agree so well with the 
experimental results, and the value of s for which 3 best fits observation 
varies with the range of temperatures considered. Even for helium a slight 
variation is found; for temperatures above 0 ° C. the value given for s is 
0-661(3), instead of the value 0-647 found for lower temperatures. For other 
gases the effect is more marked; thus Markowski( 4 ) found that for oxygen 
the best value of s is 0-81 between 17 and 100 ° C., and is 0-72 between 100 
and 186° C., whereas for nitrogen it is 0-76 between 15 and 100 ° C., and 0-73 
between 100 and 183° C. 

The variation for most gases is in the same direction as for oxygen and 
nitrogen: that is, the value of s increases, and so v decreases, as the tem¬ 
perature is reduced. This may be interpreted as implying that the molecular 
repulsion varies according to a smaller power of 1 jr when r is large than when 
r is small; because at low temperatures the molecules do not penetrate so 
far into each other’s repulsive fields as at high temperatures. This is, how¬ 
ever, not the only possible interpretation; in the derivation of 1 no account 
is taken of the fact that the interaction of molecules at large distances may 
be an attraction ; such an attraction would influence the molecular motions 


References (1), (2). The table is taken from (2). 
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more at low temperatures, when the velocities of molecules are small, than 
ai high. 

Table 14 lists the values of s and v for several gases for certain ranges of 
temperature. The values of orange between 14-5for neon and 14-6 for helium, 
to values in the neighbourhood of 5 for molecules of complex structure. If 
v is large, the mutual repulsion between pairs of molecules at encounter 
increases very rapidly as they approach, and the encounter approximates 
to a sharp impact: in this case the molecules are said to be hard, while for 
small values of v, in the neighbourhood of 5, they are said to be soft. 


Table 14. Values of s axd v 


Gas 


V 

Temperature ra 
(°C.) 

Hydrogen 

0-695 (1) 

11-3 

-183-20-8 

Deuterium 

0-699 (25) 

11-0 

-183-22 

Helium 

0-647 (2) 

14-6 

-258-1-18-7 


0-685 (7) 

11-8 

15-3-99-6 

Methane (CH 4 ) 

0-873 (9)* 

6-36 

17-100 

Ammonia 

0-981 (10)* 

5-16 

15-100-1 

Neon 

0-657 (11) 

13-7 

20-100 

Carbon monoxide 

0-758 (12)* 

8-75 

15-100 

Nitrogen 

0-756 (4) 

8-8 

15-100 

Air 

0-768f 

8-46 

0-100 

Nitric oxide 

0-78 (14) 

8-1 

20-100 

Oxygen 

0-814 (4) 

7-6 

17-100 

Hydrochloric acid 

1-03 (11) 

4-97 

20-96 

Argon 

0-816 (7) 

7-35 

15-100 

Carbon dioxide 

0-935 (16)f 

5-6 

-20-140 

Nitrous oxide 

0-89 (17)§ 

6-15 

28-1-278 

Chlorine 

1 (19) 

5 

20-100 


* The values of s thus marked are not given in the original papers quoted, but are 
calculated from the data given there. 

f This value is calculated from the (mean) values p = 1*709 x 10- 4 at 0° C. and 
p = 2-172 xlO- 4 at 100° C. 

I Mean value given in the paper quoted, derived in part from the results of other 
workers. 

§ Mean of values for parts of the range. 


12.32. Sutherland's formula. The viscosity of a gas whose molecules are 
rigid attracting spheres is given, to a first approximation, by 



(cf. 12 . 1 , 3 ). Comparing this with 12 . 1 ,i, we see that the effectof the attractive 
field is to increase the apparent diameter of the molecules in the ratio 
N '(l + SjT): 1 . The increase is largest if the temperature is small, and 
becomes negligible at very large temperatures. 

It is easy to see why this increase should occur. As in 10.41, we consider 
only collisions which would have occurred even if the attractive field were 
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these gases, since the formula is only approximate, and for some gases the 
approximation cannot be justified. If a is to be valid, the terms of 3 after 
the second must be negligible; this is hardly to be expected if the second 
term is of the same order as the first, as it is for carbon dioxide. 

Table 16. Viscosity of C 0 2 and N 2 


Carbon dioxide (3) 



Nitrogen (21) 


Temperature 

10 7 x ji 

10 7 x/i 

Temperature 

10 7 x [i 

10 7 x [i 

CC.) 

(observed) 

(calc.) 

(°C.) 

(observed) 

(calc.) 

-20-7 

1294 

1284 

-76-3 

1275 

1269 

15-0 

1457 

1462 

-37-9 

1465 

1469 

99-1 

1861 

1857 

16-1 

1728 

1728 

182-4 

2221 

2216 

51-6 

1880 

1884 

302*0 

2682 

2686 

100-2 

2084 

2086 




200 

2461 

2461 




250-1 

2629 

2633 


It is, in fact, only possible to test the validity of Sutherland’s model for 
any gas by observations at temperatures so high that 8/ T is fairly small. 
At low temperatures the attractive forces are of major importance in deter¬ 
mining the viscosity, and if these are proportional to the inverse vth power 

i + _L 

of the distance the viscosity is approximately proportional to T 2 v ~ l : 
Sutherland’s formula predicts a variation of the form pL cc T§, which is 
greater, since v>3 always. Thus Sutherland’s formula may be expected 
to give too small values of y for all gases at low temperatures. This is actually 
found to be the case ( 22 ). The figures given in the fourth column of Table 13 
illustrate this for helium; 8 is taken as 78-2. 

Observations of the viscosity at high temperatures (3) show that, while 
Sutherland’s formula is followed closely by some gases, such as oxygen and 
nitrogen, it fails for others, such as hydrogen and helium. For example, for 
helium the value of 8 for which 2 fits the observations increases from 80, its 
value at ordinary temperatures, to about 200 for temperatures near 800° C.; 
in this case Sutherland’s model is clearly inappropriate. This is what 
would be expected, since we have already seen that the viscosity of hydro¬ 
gen and helium follows a law of the form /1 oc T n . Even when Sutherland’s 
formula well represents the data, it is improbable that his model does actually 
represent the molecular structure at all well. The formula corresponds to 
an increase of pu with T more rapid than that found for non-attracting rigid 
spherical molecules, but the greater rapidity actually found by experiment 
is almost certainly due much more to the “softness ” of the repulsive fields 
of force round molecules than to the strength of their attractive fields. The 
chief value of Sutherland’s formula seems to be as a simple interpolation 
formula over restricted ranges of temperature. 
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12.33. The Lennard-Jones model. This model takes into account both 
the softness of molecules and their mutual attractions at large distances. 
The force between two molecules, taken as positive if repulsive, is supposed 
to be 

K1— v — k' ?— 3 


at a distance r. The index — 3 of the second term was adopted purely for 
mathematical convenience: according to the quantum theory of the van 
der Waals attractions, — 7 would seem likely to correspond more closely 
with the actual facts. If k' is negative, the field will be repulsive at all 
distances, but becomes softer as r increases. 

The formula for y derived by Lennard-Jones from i is 12.1,4, which 
implies that 


,(T \I S+T' v ~ 1 

= -El’ 

s+r - 1 


where y' is the value of y at temperature T'; S, which is proportional to k', 
represents the effect of the distant field, and when S = 0 2 reduces to 
12 . 31 , 3 : 3 is a valid approximation only if the correction represented by S 
is small. If v is large, S and k' have the same sign, as in Sutherland’s formula, 
which is obtained on putting v = 00 in a; if, however, v is less than about 16, 
S and k' have opposite signs. In the latter case the effect of the attraction 
at large distances is to be regarded as merely decreasing the total repulsive 
field. 

The formula 2 can be made to fit experimental values of y over a large 
range of temperatures with considerable accuracy, by appropriate choice 
of v and S. Table 17 illustrates the fit for argon. An excellent fit is in any case 
to be expected, since equation 2 possesses the advantage over the formulae 
of the preceding sections that it involves two disposable constants, v and S, 
instead of one. It is satisfactory, however, to find that the value of S is 
v -3 

fairly small compared with T v ~ x even at the lowest temperatures con¬ 
sidered.* 

The values of v and S are to some extent indeterminate. Since an increase 
of v produces an effect not unlike that of a decrease in S, a good fit can be 
obtained for many gases with widely different pairs of values of v and S . 
This is well shown in Table 18, which refers to carbon dioxide ; the calculated 
values in the third column are for v = 00, S = 239-7, and are those already 

* This and Table 18 are taken from Lennard-JTones’s paper, Proc. Roy. Soc. A, 
106, 421, 1924. 


15-: 
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given in Table 16 for Sutherland’s formula; the last three columns refer to 

v -3 

three pairs of values of v and S, the ratio of S to T v ~ x being small in all 
three cases. In spite of the widely differing values of v and S, there is little 
difference in the closeness of fit. Thus the additional adjustable constant 
in 2 , as compared with 12.31,3, entirely removes the deficiencies of the 
latter as a means of representing the observations, but it does not give a 
unique indication of the character of the molecular field, either near or 
distant. 


Table 17. Viscosity of argon according to Lennard-Jones’s formula: 


141, S = 38*62, 

T' = 272*9, 

/ l ' = 2116x 10~ 7 

Temperature 

(°C.) 

10 7 x [i 

(observed) (5) 

10 7 x pb 
(calc.) 

-183*2 

735*6 

740*9 

-104*4 

1379 

1376 

- 78*8 

1575 

1567 

- 60*2 

1697 

1702 

- 40*2 

1854 

1844 

- 20*3 

1987 

1980 

- 0*21 

2116 

2116 

13*17 

2207 

2204 

99*7 

2751 

2751 

183*3 

3243 

3241 


Table 18. Viscosity of carbon dioxide according to 
Lennard-Jones’s formula 


10 7 x ft (calculated) 


Temperature 

0 

X 

V — CO 

r=14£ 

v= 11 

v = 7f 

(°C.) 

(observed) 

S = 239*7 

S = 58*82 

S= 18*25 

5 = 9*3 

-20*7 

1294 

1284 

1300 

1300 

1299 

15 

1457 

1462 

1472 

1469 

1466 

99*1 

1861 

1857 

1856 

1844 

1844 

182*4 

2221 

2216 

2212 

2200 

2204 

302*0 

2682 

2686 

2693 

2693 

2704 


The value of S deduced from experimental data is in general positive; 
this gives the sign of k'b 2 (v) (cf. 10.42,13), and B z (v) is positive only if v is 
large (above about 16). Thus for the last three values of v in Table 18, for 
carbon dioxide, k' is negative, while if v — oo, k' is positive. The ambiguity 
in v and S therefore involves uncertainty even as to the nature—repulsive 
or attractive—of the distant field. For few gases is v found to exceed 16 
for values of 8 sufficiently small for the formula 2 to be theoretically 
valid (neon is one of the possible exceptions). Hence for most gases the 
variation of viscosity with temperature may be interpreted as indicating 
a change in the index of the repulsive field at moderate distances, but not 
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as giving information about the attractive field at greater distances.* This 
point 'was not brought out by Lennard-Jones, who seems tacitly to have 
assumed that his correcting term in P (10.4,i) corresponded always to an 
attractive field, without examining the sign of k'. 

On account of the ambiguity in the values of v and S derived from 2 , it 
seems best, on the whole, to use the formula 12.31,1, corresponding to the 
simple law of force kt~ v , when discussing experimental results. The variation 
of s, and consequently of v, over successive small ranges of temperature, 
-will provide information as to the varying hardness of the field at different 
distances of molecular approach. But it appears impossible to obtain 
reliable information as to the nature of the attractive force from the varia¬ 
tion of /£ with T. Viscosity data may throw fight on the appropriateness of 
a formula for the molecular field derived by other means, but by them¬ 
selves they do not give unambiguous information as to the field. 

12.4. Molecular diameters from the viscosity of gases. Table 19 gives values 
of fi for a number of the common gases for the temperature 0° C. The last 
column gives the molecular radii calculated from 12.1,6. 


Table 19. Viscosities of gases at 0 ° C. 


Gas 

Molecular 

■weight 

10 7 x fi 

10 s x 

Hydrogen, H 2 

2-016 

850 

(7) 

1-365 

Deuterium, D 2 

4-032 

1180 

(25) 

1-378 

Helium, He 

Methane, CH 4 

Ammonia, NH 3 

4 

1887 

(22) 

1-087 

16-031 

1033 

(22) 

2-079 

17-031 

944 

(10) 

2-208 

Neon, Ne 

20-2 

2981 

(8) 

1-297 

Carbon monoxide, CO 

28 

1665 

(12) 

1-883 

Ethylene, C a H 4 

28-031 

961-3 

(6) 

2-478 

Nitrogen, N 2 

28-016 

1674 

(5) 

1*87 8 

Air 

— 

1709 


— 

Nitric oxide, NO 

30-008 

1794 

(22) 

1-845 

Oxygen, 0 2 

Sulphuretted hydrogen, H 2 S 

32 

1926 

(5) 

1-810 

34-081 

1175 

(9) 

2-354 

Hydrochloric acid, HC1 

36-466 

1332 

(15) 

2-249 

Argon, A 

39-91 

2104 

(7) 

1-832 

Carbon dioxide, C0 2 

44 

1380 

(22) 

2-315 

Nitrous oxide, N 2 0 

44-016 

1362 

(22) 

2-331 

Methyl chloride, CH 3 C1 

50-481 

988-6 

(6) 

2-831 

Sulphur dioxide, S0 2 

64-065 

1183 

(22) 

2-747 

Chlorine, Cl 2 

70-916 

1218 

(20) 

2-777 

Krypton, Kr 

82-9 

2334 

(8) 

2-086 

Xenon, Xe 

130-2 

2107 

(8) 

2-458 


It can be seen from this table that the molecular radii increase somewhat 
with increasing molecular weight, and also with increasing complexity of 

* The molecular field actually becomes attractive at a distance not much greater 
than the diameter cr given by 12.1,6. The attractions extend to a distance 2<r at least, 
but they are much smaller than the repulsions at distances slightly smaller than cr. 
See Lennard-Jones, Proc. Phys. Soc. 43, 461, 1931. 
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the molecules. The viscosity does not show much increase with molecular 
weight. 

12.5. The viscosity of a gas-mixture . The first approximation to the 
coefficient of viscosity of a gas-mixture is (cf. 9.84,2) 


/2 m, \ /2 m 2 \ e e 4 „ 

2 \3 m 2 J ■ \3 m 1 ) 2/q 2/q 3 

m, \ /2 m 2 \ 

m 2 / ^ 2i \3 m x /_E 4A(m x + ? 


E ^ 4a (m 1 + to 2 ) 2 

2 C/hJi t/^L. 3 Emj m 2 


where [/qh are the first approximations to the coefficients of viscosity 

of the constituent gases, and a, e are quantities depending only on the 
interaction of molecules of different kinds. By 9.81,i, the quantity e is 
equal to § nm 0 (D 12 ) 1} where (D 12 )i is the first approximation to the coefficient 
of diffusion of the two gases; a is a dimensionless quantity, whose values 
for molecules behaving like centres of a repulsive force kt~ v are given, for 
certain values of v, in Table 3 of 10.3. 

In 12.1 it has been shown that for a simple gas the first approximation 
\ji\ to the coefficient of viscosity y is in general only slightly in error. 
Hence the error of i must become small as n 2x or n 12 tends to zero. Over 
the same range of v the error of [/*.]i may be greater (up to 8 per cent.) in the 
case of a (Lorentzian) mixture of molecules of very unequal mass (10.5- 
10.53; Table 9, p. 197), but in this ease the value of fi there calculated is not 
the complete value but refers only to the stresses due to the light molecules; 
hence this example does not well illustrate the degree of accuracy of \jl\ 
for a mixed gas in general. However, the variation of fi with the proportions 
of the mixture should be represented fairly closely by i if a and e are 
suitably chosen. 

If n 21 is very small, we get the case of a gas in which a small quantity of 
a second gas is present as an impurity. In this case i approximates to 


Mx = Wi+%{iE + 2[>Ji(f-A) 

— 4 a + %) 2 / 3 e% w 2 }/(f -f a mjm z ) . 2 


12.51. The variation of the viscosity of a mixture with the concentration- 
ratio. Graham* first noticed the curious fact that the addition of a moderate 
amount of a light and relatively inviscid gas (hydrogen, in the case men¬ 
tioned) to a more viscous and heavy gas (carbon dioxide) may actually 
increase the viscosity of the latter. The figures for mixtures of helium and 
argon, given below, illustrate this phenomenon. The explanation seems to 
be somewhat as follows. The addition of a quantity of the same gas to the 


Graham, Phil. Trans. Roy. Soc. 136, 573, 1846. 
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heavy gas reduces the mean free path, but increases the number of carriers 
of momentum; these two effects just balance. When, however, a small 
quantity of a light gas is added to the heavy gas, the mean free path of the 
molecules of the latter is hardly affected, because of the large persistence of 
velocities after collisions with the lighter molecules (5.5): and the small 
additional transport of momentum by the lighter molecules may outweigh 
the effect of the decrease in the mean free path of the heavier. 

A detailed comparison of theory with experiment as regards the variation 
of// with njn 2 has been made for mixtures of hydrogen and helium, and of 
helium and argon. The constant a is determined from the table of 10.3, 
adopting for the force-index v 12 at the encounter of molecules of different 
hinds a value intermediate between the values of the force-index v for the 
two gases of the mixture. The constant e is then determined by trial; its 
value cannot be obtained directly from experiment, since it is related to the 
first approximation to the coefficient of diffusion, not the exact value, and 
since, moreover, the experimental determinations of coefficients of diffusion 
are not always reliable. If, however, the experimental value of D 12 is known, 
this affords a check on the value obtained for e. 

Mixtures of hydrogen and helium at 0° C. 

The value adopted for a is 0-456, corresponding to v 12 — 13 (for hydrogen 
v — 11*3, for helium v — 14-6; see Table 14). The best value of e is found to be 
1-24 x 10~ 4 . There exists no experimental value of D 12 with which to com¬ 
pare this. If, however, the molecules are regarded as rigid elastic spheres, 
using this value of E in 10.22,2, we find that <r 12 = 2-28 x 10~ 8 cm. The sum of 
the radii of hydrogen and helium molecules given in Table 19 is 2-45 x 10 -8 cm. 

Mixtures of helium and argon at 20° C. 

The value adopted for a is 0-471, corresponding to v 12 = 10 (for helium 
v = 14-6, for argon v = 7-35). The value found for e is 4-446 x 10 -4 , giving 
(D 12 ) 2 = 0-730 at a pressure of one atmosphere. The experimental value of 
the coefficient of diffusion at 15° C. is 0-705. 

The calculated and observed* values of the coefficient of viscosity are 
given in Table 20. It can be seen from this that the theoretical formula 
represents the variation of the coefficient of viscosity very closely.f 

* For helium-argon mixtures, see refs. (11), (23); for hydrogen-helium mixtures, 
see (13). In the original paper the calculated values for hydrogen-helium mixtures 
are based on Thiesen’s empirical formula. 

f A large number of formulae have been given for the viscosity of a gas-mixture. 
Kuenen ( KoninJc. Akad. Wetenschappen, Amsterdam, Proc. 16 , 1162, 1914, and 17 , 
1068, 1915) derived a formula by a corrected free-path method: the others are 
empirical. See Chapman, Phil. Trans. 211 , 470, 1912, and Trautz, in numerous 
papers in Ann. der Physik from 1929 onwards. Van Cleave and Maas (25) confirm the 
theoretical formula 12.5,i for H 2 -D 2 mixtures. 
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Viscosity: 

Table 20. The viscosities of two gas-mixtures 


[ 12.52 



Hydrogen-helium 



Helium-argon 


% 

10 7 x fi 

10 7 x /i 

% 

helium 

10 7 x /i 

10 7 x/i 
(calc.) 

hydrogen 

(observed) 

(calc.) 

(observed) 

0 

1892-5 

1892-5 

0 

2211 

2211 

3-906 

1850-0 

1853-9 

34-95 

2278 

2281 

10-431 

1759-6 

1767-9 

36-60 

2286 

2284 

13-60 

1732-7 

1730-9 

38-20 

2291 

2287 

24-913 

1603-2 

1605-6 

49-06 

2296 

2301 

40-284 

1430-6 

1432-1 

59-66 

2304 

2305 

60-143 

1226-7 

1225-3 

75-65 

2270 

2275 

Sl-193 

100 

1016-5 

841 

1016-5 

841 

100 

1973 

1973 


12.52. Viscosity of a gas-mixture; variation with temperature. The com¬ 
plicated nature of the formula 12.5,i renders it difficult to predict from 
it the precise law of the temperature-dependence of the viscosity of a 
gas-mixture: only in special cases can definite predictions be made. By 
10 .3,12, if the force between molecules of opposite types varies inversely 
as the uth power of their mutual distance, then e is proportional to T s , 
■where, as in 10.31, 

1 2 

S ~ 2 + v-l’ 

If the interaction between like molecules obeys the same law, /q and y 2 are 
also proportional to T s ; thus, for a mixture of assigned proportions, (i cc T s . 
For example, the viscosities of hydrogen and helium have much the same 
variation with temperature, and a like variation is found for mixtures of 
hydrogen and helium. 

In general, however, the interactions between the different types of 
molecule in the gas will follow different laws. In consequence, if it is assumed, 
say, that in a given mixture [i oc T s , the value of s will be found to depend on 
the proportions of the two gases present. This variation is illustrated by 
the following table of the average value of s for mixtures of helium and 
argon between 20 and 100° C.: 


Table 21. Temperature-variation of the viscosity of mixtures 

OF HELIUM AND ARGON ACCORDING TO A LAW jlOCT S 


% 

10 ’x/i 

10 7 x/i 


helium 

at 20° C. 

at 100° C.* 

s 

0 

2211 

2686 

0-805 

34-05 

2278 

2736 

0-759 

49-06 

2296 

2750 

0-748 

75-65 

2270 

2687 

0-699 

100 

1973 

2320 

0-671 


* For the experimental values, see refs. (23), (11). 
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As noted in 12.51, the addition of a moderate amount of a light gas often 
increases the viscosity of a heavy gas: for a given temperature the viscosity 
of the mixture has a maximum value when the proportions of the two gases 
are suitably chosen. It is found that, as the temperature increases, t hi s 
maximum tends to disappear. Fig. 9 illustrates this tendency for mixtures 
of hydrogen and hydrochloric acid. 



Figure 9 


An analytical explanation of the tendency is as follows. Suppose that the 
first gas is the heavier; then, as the temperature increases, p x in general 
increases more rapidly than whereas the variation of e, which depends 
on interaction between molecules of different types, may be expected to be 
intermediate between those of and /i 2 , so that e//^ will decrease. Now, 
according to 12.5,2, the addition of a small amount of the lighter gas will 
increase the viscosity of the heavier gas only if 

e/ 2/£* + 2(f - a) > 4a/* 1 /3eJ4 1 J4 

Since, as the temperature increases, the left-hand side decreases while the 
right-hand side increases, this inequality may cease to be true for sufficiently 
high temperatures. 
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Chapter 13 

THERMAL CONDUCTIVITY: COMPARISON OF 
THEORY WITH EXPERIMENT 

13.1. Summary of the formulae. Various formulae for the coefficient of 
conduction of heat, A, in a simple gas have been derived in Chapters 10 
and 11. It has been found that A is connected with the coefficient of viscosity, 
u. by an equation of the form 

A = f/ic v .i 

(cf. 6.3,3), where c v is the specific heat at constant volume, and f is a pure 
number. The first approximations, [A] x and to A and fi are similarly 
connected (cf. 9.7) by a relation 

[Ah = [f 

where [f] x is the first approximation to f. 

The value of [f] t has been found equal to 2*5 for all smooth spherically 
symmetrical molecules (9.7,2). Further approximations to f have been 
calculated in certain special cases. It has been shown (10.21,5) that for rigid 
elastic spheres f = 2-522, and that for molecules repelling each other with 
a force varying inversely as the vth power of the distance (cf. 10.31,2,3) 

(n-5) 2 

5 + 4(P-I)(llv-I3)~ i ~’” 

2‘ 3(v-5) 2 • 

2(v-l)(101v-113) ' 

Thus if v — 5 (Maxwellian molecules), f = 2-5 exactly, whereas for values of 
v between 5 and 00, flies between 2-5 and 2-522. No serious error is involved 
if f is replaced by [f ] x in this case, and since viscosity data suggest values of 
v greater than 5 for most ordinary gases, we may expect that 

A = §/£C„ .2 

is very nearly true for all smooth spherically symmetrical molecules. 

13.2. Experimental results for monatomic gases. Only for monatomic 
gases can the relation A = §ju,c v be expected to apply with any degree of 
accuracy. Diatomic and polyatomic gases possess energy of rotation and 
internal vibration, of which no account was taken in the derivation of 
13.1,2; moreover, molecules other than monatomic are not even approxi¬ 
mately spherically symmetrical. 
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Tiie comparison of theory with experiment is of special interest in the 
present case, since theory affords a definite numerical relation between 
three quantities, all determinable directly by experiment, whereas the 
formulae for y considered in Chapter 12 involved at least one quantity not 
directly observable, such as the molecular diameter. Unfortunately, there 
has been in the past much inaccuracy in the determination of A: this difficult 
experimental determination is only now approaching freedom from serious 
systematic error. 

The values of f in 13.1,i have been determined for the inert gases b? 
Schwarze(i),* Eucken (2), Weber(3), Bannawitz(4), Curie and Lepape(5) and 
Dickins(6). Their values all lie between 2*4 and 2*6. Thus they confirm 13.1.2 
within the limits of experimental error. The only exception is helium at low 
temperatures, for which Eucken found values of f as low as 2*23 at —192® C., 
and 2*02 at —252® C.; this fall in f has been confirmed by Weber, but is 
perhaps worthy of further experimental study, since at any rate the higher 
temperature considered was still much above that at which helium con¬ 
denses, and so it would seem that the result f = 2*5 should still be applicable 
there. 

For mercury vapour the value of f at 203° C. has been given (7) as 3*15. 
Meyer, however, raised objections to this determination; he pointed out 
that at such a temperature some condensation of the vapour is likely, and 
seems actually to have occurred, f 

For hydrogen, the value of y, the ratio of the specific heats, begins to 
increase appreciably as the temperature falls below 0° C., and near — 200° C. 
it approaches the value 5/3 appropriate to a monatomic gas. This indicates 
that at such temperatures the molecular energy is almost wholly trans- 
latory. It is therefore to be expected that f will rise towards 2*5 below 
— 200° 0. Eucken(2) has shown that this is actually so; he finds that f = 2*25 
at —192° C., and f = 2*37 at — 252° C., as against his value f = 1*91 at 0° C. 

13.3. Rough spherical molecules. In 11.6,6 it was found that for a gas 
composed of rough spherical molecules the thermal conductivity is greater 
than for a gas composed of smooth spherical molecules of the same radius, 
by a factor equal to about 1*5; the increase is due to the transport of energy 
of rotation. On the other hand, c v is twice as large for rough spheres as 
for smooth; the conductivity is not increased in proportion, indicating that 
the mechanism of transfer of energy is less efficient when energy of rotation 
is present than when it is absent. Since also the viscosity is practically the 
same in the two cases (11.61,2), the value of f is smaller for rough spheres 

* As in Chapter 12, numbers thus written refer to a list of papers on experimental 
work given at the end of this chapter. 

f Meyer, Kinetic Theory of Gases, p. 296. 
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than for smooth ones. Its calculated value lies between 1-87 and 1-71 if the 
diameter of the spheres is independent of the relative velocity at collision; 
still smaller values of f are found when the radius of the molecule is variable 
(11.7, Table 10). 

The rough spherical model therefore indicates that for a gas for which 
c v exceeds the “monatomic ” value 3/c/2m, so that y < 5/3, the number f may 
be less than 5/2, its value for monatomic gases. The observed facts are 
that f is approximately 1-9 for several diatomic gases, and that for gases 
whose molecules are more complicatedin structure f is smaller. In general, the 
smaller y is, the smaller is f. For chlorine, ammonia and methane the value 
of y is in the neighbourhood of 4/3, which is that appropriate to the rough 
spherical model: Table 22 (p. 241) shows that the corresponding values of f 
are 1*79, 1*41, and 1*73; these values lie within the limits of Table 10. 

Naturally it is not to be expected that the rough spherical model can do 
more than roughly illustrate the results to be expected for actual gases, 
which possess energy of vibration as well as of translation and rotation. 


13.31. Eucken's formula for A j/ic v . Eucken(2) has proposed a formula 
connecting f with y, for polyatomic gases, based on an interesting though 
not rigorous argument. He divides A into two parts A' and A", which are 
respectively the conductivities due to transport of translational and internal 
energy; c v is likewise divided into corresponding parts c' and c". For a 
monatomic gas A = f /ic v ; Eucken assumed that, by analogy with this, 
A' = | On the other hand, since there is little correlation between the 
speed of a molecule and its internal energy, the argument given at the end 
of 6.3 suggests that w — " 


and Eucken assumed this; it is equivalent to supposing that the mean free 
paths effective in the transport of momentum and of internal energy are 
equal. On these assumptions 

A = A' + A" = -c' v + c„}. 

But c v = c' v + c" 


and, by 2.43,2,7, 


, 3k k 

° v 2m 5 Cv m(y — 1)’ 


so that 




5 —3y 
2 C »- 


Combining these relations, he finds 

A = i(9 y-5)/ic v 

indicating that f is equal to J(9y — 5). 
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This derivation is open to criticism. It assumes that the transport of 
energy of translation is unaffected by the presence of internal energy; this 
is true only if interchange between energy of translation and internal energy 
occurs so rarely that it can be neglected, which is unlikely. Moreover, even 
if it were true, the relation 2 would not be correct. For in this case the 
transport of internal energy would take place by the diffusion of molecules 
from one part of the gas to another, carrying with them the mean internal 
energy of the region in which they originated; that is, the mean free path 
effective in the transport would not be that appropriate to viscosity, hut 
that appropriate to self-diffusion. Hence (compare 6 . 3,2 with 6 . 4 , 3 ) the 
relation r is to be replaced by 

h" — pD a c v . 3 

= u u /ic". 

Consequently 2 should read 


A = {¥(7 “ !) + ^ 1(5 - 3y)}yc v . . 4 

The numerical factor u n is in general greater than unity. For smooth rigid 
elastic spheres (of. 10. 6 , 5 ) it is 1*204; for molecules that are force-centres it is 
somewhat larger, being equal to 1*55 for Maxwellian molecules. Hence 4 
will give a value of f somewhat greater than £(9y— 5). 

A direct proof of 3 can be given. Consider a gas at rest in which the 
temperature and density depend on z alone. Suppose that a time r can be 
found which is so large compared with the collision-interval of a molecule 
that the displacement of a molecule during r has no appreciable correlation 
with its velocity at the beginning of r, but which is small enough for the 
probable alteration of the internal energy of a molecule during r to be small. 
Since variations of the average internal energy are supposed roughly to 
keep pace with variations of the average translatory energy, r must be very 
small compared with the time of variation of macroscopic properties of the 
gas. The number of molecules in the element r, dr at time t which are found 
in the element r+r', dr' at time t + r is independent of x and y\ we denote 

^ P(z,r')drdr'. 


The number of molecules crossing unit area of the plane z = 0 from the 
negative side to the positive during r is equal to the number crossing z = 0 
during r which are initially in an infinite cylinder parallel to Oz, standing 
on the negative side of unit area of z — 0 ; this is 


IT j + ™ p ( z ’ r ') dx ' d y'~] dz '} dz 

■j;[ixm dx ' dyP \ 
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The number of molecules crossing the same area in the reverse direc¬ 
tion is 

■ /-. [ j- xr (j„ * p(z ’ r,) d *i dx ' dyP \ *'• 

Thus the net number crossing from the negative side to the positive is 

r [fix: ( L p(z ’ r,) dz ) *' 


=J|J P(z, r') etej dr' 
approximating in the usual way, 




Since the gas is at rest, this vanishes. 

In the same way, if the mean internal energy of a molecule initially 
in r, dr is E"(z), the energy carried by the molecules across unit area of 
3=0 during the time r is 


Jf° 


E"(z) P(z,r')dz\dr' 




using the condition that the gas is at rest. Since dE"Jdz — c v dTjdz, it follows 
that 


A" = ijz’ 2 P(0,r')dr 
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Again, if we consider the diffusion of a fraction n 10 of the molecules 
through the rest, the number of these diffusing across unit area of z = o in 
time r is 

J{J° n 10 (z)P(z,r')dz}dr' 

- J^O) P(0 - r,) - (g ’ r ° l = J *•’ 

=-iparl 

using the condition that the gas as a whole is at rest. Thus the coefficient of 
self-diffusion of the gas is 

D x ! = ^jV 2 P(0,r , )c^' 

whence 3 follows.* 

A special case of 3 has already been derived in the study of the rough 
spherical model, in the limit when the constant k tends to zero, in which case 
(cf. 11 . 2 ) interchange of rotational and translatory energy becomes in¬ 
definitely slow. Tor when K = 0 , 11 . 6,9 and 11 . 62,4 reduce to 



and since c" in this case is 3&/2m, the result follows. 

As stated above, however, a free interchange of translational and internal 
energy will be possible in general, and so 4 will not be accurate. For the rough 
spherical model, when such an interchange is possible, i.e. when K > 0 , f may 
vary between 1-87 and 1*71; if the molecular radius is allowed to vary, 
much lower values of f are possible (cf. Table 10 , 11.7). Since the values 
of f given by 2 and 4 for rigid spherical molecules, for which y = f, are 1*75 
and 1*85 respectively, it appears possible that 2 may agree more closely with 
observation than 4 . It is actually found that for many gases f is in the 
neighbourhood of ^(9y — 5), in agreement with 2 . An exact formula for f 
must, however, involve several factors besides the specific heat, such as 
the moment of inertia of the molecules, their softness, and the ease with 
"which energy of translation and internal energy are interchanged at 
encounter. 

* The method used in the above proof is one first developed by Einstein (Ann. 
der Physik, 17, 549, 1905; 19, 371, 1906) in studying the Brownian movement; it was 
applied to other problems by Fokker (Ann. der Physik, 43, 812, 1914) and Planck 
(Berlin Ber. p. 324, 1917). 
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13.32. Comparison of Buckets formula with experiment. The thermal 
conductivities of several gases at 0 ° C. are given in the following table; 
with them are given the values of f, calculated using the values of p and c v 
given in Tables 19 (12.4) and 1 (2.44). The corresponding values of 4(97 — 0 ) 
are also tabulated for comparison. The values given for A are in general 
weighted means derived from the experimental values quoted. 


Table 22. Thermal conductivities of gases at 0° C. 


Gas 

10 7 x A (cal./em. sec. deg.) 

f = X/pc v 

1(97-5) 

Hydrogen 

4160 

(3, 6, 9, 10, 11) 

202 

1-92 

Deuterium 

3080 

(11) 

__ 

_ 

Helium 

3520 

(3, 6) 

2-51 

2-50 

Methane 

721 

(3, 10) 

1-73 

1-70 

Ammonia 

522 

(6) 

1-41 

1-70 

Neon* 

1087 

(3) 

2-47 

2-50 

Carbon monoxide 

559 

(6, 9, 10) 

1-91 

1-91 

Ethylene 

407 

(2) 

1-44 

1-56 

Nitrogen 

580 

(3, 6, 10) 

1-97 

1-91 

Air 

580 

(3, 9, 10) 

— 

_ 

Nitric oxide 

555 

(2) 

1-86 

1-90 

Oxygen 

585 

(3, 6, 9, 10) 

1-91 

1-89 

Argon 

397 

(3, 6) 

2-53 

2-50 

Carbon dioxide 

352 

(3, 6, 9, 10) 

1-67 

1-68 

Nitrous oxide 

368 

(3, 6, 9, 10) 

1-74 

1-68 

Sulphur dioxide 

206 

(6) 

1-49 

1-64 

Chlorine 

182-9 (2) 

1-79 

1-80 

Krypton* 

212 

(5) 

2-54 

2-50 

Xenon* 

124 

(5) 

2-57 

2-50 


* The values of c v for the monatomic gases neon, krypton and xenon are calculated 
from c v = 3k/'2mJ. 


13.4. The dependence of Xjpc v on the temperature. The theoretical value 
of f is practically independent of the temperature for all smooth molecules. 
The independence is absolute for the models considered in 13.1. If, however, 
molecular attractions are taken into account, a slight variation of f with 
temperature is found; e.g., for Sutherland’s model Enskog found that 
f = 2-522/(1 + 0'03/S/jP), S being Sutherland’s constant. A similar slight 
variation in f is found when account is taken of the variation in hardness 
of the molecular field with distance. Tor rough spheres of constant radius, 
also, the variation of f with temperature is small (it is negligible to the first 
approximation); if the radius is variable, however, the variation is con¬ 
siderable. Except for the last of these models, theory predicts that f should 
show little dependence on the temperature. 

UsTot much work has been done on the variation of f with the temperature. 
The experiments suggest (as Eucken{2) first remarked) that f remains con¬ 
stant for a given gas over any range of temperature in which c v is constant. 
The only observed exception is provided by helium at low temperatures 

16 
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(cf. 13.2). Thus the variation of A with temperature is in general approxi¬ 
mately the same as the variation of the coefficient of viscosity. This experi¬ 
mental law may be regarded as evidence that actual molecules do not 
interchange their translatory and internal energy at collisions in the 
peculiar way characteristic of rough spheres of variable radius. 

13.5. Thermal conductivity of a gas-mixture; experimental values. The 
first approximation to the coefficient of conduction of heat for a binary 
gas-mixture is (cf. 9.82,2) 

_ w 12 + n 21 + R 12 
L Jl R 1 % a + R 2 ^2i + R i2 ’ . 1 

where (cf. 9 . 82 , 3 - 5 ) 

Em = (5 — 4b) + 4J^, JT 2 a(11 — 4b) + 2f 2 /[A 1 ] 1 [A 2 ] l5 

b' 12 = 2f{f/[A 1 ] 1 +f/[A 2 1 1 + (U-4b-8a)M 1 M 2 } ) 

= F{6Mi+M!(5-4B) + 8M 1 M 2 A}/[A 1 ] v 
with a similar formula for r 2 . 

These formulae apply to any smooth spherically symmetrical molecular 
model. Tor force-centres the constants a, b are given by 10.3, 11,12 and 
Table3 (10.3); Fis connected with the constant e used in 12.5 by the relation 
9.82,r, i.e. 



If n 21 is small, 1 becomes the formula giving the effect of an impurity on 
the conductivity; it then approximates to 

Mi = [AJi+T^itAJi 

-??- + 2 M x M 2 ( 11 - 4b - 8a) -Mi {3(JMi - M 2 f (5 - 4b) + 4Af 1 i¥ 2 a( 11 - 4b)} 

LA1J1 _£_ 

■' . 6i¥| + iff (5 - 4b) + m x M 2 A 


As in the case of a simple gas, 1 is strictly applicable only to mixtures of 
monatomic gases. The only such mixture for which experimental values of 
the conductivity are available is helium-argon at 0 ° C., which was studied 
by Wachsmuth( 8 ). In comparing the results with the theory it is supposed, 
as in discussing the viscosity of the same mixture, that the force between 
unlike atoms at encounter is inversely proportional to the tenth power of 
their mutual distance; thus a = 0-471, b = 0-679. The values, here adopted 
for the conductivities of the simple gases, which were not determined by 
Wachsmuth, are those of Eucken( 2 ), 3-90 x 10 ~ 5 for helium and 3-36 x 1 CT 5 
for argon. The value of the constant e which best fits the observations is 
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found to be 5-896 x 10~ 4 , as against the value 6-668 x 10~ 4 used in 12.5 in 
the discussion of the viscosity of the same gases. About a third of the 
difference between the two values may be ascribed to the different tem¬ 
peratures at which the experiments were made; the remaining discrepancy 
may be due partly to experimental error, and partly to the fact that the 
formulae used are not exact, but are first approximations to the exact 
formulae. 

The calculated and observed values of A are given in Table 23. The agree¬ 
ment between theory and experiment, though not so good as for the vis¬ 
cosity of similar mixtures, may nevertheless be considered satisfactory. 

Table 23. Thermal conductivity of mixtures 

OF HELIUM AND ARGON AT 0° C. 


helium 

A x 10 7 (obs.) 

A x 10 7 (calc.) 

0 

(390) 

390 

27 

741 

724 

45-4 

1077 

1053 

84-7 

2320 

2347 

94-61 

2939 

2943 

100 

(3360) 

3360 
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Chapter 14 

DIFFUSION: COMPARISON OF THEORY 
WITH EXPERIMENT 


14.1. Causes of diffusion. The general equation of diffusion for a binary 
mixture, 8 . 4 , 7 , can be put in the form 


Ci-C 2 = 


n* D o n 1 n 2 (m 2 — Blog p 

n x n 2 12 \ dr np dr 




showing, as noted in 8.4, that the velocity of diffusion has components 
due to non-uniformity of the composition, the pressure and the temperature 
of the gas, and another component due to the different accelerative effects 
of the external forces on the molecules of the two constituent gases. In 
experimental determinations of the coefficient of diffusion, D 12 , it is usually 
the diffusion due to non-uniformity of composition which is measured. 

In a gas which is at rest the equation of diffusion becomes (cf. 8 . 3 ,ro) 


-C 2 = - 


n x n 2 


j> \ dr PlFl ) + kT Tdrj' 


.2 


The first term on the right corresponds to diffusion set up by a lack of 
balance between the forces on the molecules of the first gas, and the gradient 
of its partial pressure. A similar equation exists in terms of the corresponding 
quantities for the second gas. 

As an example of pressure diffusion, corresponding to the second term on 
the right of i, we may cite the process of diffusion in the atmosphere; by 
reason of the variation of pressure with height the various constituents tend 
to separate out, the heavier elements tending to sink to lower levels, and 
the lighter elements to rise to higher levels. This process is not immediately 
due to the force of gravity on the molecules, as the accelerative effect of 
this on all molecules is the same; it is an indirect effect, due to the pressure 
gradient which gravity sets up. (Actually but little variation of composition 
with height is observed in the atmosphere, since the mixing effect of wind 
currents and eddy motion counteracts the separative tendency due to 
diffusion.) 

Pressure diffusion also occurs in a gas that is made to rotate about an 
axis; the heavy molecules then tend to the parts most distant from the axis, 
the density-distribution of each constituent in the steady state being similar 
to that given by 4.14, 11 , 9 , putting IF = 0. 

The most important example of forced diffusion, corresponding to the 
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third, term on the right of x, is the diffusion of electrically charged particles 
in a partially ionized gas under the action of an electric field, giving rise to 
an electric current. This case is considered in detail in Chapter 18. 

The steady state of a gas-mixture in a conservative field of force, repre¬ 
sented by 4.3,5, carL be regarded as due to the attainment of a balance 
between the velocities of diffusion due to non-uniformity of composition 
and pressure, and to the applied forces. Thus, for example, in an isothermal 
atmosphere under gravity the steady state is that in which pressure dif¬ 
fusion exactly balances the diffusion due to non-uniformity of composition. 
It is possible, in fact, to derive 4.3,5 from the condition that there is no 
diffusion, using 2 . 

We defer the consideration of thermal diffusion till 14.7. 


14.2. The first approximation to D 12 . Observations of the mutual diffusion 
of pairs of gases are difficult to make, and such observations as have been 
made are liable to a fairly large experimental error. This should be borne in 
mind when comparing theory with experiment. 

Several formulae for the first approximation [T> 12 ]i to the coefficient of 
diffusion have been derived in Chapters 9 and 10; they are quoted here for 
convenience of reference. For rigid elastic spheres of diameters cr l5 <r 2 , by 


9.81,i and 10.22,a, 3 j hT^ + mM 

L lsJl SKo-fsi 2™,m, j ’ .* 

where cr 12 = + 

For molecules repelling each other with a force k 12 r~ v , by 9.81,i and 
10.3,12, 




8 


1 1cT{m ■ 

27m-, 


,)\*/2 JcTV- 1 


,i + m 2 ) \-/ 2 fc 
^m 2 / \*i 


/ 


For attracting spheres (Sutherland’s model), by 10.41,6, 


P12] 1 - 8mo .| 2 


/ IcT(m 1 +m 2 ) 
\ 2nm 1 m 2 



•3 


For rough elastic spheres, by 11 . 62 , 2 , 

r j) 1 3 ( kT{m x + m 2 ) V * + £1 % 2 4 

[ i2 J i “ 8 wo-| 2 \ 27Tm x m 2 ) k q + 2z 1 k 2 ’ 

where z l3 z 2 , k 0 are related to the radii of gyration by 11 . 2 , 1 , 6 . 

The first approximation to the coefficient of diffusion does not depend 
on the proportions of the mixture in which diffusion occurs: also it de¬ 
pends only on encounters between molecules of opposite types. Thus, to 
a first approximation, encounters between like molecules do not affect 
diffusion. 
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14.21. The second approximation to X> 12 . The second approximation 
obtained in 9.81,3 is of the form 


[ X > i 2 ]2 = Pi 2 ] 1 /( 1-^) 5 


where 

and 


5 (c i) 2 p i n i 2 + p 2 n 2 i + gi 2 
Qi ^12 + Q 2 ^21 "f Q 12 


p x = M\ e/M 13 p 2 = -3f|E/C“ 2 ] l3 
p 12 = 3 {M x - M 2 f + 4M ± M Z a, 

Ql = (Jf x e/Wj) (6Jf| + 5Jff - 4.Mf B + 8 J 4 Jf a a), 


q 12 = 3(Jf 1 — df 2 ) 2 (5 — 4 b) 4- 43^ Jf 2 a(1 1 — 4b) + 2B 2 Jf 1 ilf 2 /[/i 1 ] 1 [%] ls 


•3 

■4 

•5 

.6 


with a similar relation for q 2 ; the quantities a, b, c, e, are defined by 9. 8 , 7 , 8 . 
For Maxwellian molecules (for which v = 5) c — 1 (cf. 10.3, ii ); hence in this 
case a = 0 and the second (and every later) approximation is identical with 
the first, in agreement with the results of 10.32. 

Further approximations to D 12 are larger than [D 1Z ] 2 . In the special case 
in which the ratio m 2 /m 1 of the molecular masses is very large and njn^ is 
very small it has been shown (cf. Table 6 , 10.53) that the true value of D n 
bears to [D 12 ] 2 the ratio 1T32: 1*083 = 1*046 for rigid elastic spheres; for 
other models the ratio is still more nearly equal to 1 . In other less special 
cases the effect of later approximations is likely to be of a similar order of 
magnitude. 


14.3. The variation of D 12 with the concentration-ratio. As can be seen 
from 14.21,3, a varies with %/%, i.e. with the proportions of the mixture 
in which diffusion is taking place. For example, the values of a in the limiting 
cases in which %/% -> 0 and %/% -> 0 are a 2 , a 15 where 

a x = 5mf(c — 1) 2 /{(5 — 4b )mf+6m|+ 8a ?%?%}, 
with a similar relation for a 2 . In particular, for. rigid elastic spheres, 

=s mf/(13mf + 30m|+ 16?%m 2 ). . 1 

Hence in this case, to a second approximation 

[-^L^o = 1 — a 2 _ 1 — m|/(13m| + 30?wf + 1 

1 - A i 1 — mf/(13m| + 30m|+ 16?%?%) * 

It can be shown that the second approximation to X > 12 always lies between 
its values for % = 0 and n 2 — 0 , unless m 1 and m 2 are very nearly equal and 
the molecular dimensions are very unequal (and then it does not vary 
greatly). This suggests that the greatest variation of the coefficient of 
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diffusion occurs when the molecules of the two gases have very unequal 
masses. 

If a ij a 2 tend to the limits 1/13 and zero, and the ratio of the 

end-values of [7h 2 ] 2 becomes equal to 13/12. Thus to a second approximation 
the maximum variation in the coefficient of diffusion for rigid elastic 
spheres, as the proportions vary, is 8J per cent. Further approxima¬ 
tions increase this to 13-2 per cent, (if [T 12 ] n ^ Q = [D 12 ] l3 and 

[X>i 2 ]ni=o = 1‘ 132 [7) 12 ] 1 cf. the results for the Lorentz case already quoted). 

If the molecules are not elastic spheres the factor (c — l) 2 occurring in the 
expression for a is smaller than for elastic spheres; thus it is to be expected 
that for actual gases the extreme variation of the coefficient of diffusion 
with the proportions of the mixture will be decidedly smaller than 13 per cent. 

14.31. Comparison with experiment for different concentration-ratios. 
The observed values of the coefficient of diffusion do appear to show a varia¬ 
tion with the proportions of the mixture. The variation predicted by the 
theoretical formula is, however, not much greater than the experimental 
error, and is somewhat difficult to establish. The strongest evidence that 
has been obtained of a variation in the coefficient of diffusion is provided 
by a series of experiments made for this purpose at Halle.* The pairs of 
gases studied were H 2 -0 2 , H 2 -N 2 and N 2 -0 2 (Jackmann), H 2 -0 2 and 
H 2 -C0 2 (Deutsch) and He-A (Schmidt and Lonius). The observed values 
of D 12 for the pairs of gases H 2 -C0 2 , He-A are tabulated on p. 248. For 
comparison we give the values of the second approximation [Z) 12 ] 2 cal¬ 
culated from 14.2l,i; a is calculated on the assumption that the molecules 
are rigid elastic spheres, and that their radii are those found from viscosity 
measurements; the first approximation, [D^h, occurring as a factor in 
14.21,i, is not calculated, but is chosen so as to make the mean of the calculated 
results agree with the mean of the observed quantities. It appears that 
theory and experiment are in agreement as regards the order of magnitude 
of the variation. No more can be expected, in view of (a) experimental 
error, ( b ) the use of an approximate formula for Z> 12 , and (c) the known 
departure of the molecules from the rigid spherical model adopted in the 
calculations. 

Since the error in the first approximation to the coefficient of diffusion 
is fairly small, it will be ignored in the subsequent discussion. This implies 
that we ignore the variation of the coefficient of diffusion with the pro¬ 
portions of the mixture. The discussion of the existing experimental results 
is not thereby seriously affected, since in many cases the proportions of the 
mixture were either not recorded, or not kept constant, by the experimenter. 


See Lonius, Ann. der Physik, 29 , 664, 1909. 
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Table 24. Variation of D 1% with composition* 


Pair of gases 

njn 2 

D 12 (obs.) 

(calc.) 

Observer 

First gas H 2 \ 

3 

0-594 

0-589 

Deutsch 

Second gas C0 2 J 

1 

0-605 

0-617 

l 

0-633 

0-628 

„ 

First gas He \ 

2-65 

0-678 

0-689 

Lonius 

Second gas AJ 

2-26 

0-693 

0-694 

Schmidt 

1-66 

0-696 

0-697 


1 

0-706 

0-706 

Lonius 


0-477 

0-712 

0-714 


0-311 

0-731 

0-719 


14.4. The dependence of D 12 on the density and the temperature; the law 
of intermodular repulsion. All the formulae of 14.2 indicate that D l2 i s 
inversely proportional to n, i.e. to the pressure of the gas, if the temperature 
is constant. This proportionality was first observed by Loschmidtj and 
has been confirmed by other workers. 

The theoretical variation of Z) 12 with temperature depends on the special 
molecular model employed. By 14.2,2, if unlike molecules repel each other 
with a force varying inversely as the f 12 th power of the distance, 

X> 12 oc T s jn, 

, 1 2 
where * = 2 + ?^=T’ 

or, if the pressure is constant, so that nT is constant, 

Z> 12 cc T x+8 . . 2 

If v 12 - = oo (elastic spheres), s = J, and if v 12 = 5 (Maxwellian molecules), 
5=1. Tor ordinary gases s should lie between these extreme values. More¬ 
over, i is precisely similar in form to 12.31,2, and so, in so far as the force- 
index v 1% for encounters of unlike molecules may be expected to be inter¬ 
mediate between the values v x , v % for encounters of pairs of like molecules, 
m 1 or m 2 , the number s will be intermediate between the two values of thes 
of 12.31, -derived from the viscosities of the constituent gases of the mixture. 

Values of s derived from measurements of the coefficient of diffusion for 
several pairs of gases at different temperatures have been given by von 
Obermayer;i these are given in Table 25, together with the values of v n 
calculated from them. The values of v found for the simple gases from 

* Here (and throughout this book) values of the diffusion coefficient are given in 
c.g.s. units (em. 2 /see.), following the practice of the International Critical Tables. 
In many papers, such as those of Lonius, the so-called practical unit is used, based 
on the metre and hour as units of length and time. Values of D 1Z in practical units 
are converted to c.g.s. units on multiplying by 10 4 /3600 or 2-778. 
t Loschmidt, Wien. Ber . 61, 367, 1870; 62, 468, 1870. 

% von Obermayer, Wien. Ber. 81, 1102, 1880. 
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viscosity measures are given for comparison. The values of v obtained from 
diffusion do not all lie between the values of v obtained for the simple gases; 
owing to the scanty nature of the experimental results, it is not possible to 
say whether this represents the actual facts, or is due to experimental errors. 

The values of the Sutherland constant for diffusion (the S 12 of 14 . 2 , 3 ) 
hare also been given by von Obermayer for the same gases. The experimental 
results, however, do not suffice to distinguish between the relative merits 
of the different molecular models. 


Table 25. Values of the force-index v 12 from diffusion results 


Gases 

s 

v 12 

v (viscosity) 

Air—C0 2 

0-968 

5-3 

8-46, 5-6 

h„-o 2 

0-755 

8-8 

11-3, 7-6 

co 2 -n 2 o 

1-050 

4-6 

5-6, 6-15 

co 2 -h 2 

0-742 

9-3 

5-6, 11-3 

o 2 -n 3 

0-792 

7-9 

7*6, 8-8 


14.5. The coefficient of self-diffusion, D n . If the molecules of the two 
gases whose mutual diffusion is considered are identical, the coefficient of 
diffusion becomes the coefficient of self-diffusion of a simple gas. By 14.2,i, 
the first approximation to this for rigid elastic spheres of diameter <r is 
given bv 

“ l Mi 


m i_ 

SncrAnm 




while, in general, by 10 . 6 , 4 , the first approximation is given by 

CAJi = 3 a[/4]i//3, .2 


[/fh being the first approximation to the coefficient of viscosity, and a 
a numerical factor, defined in 9 . 8 , 7 . 

Naturally it is not possible to follow the motions of individual molecules, 
possessing no feature distinguishing them from other molecules of the gas, 
so that no actual experimental determination of the coefficient of self¬ 
diffusion can be made. Quantities very similar to a coefficient of self¬ 
diffusion have, however, been determined. For example, carbon dioxide 
and nitrous oxide possess almost identical molecular weights and a similar 
molecular structure; also their mechanical properties are very similar (cf. 
the results for the two gases in Tables 14,19, and 22.)* It is therefore to be 
expected that the coefficient of mutual diffusion of the gases will be close 
to the coefficient of self-diffusion of either. Taking Z> 12 = 0-096 (see Table 27, 
p. 252), and ft = 1-371 x 10~ 4 , p = 1-98 x 10~ 3 (means of the values for the 

* Attention was drawn to the similarity of the properties of these gases, and of 
those of CO and N 2 , by C. J. Smith, Proc. Phys. Soc. 34, 162, 1922. 
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two gases), we find that D n = 1-39/i/p. This corresponds to a * 0-463 and 
v — 11 (Table 3, 10.3); this is a rather higher value of v than would be 
expected.* In the same way, from the value of X> 12 for the similar gases 
nitrogen and carbon monoxide Boardman and Wild deduced that 
D 1± = 1-44/i/p for either gas.f This corresponds to v = 9, agreeing with 
viscosity data. 

The mutual diffusion of isotopes of the same gas also closely resembles 
self-diffusion when, as is the case with the heavier gases, the ratio mjm* 
of the masses of the molecules is nearly equal to unity. The resemblance is 
particularly close for isotopes of the same mass, when the atoms of one isotope 
are radioactive. Again, a very close approximation to self-diffusion is given 
by the diffusion of para-hydrogen relative to ortho-hydrogen; this has been 
measured by Harteck and Schmidt.$ Their value for the coefficient of 
diffusion is 1-28 cm. 2 /sec., corresponding to D X1 = 1-36/t/p; this gives v = 12, 
again agreeing with the viscosity results. 

14.51. Kelvin’s calculations of D X1 . Besides these direct tests, an indirect 
test of 14.5,2 can be made, following a method first employed by Lord 
ELelvin.§ 

For rigid elastic spheres the first approximation to the coefficient of 
diffusion is 

r T) 1 _ 3 \ kT{m x +m 2 ) \± 

^ 12 ^ 1 &ntr\ 2 \ 27rm 1 m 2 j 

If the pressure and temperature of the gas have assigned values, all the 
quantities on the right-hand side of this equation are known save cr 12 , the 
mean of the diameters of the molecules; hence from an observed value of 
D 12 the sum of the diameters can be determined. If we know the coefficients 
of mutual diffusion of the three pairs which can be chosen out of three gases, 
the corresponding values of cr 12 , and so of the diameters of molecules of the 
gases, can be found. On substitution in 14.5,i the values of D n are found 
for each of the three gases. A check on the theory, and on the appropriateness 
of the model used, is afforded by the agreement or otherwise between the 
values of D 1X for the same gas, derived from different triads of gases in¬ 
cluding it. 

* It is possible that this discrepancy may in part arise from the fact that, ac¬ 
cording to wave mechanics, the encounter of two similar molecules differs essentially 
from that of identical ones; cf. Chapter 17. 

f Boardman and Wild, Proc. Roy. Soc. A, 162, 511, 1937, in which a calculation of 
-^iip/p f° r CO, and N 2 0 is also made (with the same result 1-39). Our calculation 
for these gases was made independently, at about the same time. 

t Harteck and Schmidt, Zeit.f. Phys. Ghem. 21, 447, 1933. 

§ Kelvin, Baltimore Lectures, p. 295. The formula for D 12 used by Kelvin, however, 
differed from 14.2,i by a constant factor. 
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By this method, the following values of the coefficients of self-diffusion of 
four gases, hydrogen, oxygen, carbon monoxide and carbon dioxide, have 
been found, using the values of Z> 12 given in Table 27: 


The three gases used 

h„-o 2 -co 

Bh-Oo-CO,, 

H 2 -C0-C0 2 

o 2 -co-co 2 

Mean 


Ai for H a 
1-24 
1-30 
1-34 


1-29 


Ai for O a 
0-191 
0-182 

0-193 

0-189 


Ai for CO 
0-179 

0-170 

0-176 

0-175 


Ai for C 0 2 

0-107 

0-105 

0-101 

0-104 


The agreement between the values of D u obtained from the different 
triads of gases is reasonable, and to some extent justifies the method of 
calculation. 

From the means of these values of D xx the values of D xx pjp have been 
calculated. In the following table they are compared with the values of 
3 a obtained from Table 3 (p. 172), using the values of v given in Table 14:* 


Table 26. Coefficients of self-diffusion 


Gas 

Ai 

p x 10 6 

px IO 7 

Ai P/t* 

3a 

h 2 

1-29 

89-9 

850 

1-37 

1-39 

0 2 

0-189 

1429 

1926 

1-40 

1-46 

CO 

0-175 

1250 

1665 

1-31 

1-45 

CO* 

0-104 

1977 

1380 

1-49 

1-52 


Since in the calculation of D xx it is assumed that the molecules are elastic 
spheres, exact agreement between the values of D lx pjy and 3a is not to be 
expected; but the table shows no great discrepancy between their values. 


14.6. Molecular radii calculated from D 12 . Table 27 gives the experi¬ 
mental values of the coefficient of diffusion for several pairs of gases, 
reduced to 0° C. From these the values of cr 12 have been calculated, using 
14.2,i. Since this formula is only a first approximation, these values of cr 12 
will be slightly smaller than the true values, the error being greatest when the 
molecular masses are very unequal. The greatest error of the first approxi¬ 
mation is about 13per cent.; this corresponds to a maximum error of about 
6 per cent, in <x 12 . For all actual gases, however, the error of cr 12 will 
probably not exceed 4 per cent. 

For comparison the table also includes the values of j(cr x + erf) derived 
from the viscosity; it can be seen that these are in general larger by about 
10 per cent, than the values obtained from the coefficient of diffusion. This 
discrepancy, which is much larger than the error of the formula, is probably 
due in part to the imperfect representation of the molecules by rigid elastic 
spheres, but may also be due partly to a difference between the inter - 

* A similar calculation for nitrogen has been made by Boardman and Wild from 
their determinations of JD 12 in H 2 —]ST 2 —C0 2 mixtures. Their result for Z> u is 1-39/i/p, 
whereas the value of 3a derived from the viscosity is 1-45. 
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actions of like and unlike molecules (cf. 17.3, where account is taken of 
the bearing of the quantum theory on the interchangeability of identical 
molecules). 

Table 27. Coefficients of diffusion* 


Gases 

As 

(cm. 2 /see.) 

er 12 x 10 8 
(cm.) 

i(°i + cr 2 ) x 10 s 
(vise.) 

He-A 

0-641 

2-61 

2-92 

h 2 -d 3 

1-20 

2-46 

2-74 

h 2 -o 2 

0-697 

2-94 

3-17 

h 2 -n 2 

0-674 

3-01 

3-24 

H.-CO 

0-651 

3-05 

3-25 

h;~co 2 

0-550 

3-30 

3-68 

h 2 -ch 4 

0-625 

3-14 

3-44 

h„-so. 

0-480 

3-52 

4-11 

h 2 -n 2 o 

0-535 

3-35 

3-70 

h 2 -c 2 h 4 

0-625 

3-53 

3-84 

0 2 -No 

0-181 

3-45 

3-69 

o 2 -co 

0-185 

3-41 

3-69 

o,-co 2 

0-139 

3-73 

4-12 

CO-No 

CO-CO, 

co-c,h 4 

0-192 

3-44 

3-76 

0-137 

3-83 

4-20 

0-116 

4-38 

4-36 

co 2 -n; 

0-144 

3-74 

4-19 

co,-ch 4 

0-153 

4-08 

4-39 

co 2 -n 2 o 

0-096 

4-30 

4-65 

H 2 -Air 

0-611 

— 

— 

0 2 -Air 

0-178 

— 

— 

COo-Air 

0-138 

—. 

— 

CH 4 -Air 

0-196 

— 

— 


14.7. Thermal diffusion. As noted in 14.1, the velocity of diffusion has 
a component due to non-uniformity of the temperature in a gas-mixture. 
This depends on the coefficient k T , which is known as the thermal-diffusion 
ratio. Diffusion due to this cause is called thermal diffusion. It has been 
directly measured, and has also been recognized as a disturbing factor in 
experiments for other purposes.t 

In a vessel containing a mixed gas, if different parts are maintained at 
different temperatures, thermal diffusion will result, and will tend to make 
the composition non-uniform. The concentration-gradient thus set up is 
opposed by the ordinary process of diffusion tending to equalize the com¬ 
position, and in time a steady state is reached, in which the opposing 
influences of thermal and ordinary diffusion are balanced. Then, by 14.1,i, 

dn io __ i 1 dT 
0 r t T dr' 

* In this table the values of _D 12 for N 2 -CO and N 2 0-C0 2 are those of Boardman 
and Wild (reduced to 0° C.), and that for CH 4 —Air is due to Coward and Georgeson 
(J. Chem. Soc. p. 1085, 1937); the others are taken from the International Critical 
Tables. Most of them are mean values; reference should be made to the original 
sources to determine the value of _D 12 for particular concentration ratios. 

t Emmet and Schultz, J. Amer. Chem. Soc. 55, 1376, 1933. 
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If k T is 


Comparison of Theory with Experiment 

treated as a constant, integration gives 

n 10 = —k T log e T + const. 



This equation shows how the proportions of the mixture are related to the 
temperature distribution. However, although k T is usually nearly inde¬ 
pendent of the temperature, it varies considerably with the composition, 
and i is therefore valid only when the variation of composition in the vessel 
is small. 

The usual method of measuring k T is by determining the steady con¬ 
centration-ratios n 10 in two chambers in free communication with each 
other, containing a gas-mixture, and maintained at different temperatures. 
If the temperatures and the corresponding concentration-ratios are T, T' 
and %o, n' 10 , from i it follows that k T = {n' 10 -n 10 ) ~ log e (T/T'). Since k T is 
determined by equilibrium experiments, it is more easy to measure than 
some of the gas-coefficients that we have considered. 

It is possible to separate isotopes and, in some cases, gases of equal 
molecular weight, by means of thermal diffusion. The method is, however, 
subject to the limitation that, as n 2 fn x becomes small, k y also becomes 
small. Thus thermal diffusion is not very effective in the last stages of the 
purification of a gas, a defect which it shares with other methods depending 
on diffusion. 

The degree of separation produced by thermal diffusion is not large; for 
example, in a mixture of 32-7 per cent, hydrogen and 67-3 per cent, nitrogen, 
when the temperatures of the hot and cold chambers are 274° C. and 
11° C., the percentage separation XOO(^ 0 -w 10 ) is only 3-67. The values of 
ky found by experiment are in general less than 0*1. 


14.71. The thermal-diffusion ratio k T , and its sign. The first approxima¬ 
tion to k T was given in 9.83,i; it is 


where 


[kyli — 5(c — 


1 ) 


Si%o-~S 2 rc 20 
Ql%2 + ^2 n 21 + Ql2 


Si = M\ e/W, - SM 2 (M 2 - M x ) - 4M x M 2 a, .2 

Qi = (if 1 E/[ / q] 1 ){6ilfi+(5-4B) MI+8M x M 2 a}, .3 

q 12 = B(M 1 -M 2 ) 2 (5-4:B) + 4M 1 M 2 a(11-4b) + 2^M 1 M 2 /Iji 1 ] 1 \ji 2 ] 1 , . 4 

with similar relations for s 2 , Q 2 ; the quantities a, b, c, e are defined in 9.8. 
If b< 1, as is the case for rigid spherical molecules and centres of force 
{Kir"), q 1s q 2 , and q 12 are essentially positive. If n 2 jn x is small, i approxi¬ 


mates to 

[k^li = 5(c — l)n 20 


- SM 2 (M 2 - M x ) - 4M x M 2 a 
{6M* + (5 - 4b) M\ + mfEfl } 5 


•5 


showing that k T 0 as n 20 approaches zero. 
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Further approximations to k T involve very complicated algebra, and no 
general expression for them will be given here. For a Lorentzian gas (10 5] 
however, the effect of these further approximations has been calculated- 
for example, the exact value of k T for centres of force of the type K/r v is in 
this case (cf. 10 . 51 , 4 ) 

k2T = %0 2(^T)’ .6 

whereas the corresponding first approximation [k r ] x (obtained from x by 
making w 2 /% tend to zero, and neglecting the effect of encounters of pahs 
of molecules of the second gas) is given by 


m=«( c— 1 )». 0 /( 5 — 4 b)={ s-| 


Thus for rigid elastic spheres {v=co) the first approximation to k T gj Tes 
if (= 0 - 77 ) of the true value, and for v =9 it gives f (= 0 - 89 ) of the true value: 
the error tends to zero as v-> 5 . The error of the first approximation is 
larger for k r than for any other of the four first gas-coefficients. 

For rigid elastic spheres, of diameters <r 1 and <r 2 , the coefficients s, 
appearing in i are given by 


s, = .j 

s 2 = ., 

Consider the signs of these expressions, which determine the sign of k r 
Suppose, for example, that a 1 = tr s = <r la . Then 

s x = —M 2 {\ 5 M 2 — iMfi), 

s 2 = 7 Mfj}. 

If m x >m 2 , then M x >\>M 2i hence s x >0, s 2 < 0. Also c = 6/5, so that o -1 
is positive, and q x , q 12 , q 2 are all essentially positive in the present case. 
Hence, by i, ky will be positive. Since for most ordinary molecules c 1 and 
cr 2 do not differ greatly, k y is in general positive ifm 1 >m 2 .To find the sign of 
k r when m 1 and ra 2 are nearly equal, we put m x — m 2 in 8 and 9. Then 



Thus if cr 1 > cr 2 , so that cr x ><r 12 >(r 2) s x is positive and s 2 negative, and so 
kj, is positive. 

The sign of k^ when the molecules are rigid elastic spheres, is accordingly 
as follows: 

(i) If m x and m 2 are not too nearly equal, k r > 0 if m x > m 2 . 

(ii) If m x and m 2 are very nearly equal, k r > 0 if oq > cr 2 . 
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Bv 14.7.1; this implies that, if m 1 and m 2 are not too nearly equal, the 
heavier molecules tend to diffuse into the cooler regions, whereas if m x and m 2 
are nearly equal, the larger molecules tend to diffuse into the cooler regions. 

If the molecules are not rigid elastic spheres, the values of s l3 s 2 , q 13 q 2 , q 12 
^ill usually not differ much from those found for elastic spheres; it is the 
factor (c - 1) in x which alters most with the model. For example (cf. 10.3,11) 
if the molecules are centres of repulsive force varying as the inverse nth 
power of the distance, c — 1 has the value (v — 5)/o(n— 1), which decreases 
to zero as v decreases to 5, and is negative if v < 5. For most actual gases 
j> > 5; hence the sign of k r is that of m 1 — ra 2 except when m 1 and m 2 are too 
nearly equal, when it is positive or negative according as the molecular 
fields of the molecules m 1 or the molecules m 2 are the more extensive. 
Owing to the factor (c — 1), however, k T will be smaller for actual gases than 
for o-ases composed of elastic spherical molecules. 

In a gas that is largely or completely ionized, the principal inter-molecular 
forces, except at short distances, are electrostatic, corresponding to v = 2. 
In this case, if m 1 and m 2 are not too nearly equal, the heavier molecules 
(or ions) will tend to diffuse towards the warmer regions. This must happen 
in the sun and the stars, where thermal diffusion will assist pressure diffusion 
in concentrating the heavier nuclei towards the hot central regions. 

14.72. The variation of k T with the concentration-ratio. The observed 
variation of k T with the proportions of the mixture is illustrated in Fig. 10, 



Figure 10. Thermal diffusion in mixtures of hydrogen and nitrogen. 
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which refers to mixtures of hydrogen and nitrogen. For comparison a second 
curve has been drawn, giving the values of k r calculated from 14 . 71 , 1 , on 
the assumption that the molecules are elastic spheres; the diameters used 
are those found from viscosity determinations (Table 19, 12.4). The two 
curves are similar, though not identical, in shape. The ordinates of the 
theoretical curve are about twice as large as for the experimental one; this 
difference in scale is due to the fact, noted above, that k y is larger for elastic 
spheres than for other models. 


14.73. The index of intermolecular force. The marked dependence of k 
on the law of molecular interaction may be used to determine this law, and in 
fact this appears to be one of the best experimental methods for the purpose. 
Let R T denote the ratio of the observed value of k r for any mixture-ratio 
to the corresponding value of [ky] x calculated from 14.7l,i on the assump¬ 
tion that the molecules are rigid elastic spheres. Then R T is found, in general, 
to depend on the mixture-ratio; its range of variation is, however, not large, 
and a mean of its values for mixtures of different proportions can be found. 

For the special case of a Lorentzian gas the theory provides an exact 
value for R T ; if molecules of opposite types repel with a force K 12 r~ v n, then 
by 14.71,6,7 (putting y = oo in the latter), 


io v 12 ~ r 


Though this relation is strictly true only in this special case, the value of 
R t for other models is likely to be similar, so that i may be used to obtain 
an approximate value of v 12 . 

Table 28* gives the values of R T obtained for several pairs of gases (the 
viscosity radii of the molecules being used in calculating [kyh), and the 
values of v 12 calculated from these, using i. For comparison we also give 
the values of v x , v 2 obtained from viscosity measures for the two gases in 
the mixture. The values of v 12 are in general smaller than would be expected 
from the viscosity results. Since the calculation of R T involves three 
observed quantities, k r , /q and /q, some discrepancies due to experimental 
errors are to be expected; but the major part of the discrepancies is prob¬ 
ably due to the approximate nature of i, which is strictly applicable only 
to the Lorentz approximation. 


* The values of -By in Table 28 are due to T. L. Ibbs, to whom, with his collaborators, 
is due most of our knowledge of the experimental values of ky. In his earlier papers, 
using these values of R T , he inferred values of v 12 higher than those in Table 28; his 
deductions were based on the Lorentz approximation, but he o mi tted the factor {gini- 
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Table 2S. Values oe f 12 derived from thermal diffusion 


Gases 

R t 

V 12 

v r , v„ for simple s 

o„-h 2 

0-48 

7-3 

7-6, 

11-3 

x;-a 

0-47 

7-2 

8-8, 

7-35 

h 2 -n 2 

0-58 

8-2 

11-3, 

8-8 

He-A 

0-65 

9-0 

14-6, 

7-35 

H„-Xe 

0-74 

11-4 

11-3, 

14-5 

h;-co 2 

0-47 

7-2 

11-3, 

5-6 

He—He 

0-80 

11-4 

14-6, 

14-5 

Xe-A 

0-54 

7-9 

14-5, 

7-35 

He—X 2 

0-71 

9-9 

14-6, 

8-8 

He-Kr 

0-63 

8-7 



He-Xe 

0-59 

8-3 

_ 


He-Kr 

0-51 

7-6 

_ 


Xe-Xe 

0-43 

7-0 

_ 


A-Kr 

0-19 

5-7 

_ 


A-Xe 

0-17 

5-6 

_ 


H 2 -Radon 

0-32 

6-3 

_ 


He—Radon 

0-47 

7-3 

_ 


D,-H, 

d £ -x 2 

0-62 

8-6 

_ 


0-58 

8-2 

_ 


Kr-Xe 

0-08 

5-2 

— 



14.74. The dependence of k T on the temperature. As the temperature is 
lowered below 0° C., a decrease of k T is observed for many pairs of gases.* 
This may be ascribed either to a decrease in the hardness of the molecular 
field with increasing distance (so that the effective force-index v 12 is less at 
low temperatures than at high) or to molecular attractions at large dis¬ 
tances. Tor example, when the force of interaction between two molecules 
of opposite types is supposed to be representable by Lennard-Jones’sformula 

p — *-12 *-12 

r v iz y 3 5 

the expression for k T for the Lorentz approximation is of the form 



(cf. 10.51 l,i). Thus if 8 is positive decreases as T decreases. 

Variation in the hardness of the molecular field seems the more probable 
of the two explanations, as in the discussion of the variation of viscosity 
with temperature (12.33). The sign of 8 in i is that of k' x2 b x (v) in 10.51 l,i, 
and (cf. Table 5, 10.42) b x (v) is positive only if v is greater than about 12. 
Viscosity results suggest that for most gases v is decidedly smaller than 12; 
to make i fit the experimental values we must take k[ 2 as negative, 
which means that the field is repulsive at all distances, but softer at large 
distances than at small. Mixtures containing hydrogen, helium and neon 
may give values of v greater than 12, but the low temperatures of liquefac¬ 
tion of these gases suggest that the mutual attractions of their molecules 
* Mixtures cont aining C0 2 are anomalous in that k r is nearly constant below about 
145' C., with a definitely higher value above this temperature. 

CCMT 


i7 
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are small; if their attractive fields can be detected, the same should he true 
of other gases. We conclude, then, that no evidence as to the strength of the 
attractive fields can be obtained by using 1 . 

If variation of hardness of the field with distance is the correct explana¬ 
tion, it is to be expected that thermal diffusion in mixtures of hydrogen and 
helium will show little variation of k T and v 12 with temperature (since the 
variation of viscosity with temperature indicates little variation of the r’s 
for the separate gases*); this is actually found to be the case. On the other 
hand, mixtures of hydrogen with carbon dioxide and ethylene also show no 
decrease of k T or v 12 with temperature; this is unexpected, since the vis¬ 
cosity measures both for carbon dioxide and for ethylene suggest some 
decrease of v with the temperature. 
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He-A, Ne-A, He-N 2 ; down to — 190° C. 

EL. E. Grew and B. E. Atkins. Proc. Phys. Soc. 48 , 415-20, 1936, for H 2 -N 2 , D 2 -N 2 , 
He-N 2 . 
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M. Puschner. Z. Phys. 106, 597—605, 1937, for He-Ne, He-A. 

G. E. Harrison. Proc. Roy. Soc. A, 161 , 80-94, 1937, for H 2 -Em, He-Em. 

* However, the quantum theory of interaction for hydrogen and helium differs from 
the classical theory, and too much weight must not be put on results for these gases. 
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Chapter 15 


THE THIRD APPROXIMATION TO THE 
VELOCITY-DISTRIBUTION FUNCTION 


15.1. Successive approximations to f. In Chapter 7 it was shown how the 
velocity-distribution function / for a simple gas can be determined by 
successive approximation to any desired degree of accuracy; the first, 

second, third, approximations are /< 0) , /<°> +fW, /W +fW> . j n 

7.15 it was pointed out that / (0) ,/ (1) ,/ (2) , ... are respectively proportional 
to n 2 , n°, n~\ ... where n is the number-density of the molecules. Hence the 
later terms in the approximations become relatively more important as 
the density decreases. 

The first approximation, / (0) , is identical with Maxwell’s function 



For / (1) the following expressions can be derived from the results of 7.3 
and 7.31: 


pi) = po)0(i) . 


:/ (0) | 


U2kT\i 
\ m 

V 






dr V °j ’ 


and so we can write 

f»=A'(C)C.A + B'(C)CC:-^c 0 , .3 

where A', B' denote functions of C and T, defined by this equation. In 
virtue of 1 . 31 , 7,9 we can in 2 and 3 replace the velocity-gradient tensor 

c ~d . . 0 

g^c 0 by the rate-of-strain tensor e = ^ c 0 or by its non-divergent part e, 

without altering the relations. 

We can readily estimate approximately the ratio / (1) // (0) or ^ (1> * ^he 
notation of 7.51 and 7.52, first approximations to A and B are 

A = a x a™ = a x SP {$*)<% = a x { 

B - b x b® = 6i^i°>(^ 2 ) <£% = b x W, 
a x = a x /a xx = b x = &/&11 = 5 /6 u . 


where 
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[ 15.1 


Now (cf. 9.7) a xx = b xx , 
viscosity is 


and the first approximation to the coefficient of 

Mi = ^/b xx . 


Hence to a first approximation 


a x = — Zju,/2 kT, 

and ^ = 

w T henee it follows that 


b x = 2pjkT 


2pi 

z kT 


o 




2p\mTJ ' 


2 8r p 


0 r 


Taking ^ to be of unit order of magnitude, the numerical values of the two 
terms in & a) , for helium at n.t.p. (p = 1* * * § 016 x 10 6 dynes/cm. 2 , p = 1*89 x 1 (H 
gm./cm. sec., (2k/mT) i = 3-87 x 10 2 cm./sec. deg.), are 


and 3*7xlO- 10 J-c 0 . 
dr dr 0 


Clearly in this case / (1) is small compared with / (0) , if the gradients of the 
temperature and the velocity are of order 1 deg./cm. and 1 sec . -1 respec¬ 
tively. At densities 10 -6 of the normal density, however, with similar 
gradients, / (1) becomes comparable with / (0) , and it is necessary to examine 
whether / (2) is not of the same order. In doing this we shall confine our 
attention to a simple gas, so that diffusion will not be considered to any 
further approximation. 

Burnett* has worked out the complete third approximation to / for a 
simple gas. Incomplete third approximations had already been given by 
Maxwellt and by (Lennard-) Jones who included terms involving second 
derivatives of T and c 0 , but ignored squares and products of the first 
derivatives (thus avoiding some of the chief mathematical difficulties of 
the problem); Enskog§ gave a solution which included products of the 
temperature gradients (but not those of c 0 ). 

Burnett’s solution will not be given here in full; the equation to determine 
f {2> will be considered so far as to infer from it the nature of the various 
terms in/ (2) , but their exact expressions will not be derived. It will be shown 
that the new terms introduced by / (2 > into the expressions for the thermal 

* Burnett, Proc. Lond. Math. Soc. 40, 382, 1935. 

t Maxwell, Phil. Trans. Roy. Soc. 157, 49, 1867; Coll. Papers, 2, 26, 1890. 

i (Lennard-)Jones, Phil. Trans. Roy. Soc. A, 223, 1, 1923. 

§ Enskog, Inaug. Diss. TJpsala, eh. 6, 1917. 
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flux q and the pressure tensor p can be determined without solving the 
equation for / (2) , and the magnitudes of the terms will be roughly estimated. 

15.2. The integral equation for / (2) . The equation to determine / (2) is 
(ef. 7.12,1, 7.14,19) 


- ^r+^+c.^+F 


dr 


‘ 0C 


In this write / (2) =/< o )0 m ; 

then it becomes, by 7.12,3, 

-»V^) = ^ + ^ + c.fl + ,.^ +W ,., 

The various terms on the right of 2 are developed as follows. Using 
7 . 14 , 9 , 11 , 13 , we have* 




^l C o ) 
dt ) 


= {(*»*- » (p* : •«“) + c & : p<1 ’j. 3 

Regarding f m as a function of C, r, t, we may write (cf. 3.13,3, 7.14, 14 ) 

ir +c -'aF + e5-- _ 5r +c - a.- + T afac ac '8r^> 

-Do/ a > ^ 3/<» 18?, ?p_^ c ._a 

: —5T +c • 3r /; ar • ac ac a,- 0 . 4 

* In the derivation of equations 3-9 use is made of the tensor relations (ef. 
1.32,6 and 1.2, 7 , 8 ) 

b.(a.w) = 6a: w, 


ac 


- dc 2 ’ ac v 


(where A does not depend on C), and also of the following, proved in the same way as 
1.33,3 


a 

3r V 


-as- 

where L does not involve C, and a, b are functions of r. It is to be remembered m 
deriving 6 that C is regarded as independent of r. 
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Now, using the expression 15.1,3 for/ (1) , 


[15.2 


dr " 


/3A' 


3T 

Sr 


8 T 


C^^CC:lc 0 + A'C.^ + B'l[cC-. 


iyp + B ' l (( fc -± 

dr dr 


c oj> 


Cf a) JdA f r a T dB' o a \ A rdT 0 

ic=\w> c '* + w cc -to*) c+A to +2BC ‘to^ 

and, using 7.14,i6, 

T>J a) _ ( dA ' C ^ + ^c°C^cW(A c\ 

~Dr~ \dT C ‘dr + 3T dr q ) 3 \8r °j 


+ ^ C -F”(f) + £ ' C ° C 4 ”(I C ». 

The time-derivatives on the right-hand side of 7 can be determined in terms 
of space-derivatives; for, by 7.14, 16 , 15 , 

D 0 (3T\ /a 0 , „ a_\ ar 


A,/m = /85 8 

Dt\drj \0i 0 Sr 


7 Sr 


7/m: +c 

3r\ 8« + 0 


3T\ 

(3 

\ 3T 


dr)' 

\8r °/' Sr 


\ 

/ a 

\ 3T 


■Co)~ 

\Sr C °) ‘ Sr ’ 

.8 


Dt\dr°) \af 


+ c 0 . 




SW Sr 


a / a 0 c 0 

Sr \ a* 

A 

: dr 


( c °-&) c °)-(& e °)-(& c °) 


It is, however, more convenient for the present to retain the time-derivatives 
in 7 . 

/ 3 °\ 

Again I cf. 7.11,2 and 15.1,3, replacing — c 0 by e I 

( o o 0 T 7 \ 00 00 

B'CC :zA' x C x .~\ + J(B'CC: eB[ CyC x : e).xo 


The first and fourth of the expressions on the right of this equation, as 
may readily be seen, are even functions of C; the second and third are odd 
functions. 
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Combining the above results, we obtain an expression for - n 2 I(@&>) as 
tie sum of numerous terms which can be divided into groups as follows. 
First there is a part involving only the scalar C: this is 


Xext there is a part of odd 
takes the form 


in C, which after suitable rearrangement 




where 


h A'C. 

2 Bn o B v 

+ - S 'C^-:e + B'C.~(CC:e) 
p 3 r dr v ’ 

+ {^- 2 w^ cc M c -§) +j { A,cd w B ^ 

+ j(B'CC: 

/l=A n - dU <> > dV * ■ 8W 0 

3r ‘ 0 dx By Bz’ 


that is, A is the divergence of the mass-velocity of the gas. 

Finally, there is a part of even degree in C, which may be expressed as 
follows: 

M T w +C2 w^ CC: ° e)+B ' cc iir/ e )-- £ -rr ( 

+ A'CC : ~(!?) +- ~ CC: 

dr\dr J p BC 2 dr dr 


BT CC ' dr dr +t/| 
,BB’ 




- 2 (CC : e) {CC : e) + J{B'CC : eB[C x C x : e). 


15.3. 27z.e second approximation to the thermal flux and the stress tensor. 
The equation 15.2,3 for/ (2) or 0 (2) has been solved by Burnett by the methods 
applied to obtain/ (1) from 7 . 3 , 7 . His solution consists of a set of terms, each 
of which is the product of a function of C and a spherical harmonic function 
of the components of C , that is, a homogeneous polynomial W in U, V, W, 
satisfying the equation 

a BW B 2 W BW , BW 
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The unknown functions of G are determined by expressing them as series 
of the functions of 7.5. 

It is, however, possible to ascertain the new terms in the thermal flux q 
and in the stress tensor p without obtaining 0 (2) ; for 

= j / (2) |m(7 2 C dc 

= f (o) 0 {2) ^ 2 Tdc 

= (<*f 2 - f) 92 dc 

= p(^Jj&*T(A)de 

. -J^W] 

= p{^fjAI(^)dc, 

using 7.12,4, 7.31,2 and 4.4, 7 , 8 . Similarly 

p( 2 ) = ffWmCCdc 
= jf(°)&m m CCdc 

= 2kTjP 0 '>@v>92<&dc 
= pj0&I(B)dc 
= p\®®\ B] 

= 2>JB/(<Z>®)dc, . 2 

using the same relations, and 7.31,3. Since — n 2 I{0 (2) ) is given as the sum of 
15 . 2 , 11 , 12 , 14 , expressions for # {2) and p (2) can be derived. 

Since A = 92A(9f), B = OT B(<£) .3 


it follows from 1.42 that the groups of terms 15 . 2 , 11,14 will not contribute to 
q( 2 \ nor the terms 15 .2,11,12 to p (2) . Again, the contribution to q^ from the 
first term of 15.2, 12 (the only one of these terms that does not depend on 
A' or B’) is 


Z 

n % 


(^*/4 /<0,c ^ :p<l> ‘ fc - SSPS - rf*** 


.92 dc, 
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which vanishes, by 7.31,6. Each of the other terms of 15. 2,12 make contri¬ 
butions to q (2) ; thus we can write 




Ft I drJ 


n p? dp o g o 


./lei 

{Sr °)'dr i 
/F dT o 


the vectors in this expression being the only ones which can be formed 
from the elements involved in the terms of 15 . 2 , 12 ; the coefficients of the 
vectors are so chosen that 6 X , 0 2 , d 3 , and d 5 are pure numbers. In the 
second term we can substitute for the time-derivative from 15.2,8, when the 
expression in the bracket becomes 




The coefficient of the last term in 4 , namely d 5 , is the only one which depends 
on the integrals J. 

Since e and A both depend on the space-derivatives of c 0 , every term in 4 
depends on such derivatives. If the gas is at rest, or in motion uniform in 
space, q (2) = 0, and q = — XdTjdr not only to the second but also to the 
third approximation. The third approximation, moreover, introduces no 
terms depending on the second or higher space-derivatives of T , nor on 
squares or products of derivatives of T; it does, however, supply a thermal 

O 

flux even when T is uniform, if either p or A or e is not uniform. 

In the same way, we can show that 


p (2) = tjj-, — Ae + m< 

P P 




d \ ( ft 2 d~cT 
dr C °J 1 ~*pT dr dr 


/t 2 dpdT pP dT dT /Fo o 
l ppT dr dr +VJ *pT* dr dr p e * e> 


where w x , w. 2 , w % , m 5 and rzr s are pure numbers; the tensors in this ex¬ 
pression are the only symmetrical and non-divergent tensors that can be 
formed from the elements involved in the terms of 15 . 2 , 14 , and (cf. 2 , 3 ) 
p (2) is both symmetrical and non-divergent. The coefficients and ur 6 , and 
no others, depend on the integrals J in 15 . 2 , 14 . The expression in the 
bracket of the second term is, by 15.2,9, equal to 


_a_ 

dr 




o d 

-2e ,—c 
dr 


O' 
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Thus the third approximation to the stress-system introduces terms 
depending on (a) products of first-order derivatives of the mean motion c 0 - 

( b ) first-order derivatives of or ( c ) products of first-order 

derivatives of the temperature with each other, and with the first-order 
derivatives of the pressure; and ( d ) second-order derivatives of the tempera¬ 
ture. The terms (a) depend not only on the elements of the rate-of-strain 
tensor e, but also on the anti-symmetrical part of the velocity-gradient 
tensor djdrc 0 , and therefore they have a part depending on the vorticitv 
of the motion (f- curle 0 ). Similarly the contribution to q (2) from the second 
term of 4 includes a part proportional to 


dT 

dr 


a curl c 0 . 


15.4. The terms in q {2) . The coefficients of those parts of g (2) and p® 
that do not depend on the integrals J can be fairly easily estimated; the 
others involve more difficult integrations, but their orders of magnitude 
can be inferred without an exact calculation. 

By 15 . 1 , 2 , 3 , 4 , to a first approximation, 

B = B(V) «%■ = Jp W.x 




,_ V-tOO-e-*’ 

[271-kT) {IcTf ■ 


.2 


Hence, remembering that — mC 2 {2kT, 

Yl 


T = — [ m \V-ff 2 1 
cT \2 tt1cT} \2kT* K 


" f,+ » + s?$ (' 


dC 2 S ^ 2 \2irkT) ’ 2kT 2 


n dB' 
dT = 




\2 nkT] 


k 2 T dT\ 


r5 dB ' __ _ (jtlY 

cG 2 * 5*? 2 “ \27TkT) * 


fim 


2 -f) 


Using these expressions, we can obtain approximations to the various 
coefficients in 15.3,4,6. 
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As noted above, the first term of 15.2 ,12 makes no contribution to r/-'. 
Bv 15.3,i, the second term contributes the expression 




72 kT\ A dT N 

\ m) 0r J ( 

bv 1.42,4. Inserting the above values for A and A', we get 


2kT(2kT\ 
9 n 


dA' 8 A' 

1 dT + c dc- 




4(1 

_ 15/7 


P T 

so that in 15.3,4 


The coefficients 0 2 , d 3 and d 4 are similarly determined, using 1.42 ,4 and 1.421: 

vefind 0 2 = ir, ^3 = — 3, 0 4 =3. .5 

The coefficient tfg depends on the integrals J in 15.2, 12 . We find that the 
contribution of the seventh term of 15.2 ,12 to g (2) is, to the present approxi- 
mation3 0 
2pT\ fidT/dr’ e - 

The contribution of the terms involving the integrals J is 

- i BiCiCi:l ) +j ( b ' cc : ° eA ^ ■ 1)1 a ’ c 

pj np o dT ° 

+ A'(C 1 ) C x . ^ B'{C) CC : e -A'(C') C' . ^ B\C’ X ) C^ie 


dT . 


-A\C' X ) C'. ^ B'(C') C'C' : e| Jc^dcdc^ 

usin g the definition of J ( 7 . 11 , 2 ). Transforming by methods similar to those 
of 3.54, this becomes 


-~(^^[A\C)C.^B\C x )CiC 1 :e{A+A 1 -A , -A{)k x dkdcdc 1 . 
n \ m J J or 

Inserting the above approximate expressions for A, A’(C), and B'(C), 
and using the relation < £ + < £ 1 = < £' + expressing the conservation of 
momentum, we get 


9p 3 

'^pkT 2 


IfI e ~**-*^ 

+ <£? 2^_^2 <%' _<^'2 < g >') ^ dkd <£ d r £ 2 . 
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Now. by 10.321,7, 

f(& 2 <% + V x - *f' 2 «" - ^ 2 V' x ) k x dk 

= V + VfV x -V ,2 V'-<&i) g b db de 
= 37tV2?6i (2) ^ 0 .^. 


U sin g this result and taking and f as new variables of integration we can 

evaluate the integral; it is found to equal 


18 ju? dT 
opkT 2 dr 


e(OJ»(3)-*0fO(2)). 


In particular, for Maxwellian molecules (for which i, 2 and 3 are exact) the 
expression vanishes; thus it may be neglected to a first approximation, and 
we get 


05 


-Ha-T-M 

2 \ fidTJ- 


15.41. The terms in p (2) . The magnitudes of the various coefficients in 
the expression 15.3,6 for p (2) can be found similarly. The four coefficients 
which do not involve the integrals J are, to a first approximation, given by 


_ 4/7 T d/i\ 


tUj. — 2, UJ g — 3, TD x 


The contributions to p (2) from the fifth and seventh terms of 15 . 2,14 are 
found to be 


3 ji dp, dT dT 
pT dT dr dr 


and 


8 u 2 0 0 
— e. e 
P 


respectively. In determining the second of these contributions it is necessary 
to use the integral theorem 

o 

jer^VV(VV:e)(VV:e)dV = . eje~^V s dV, .2 

which is proved in the same way as 1.421. The contributions to p (2) from the 
sixth and eighth terms of 1 5 . 2 , 14 , which involve integrals J, are found in a 
way similar to that used in determining the contribution to q (2) from the 
integrals J ; in integrating, we use 

J(B-f-B 1 -B'-B') k x dk = JJJp («%• + V° X V X - V P V r - V'°Vi) gbdbde 

= 377 ' Jp0i (2) ^> 


which follows from 10.321,9; in the second integration we must also use 2 . 
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The contributions are thus found to be 


9 [i z 

lOpkT 3 


(Ap)(4) - 912^(3) + 2)} 


cTcT 

dr dr 


and 


o 




o o 

e.e 


respectively. Since both of these expressions vanish for Maxwellian mole¬ 
cules, they may be neglected to a first approximation, and so 


3T d(i 
p dT ’ 


The values of the coefficients w r , d r given in this and the preceding section 
are exact for Maxwellian molecules, and it may be expected that they will 
be not far from the true values for other molecular models. The coefficients 
rn s were calculated more exactly by (Lennard-) Jones for rigid spherical 
molecules, using third approximations to A, B (and A'(C), B'(C )) in place 
of the first approximations used above; his values are respectively 1*013 
and 0*800 times the values given by i. Burnett gave a general formula for 
the terms in p (2) for the case of molecules repelling as r~ v (including, as a 
limiting case, rigid elastic spheres), and determined the coefficients for 
Maxwellian molecules and for rigid elastic spheres, using fourth approxi¬ 
mations to A and B. For Maxwellian molecules his results agree with i 
and 3 ; for rigid elastic spheres his results are equivalent to 

1-014 Wz= 1-014x2, ® 3 = 0-806x3,| 

■m l = 0-681, et 5 = 0-806x^^-0-990, m e = 0-928x 8, 

expressions which indicate the factors by which the various first approxi¬ 
mations are multiplied. 

For molecules repelling like r~ v the expressions for q {2) and p (2) are slightly 
simpler than the general expressions 15.3,4,6. In this case, because the 
integrals Q^(s) for different values of r and s all involve the same power of 
T (cf. 10 . 3 ) we can prove that A'{G) and B'(C) can each be expressed as the 
product of and a function of thus 
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and the second and third of the terms of 15.2 ,12 involve identical function? 
of C, and so also do the first and second of the terms of 15 . 2 , 14 . It follows that 


2/7 T dii\ _ 2/7 

01 ~ l\h~JidT) d% ’ Wx ~ 3\2 


T dp\ 
~JtdTJ Z 


This explains the appearance of the same factor 1-014 in the expressions 
4 for uf 1 and the reason for the appearance of 0-806 in the expressions 
for w z and uj 5 is similar. 


15.5. Numerical estimate of g (2) . Consider now the magnitudes of 
the different terms in the expressions for q (2) , p (2) . Remembering that 
(Tj/.i) (djufdT) is a pure number whose value for ordinary gases lies 
between J and 1 (cf. 12.31), we see that all the coefficients 6 r and vj t are 
less than and they do not differ greatly in order of magnitude. 

The first and last of the terms of 15.3,4, which both involve products 
of temperature and velocity-gradients, with similar coefficients, may be 
expected to be of the same order of magnitude. Again, if the scales of the 
space-variations of temperature and velocity can be taken to be of the same 
order, then the quantities 


M d_ o a T d_ dT 
Sr 5 1 dr' e ’ Sr’ 8r C °'0r 


are of the same order, and the second and fourth of the terms of 15.3,4 are 
also comparable with the first term. 

In adiabatic motion, like that in the propagation of a sound wave, 


l_dT 
T Sr 


and 


1 dp 
p dr 


are of similar orders of magnitude. In nearly steady motion, however, such 
as is considered in viscosity experiments, the second of these quantities is 
much smaller than the first is in experiments on thermal conduction; for 



A) c o\ 

m , 

{f~ DqCq 

A 

Dt ) 

= kT' 

{ Dt 


and, as m/kT is of order 10~ 9 sec. 2 /cm. 2 , this is normally very small. The 
third term of 15.3,4 is accordingly not to be considered as in general larger 
than the first, as regards order of magnitude, so that in this respect we can 
consider the first term as typical of the others. 
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The thermal flux given by the second approximation to / is 




z -f Pc v - 


d T 


h 3 T 


The ratio of the first term of q (2) to this is of magnitude 
1 5nkT \2 pdTjp 1 

by lo.4,i. Now p is of order 10~ 4 c.g.s. units for ordinary gases, while a 
pressure of one atmosphere is equivalent to 1-016 x 10 s dynes/cm. 2 ; hence, 
with velocity-gradients of the order 1 sec.- 1 , the thermal flux given by the 
third approximation is completely negligible at pressures greater than 10~ 6 
atmosphere. At pressures less than 10~ 6 atmosphere, the mean free path 
of a molecule is comparable with the dimensions of ordinary laboratory 
apparatus; in any case the usual theory of stress in the gas must then be 
modified. 

The third approximation to q (2) is the less important because it depends 
essentially on the motion of the gas, and vanishes when the gas is at rest. In 
general, when the gas is in motion the transport of heat by convection is 
much more important than that by conduction. 


15.51. Numerical estimate of p (2) . Analysis similar to that of 15.5 shows 
that in the expression 15.3,6 for p (2) the first, second and last terms, which 
involve products of velocity-gradients with similar coefficients, are com¬ 
parable in order of magnitude, and also that the first term becomes compar¬ 
able with p a) only if pA jp is comparable with unity. This result Burnett 
interprets as follows. Since p = \upCl (6.2,i) and p = \pC-, where u is a 
number of order unity and l the mean free path, pjp is of the order of l/C or of 
Z/(velocity of sound). 

Thus the term in question is comparable with p (1) only if A is so large that 
the mass-velocity of the gas alters by an appreciable part of the velocity of 
sound in a distance equal to the mean free path. Such conditions, Burnett 
suggests, may be realized in the “shock” wave which accompanies a pro¬ 
jectile moving with a velo city greater than that of sound, since the transition 
from gas carried along by the projectile, and sharing its velocity, to gas 
virtually unaffected by it is almost discontinuous. Apart from extreme eases 
like this, however, the term in question is unlikely to be important at 
pressures above 10 -6 atmosphere. 
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Tlie thermal stresses given by the third and fifth terms of 15.3,6. and 
also, under special conditions, the stresses given by the fourth term, are more 
important. For example, compare the stress-tensor 

p 2 d dT 3/i 2 3 dT 

W pT dr dr ' pT dr dr 


with p (1) , or — 2/4 ^ C °' 

The ratio of the coefficients of the tensors appearing in these expressions is 
equal in magnitude to Zpj2pT, which is of order 10~ 3 cm. 2 /sec. deg. for 
gases at x.t.p. Hence with a velocity-gradient of order 1 sec. -1 and a value 
for 


8 /8T\ 

d\dr/ 

of order 1 deg./cm. 2 the temperature stresses are not completely negligible 
compared with the ordinary viscous stresses even at ordinary pressures, and 
might affect a viscosity experiment in which inequalities of temperature 
were permitted to be present. To detect them in a purely statical experiment 
is, however, a matter of considerable difficulty, though Maxwell suggested 
that in radiometer phenomena (at pressures of order 10 -6 atmosphere) 
their mechanical effects may be observable. Their effect might also, like that 
of the stresses due to the velocity-gradients, be important in considering 
“shock” waves. 
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16.1. Collisional transfer of molecular properties. In a gas at n.t.p. the 
mean free path of a molecule is large compared with the molecular dimen¬ 
sions; this disparity is much reduced if the gas is compressed to a density a 
hundred times as great. Because of this reduction, a part of the mechanism 
of transfer of energy and momentum, which has not hitherto been considered 
because it is negligible at ordinary gaseous densities, then becomes im¬ 
portant. Hitherto the transfer of molecular properties has been regarded as 
due to the free motion of molecules between collisions; there is also, however, 
a transfer at collisions, over the distance separating the two colliding mole¬ 
cules, during the brief time of the encounter. The extreme example of this 
is the instantaneous transfer of energy and momentum, at the collision of 
two smooth rigid elastic spherical molecules, across the distance <r 12 between 
their centres. In dense gases this collisional transfer requires consideration; 
it was first studied by Enskog,* for rigid spherical molecules. An account 
of his work is given in this chapter. 

The advantage of the rigid spherical model in this connection is that 
collisions are instantaneous, and the probability of multiple encounters is 
negligible. This will not, however, be the case with actual molecules; in a 
gas at a high pressure a molecule is in the field of force of others during a 
large part of its motion, and multiple encounters are not rare. Moreover, for 
rigid spherical molecules the assumption of molecular chaos made in 3.5 
is valid, however great the density ;f for less special models there may be 
some correlation between the velocities of molecules in the same neighbour¬ 
hood, since two molecules remain close to each other for a relatively long 
time. Thus the gain in mathematical simplicity is offset by the possibility 
that the representation of physical facts may be inadequate, and the various 
coefficients derived may not be in complete agreement with the results of 
experiment. It has not yet been possible, however, to generalize Enskog’s 
work to other types of molecule. 

16.2. The probability of collision. Consider a gas composed of rigid 
spherical molecules of diameter or. In 3.5 we found the probability per unit 
time, for a gas at ordinary pressures, of a collision such that the centre of the 
first molecule lies in a volume dr, the velocities of the two molecules before 

* Enskog, Kungl. Svenska Vetenskaps Akademiens Handl. 63, No. 4, 1921. 

t Jeans, Dynamical Theory of Gases (4th ed.), p. 54, 1925. 

ccmi 18 
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collision lie in ranges dc, dc x , and the direction k of the line of centres is in a 
range dk. This is 

f(c, r)f(c l3 r) h-^dkdcdc^r 

or, using the value of h x appropriate to rigid spherical molecules, 

/(c, r)/(c l5 r) cr 2 g . kdkdcdc x dr, 

where g = c x — c. This expression requires correction when the gas is dense. 
First, since the centre of the first molecule is at the point r , that of the second 
is at r-ak, so that /(c l5 r) must be replaced by/(c l5 r-uk). Secondly, in 
a dense gas the volume of the molecules is comparable with the volume 
occupied by the gas. The effect is to reduce the volume in which the centre of 
any one molecule can he, and so to increase the probability of a collision. 
Thus the above expression will be multiplied by a factor x, which is a 
function of position, but, by the assumption of molecular chaos, not of 
velocity. The function x must be evaluated at the point r - \crk at which 
the spheres actually collide: hence the corrected form of the above expres¬ 
sion is 

X(r — |-(rk)/(c, r)/( c i, r — crk) cr 2 g. kdkdcdc x dr 

— X( r ~ )f(r)f 1 (r —<rk) cr 2 g . kdkdcdc x dr, .i 

using a notation similar to that of 3.5. 

16.21. The factor x- The quantity x is equal to unity for a rare gas, and 
increases with increasing density, becoming infinite as the gas approaches 
the state in which the molecules are packed so closely together that motion 
is impossible. Approximations to its value for fairly dense gases may be 
obtained as follows. 

When two molecules collide, the distance between their centres is o\ 
Let a sphere of radius cr be described about the centre of each molecule; 
then at a collision the centre of one molecule lies on the sphere associated 
with the other, and the centre of one molecule can never lie within the 
associated sphere of another. If the gas is fairly rare, the number of the 
associated spheres which intersect each other will form a small fraction of 
the whole, and so the volume which cannot be occupied by the centre of a 
molecule will be approximately the whole volume of the associated spheres, 
which is §7mer 3 per unit volume. Hence the volume in which the centre of a 
molecule can he is reduced in the ratio 1 — 2b p, where 

bp = § 7 racr 3 , b = %ncr 3 /m. . 1 

Correspondingly the probability of molecular collisions is increased in the 
ratio 1/(1 —2bp). 
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A second factor, of comparable effect, operates to reduce the probability 
of collisions: this is the shielding of one molecule by another. If an area S of 
the sphere associated with a given molecule lies within the sphere associated 
with a second, no other molecule will be able to collide with the first in such 
a wav that at collision its centre lies on S. 

If the gas is fairly rare, the number of cases in which more than two 
associated spheres have a common volume can be neglected. Let two 
spheres of radii x and x + dx, where x lies between <r and 2cr, be drawn con¬ 
centric with a given molecule. Then the probability that the centre of 
another molecule should lie within the shell of volume Anx-dx between 
these two spheres is 47 rnx 2 dx. The sphere associated with such a molecule 
would cut off from that associated with the given molecule a cap of height 
<?-xl2, and area 27rcr(cr — xj2). Hence the total probable area cut off from 
the sphere associated with the given molecule by those associated with other 
molecules is p 2 <r 

I 27rcr(cr — \x) 4 nnx^dx — ^-TT^nar*. 

Since the whole area of the sphere is 47rcr 2 , the part on wdiich the centres of 
molecules can lie at collision is a fraction 1 — or 1 — -^pb of the whole. 

Hence the effect of shielding by other molecules is to reduce the probability 
of a collision in this ratio. 

On combining these results, the value of x for a fairly rare uniform gas is 
foundtobe x= . (i-^ p b)/(i-2pb) 

= l'+fpb, . a 

correct to the first order in pb. Boltzmann and Clausius* carried the 
calculation as far as the second order in pb, by taking into account the 
volume common to pairs of associated spheres; their result is 

X = 1 + fpb + 0*2869p 2 b 2 +.... .3 

In a non- unif or m gas the value of % may be expected to involve the space- 
derivatives of the density. Since, however, no invariant function of these 
derivatives can be constructed which does not involve either products of 
first derivatives or derivatives of higher order than the first, in a study of the 
first and second approximations the above value for x can be used. 

16.3. Boltzmann’s equation; dgfjdt. Boltzmann’s equationfor a dense gas, 
as for a normal gas, can be written in the form 


. df df dj 

m +c -a? +F -te - 




dt ' 


* Clausius, Mech. Wdrmetheorie, 3, 57 (2nd ed.). Boltzmann, Proc. Amsterdam, 
p. 403, 1899; TFiss. Abhcmdl. 3, 663. 






Dense Gases 


276 


[16.31 


The expression for d e f/dt is, however, not quite the same as before. Consider 
the probability per unit time of an inverse collision, such that the centre of 
the first molecule lies in a volume dr, and the velocities of the two molecule* 
after collision lie in ranges dc, dc x , while the direction of the line of centres b 
-k, where k lies in the range dk. In such a collision the centre of the second 
molecule is at r+crk, while the molecules actually impinge at r+i<rk. 
Hence, by analogy with 3.52,4 and 16.2,i, the probability in question will be 


X(r +io-k)/ (&, r)f(c' v r+crk.) a 2 g . kdkdcdc x dr 

= X(r + %crk)f'(r)f'i(r+o-k)(r 2 g .kdkdcd^dr, 


where c', c{ denote the velocities before collision of the two molecules, 
that, as in 3 . 43 , 2 , 

c' = c + k{g.k), c[ = c x -k(g.k). 


The evaluation of 3 e f/dt now proceeds as in 3.52, using 2 and 16.2,i in 
place of the corresponding expressions of that section. The result is 


= SS{x(r + l<rk)f'(r)fi( r +<rk) 

- X( r ~ i^)f( r )fi(r-crk)} cr 2 g .kdkdc x . 4 

Combining this equation with r, we derive the equation for/. 

Since in this relation the expressions y, fi, A are evaluated at points other 
than r, it is not possible to show by a transformation similar to that of 3.53 
that the expression 

nAf s 


vanishes when <j> is a summational invariant. This is, in fact, not true in 
general. Tor though the total amount of <j> possessed by molecules is con¬ 
served at collision, the effect of a collision is to transfer part of this total 
through a distance cr from one molecule to another. Hence, since nM 
denotes the total change by collisions in the total amount of possessed by 
molecules per unit volume at a given point, it will not, in general, vanish. 
The derivation of the equations of momentum and energy is therefore 
deferred till later. 


16.31. The equation for f a) . If the gas is uniform the expressions y and/ 
do not depend on r; hence in this case 

d ~i = xnaTi-ffJ^g-kdcdc^ 

an expression differing from that obtained earlier only by the presence of the 
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factor X- The arguments of 4.1 can accordingly be used to show that in the 
uniform steady state / again takes the Maxwellian form 

When the gas is not in a uniform steady state, a first approximation to the 
value of/ is given by i. A second approximation is 

/«»(l + 0 (i)), . 2 

where is a linear function of the first derivatives of n, T and the mass- 
velocity c 0 ; the equation satisfied by 0 {1) is obtained from that satisfied by/ 
bvnedecting all terms involving products of derivatives of these quantities, 
or derivatives of higher order than the first. Thus in substituting from 2 into 
the left-hand side of 16.3,i, the terms involving @ {1) are to be neglected. This 
equation may therefore be written in the form 



where, as in 3.13,i, ^ 


In this we substitute the value of/< 0) from 1 ; then, since C = c-c 0 and e 0 is 
a function of r, t, it becomes 


¥=^0 


,n5?_ 

( 3 

mC 2 \ 

\_n Dt 

\2T~ 

"2 lcT*J 


+ c 


1 1 dn / 

‘ \n 8 r V 


W + kT CC: fr C ° 

mC 2 \dT_ m (Dc 0 ^ 
~2kT^)dr + kT\Dt 


16.32. The second approximation to d e f/dt. The approximate form of 
equation 16.3 ,4 can also be derived. On expanding y, A, fi by Taylor’s 
theorem, and retaining only the first derivatives, it becomes 


¥= xj^fK-ffi)^g- kdkdc i 

+xJJ k • (/' % +/f?) ■ kdkdc i 

+ljj k • % (//1+/AKS • k <* k ^l. 

where in this relation all the quantities are evaluated at the point 1 . 
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In substituting from 16.31,2 into the first term on the right in this equation 
we neglect the products & a) @P, 0 ay @l iy , as before. Hence, since 
/(orjcoy = /(o)/|o) 5 

this term becomes 


xnf 0) fl°W 1Y l iy -0 (1) ~@I V ) (r 2 g. k dkdc ,. 

The second and third terms on the right already involve space-derivatives- 
thus in substituting from 16.31,2 into these we may neglect all the terms 
involving @ (1 \ and so write/ (0) in place of/. Using 2, the second term then 
becomes 

xjJ.f'W’k ■ jjb°g (/rm °-*g ■ kdkd Cl , 

or, after substituting the values of/[ 0) , f{ oy , 




(2 dn 

' \n 3 r 


3 3 T m dT 


(Cl + C?) 


+ dr C °’M r( cfl + c i)|^- kd!k<te i- 


The integration with respect to k, using certain results proved later 
(16.8,2,5,6), gives 


K^J/»>/r > [(^-|^)-« + 2^r 2 ||-{2C'Sg-|(2g(g.C 1 ) + C 1 g») 

+ iS i S)+^{(~ r ^ ■■ ( 2 C 1 g-| g g)-i^(| ; .c 0 )|]<Jc I . 
Substituting g — C 1 — C in this, and integrating with respect to C v we get 

PXJ \ \»3i- TSr\lOi:T 2// 

2m d ( mC 2 \ l d \) 

+ 5kT CC: dr Co ~\ 1 ~5kT/ (a^- Co j) 

where, by 16.21,1, b = §7mcr 3 /p. 

Using 2, the third term on the right of 1 becomes 


jjk.^fvfiv^g.kdkdci, 

integrating with respect to k by means of 16.8,2, and further integrating 
with respect to c l5 we obtain 


-bpfMC.^. 

or 
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Hence, finally, i is equivalent to 

% = xj\rm& ir +$F-®»-<i’P)<T*g.kdkdc 1 

— b pxAc.l-^+^l^- 1 ) ■ 15 4 


2m 

+ 5hT CC 


3 „ /, mC % \ Id \~ 

dr 0 l 1 5kTj ( 0 ^ • C °)_ • 


16.33. The value of / (1) . The equation satisfied by the function T {1) is 
found by combining 16.31,3 and 16.32,3. It is 

x!Sf (0) f i (O) ( 0(1) + 0 i a) - 0a) ' . kdkdc x 


,p Dn , 

fmC 2 3\ 

\n'Dr 

\2 kT 2j 


If this equation is multiplied by frdc, -where ^ is a summational invariant, 
and integrated over all values of c, the left-hand side of the resulting 
equation vanishes, by virtue of the transformation used in deriving 4 . 4 , 8 .* 
Thus when fr = 1, we get the result 


Dn 


and when \}f = mC,f 


Dc 0 hTdn kdT kT d y 

-J-F + (1 +2bp X )y ^ + (1 +bpx)- w + = 0 


dr 




* The proof of this transformation, differs slightly from that given in 4.4, since 
account is taken in this chapter of the difference in position of the centres of colliding 
molecules. This difficulty is overcome by considering an ideal uniform gas, whose 
velocity-distribution function at all points is equal to /(c, r) at the instant con¬ 
sidered. The proof is then readily derived as in 4.4, provided that the summational 
invariant rjr is not itself a function of position. 

f The function mC is not a summational invariant if C is defined as c —c 0 , and if 
c o— c o(*") for one of the colliding molecules, and c 0 = c 0 (r + uk) for the other. To 
overcome this difficulty we put C = c — c 0 ' for each molecule, where c 0 ' is taken to be a 
vector independent of position, which coincides with the mass-velocity at the special 
point r under consideration. This ensures that mC is not a function of position. 
Similar remarks apply to the summational invariant JmO 2 . 






Dense Gases 


[16.34 


280 

Finally fr = \mC- gives 


ZhTDn 3 kDT 
1 2nl)i + 2 Dt 


+ 1cT(^ + bpx) g.c 0 ) = 0 


Dt 3 [dr °) 


(1 + hpx)‘ 


•4 


Equations 2, 3, 4 are first approximations to the equations of continuitv 
momentum and energy, and replace 7.14,14,15,16, which are identical with 
them if the hydrostatic pressure p is taken to be JcnT(l + hpx) instead of 
hnT. Using the values of DnjDt, DT I Dt and DcJDt given by 2, 3 and 4. 
we find that 1 reduces to 


JJ/ (0) /i 0) (0 (1) + - $ (1)/ - ^i 1} ' )<r 2 g. k dk dc x 

= _i/<o,{ ( i + | bra) ™ C 0 C :|,Co + (l + fbp X )(^ 


5 U3T 
2JTdr 


This differs from the corresponding equation for a normal gas only in that 
the term involving 3/drc 0 is multiplied by (1+§bpx)/x, and the term 
involving 3T[dr by (1 +fb px)/X- Hence its solution can be written down in 
terms of the functions A, B of 7.31: it is 


4X0 - -4(( 1+ ^)(vr)‘ 4 4i + ( 1+ * b ^ B: . 6 


16.34. The mean values of pCC and \pC 2 C. Approximations to the mean 
values of certain functions of the velocity can now be obtained. For example, 
the first approximations to the values of pCC and \pC 2 C, as for a normal gas, 

are _ _ 

p(CC)<® = hnT U, \p{C*C)M = 0, .1 

where U is the unit tensor. The second approximations are obtained by 
adding to these the quantities p(CC) {1) , %p(C 2 C) m , which, by 16.33,6, will be 
respectively (1 + fb px)lx ai *d (1 + fb px)lx times as large as for a normal gas; 
that is, 


p(CC)® = -i(l+fbp x ).2 /i ^c 0> 

ip(C5cp = -i(l + |bp Z ).A^, .3 

where A and p are the conductivity and viscosity of the gas at normal 
densities. 

The quantities pCC and \pC 2 C give the parts of the pressure tensor 
p and the thermal flux q that arise from the transport of momentum and 
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energy by the motion of molecules from point to point. To these must be 
added the contributions arising from the transport of momentum and 
energy by molecular collisions. These will now be evaluated, correct to the 
second approximation. 


16.4. The collisional transfer of molecular properties. Consider the 
collisional transfer of a molecular property f across an element of area 
dS at the point v. It will be supposed that if is a summational invariant, and 
does not depend on r ; in this case a collision does not alter the total amount 
of if possessed by the molecules, but transfers part from one molecule to the 
other, so that a flow" of if results. If a collision is to produce a transfer of if 
across dS, the centres of the colliding molecules must lie on opposite sides of 
dS, and their join must cut it. 

Let the normal to dS, drawn from its negative side to its positive, have a 
direction specified by the unit vector n. In a collision between molecules of 
velocities c and c l3 of which the first lies on the positive side of dS and the 
second on the negative, since k is the direction of the line drawn from the 
centre of the second to that of the first, k. n is positive. If the line of centres 
at collision, of length <r, is to cut dS, the centre of the first molecule must lie 
within a cylinder on dS as base, with generators parallel to k and of length cr; 
the volume of this cylinder is cr(k. n) d/3. Again, the mean positions of the 
centres of the two molecules are the points r + 4<vk, while the mean position 
of the point of impact is the point r. Hence the probable number of such 
collisions per unit time, in which c, c x , k he respectively in ranges dc, dc x , 
dk, is, by analogy with 16.2,i, 

X (r)f{r + £<rk)A(»* - $<rk) cr 3 g .kdkdcdc x (k . n) dS. 

Each such collision causes a molecule on the positive side of dS to gain a 
quantity if'—if of the property if at the expense of a molecule on the 
negative side. Thus the total transfer across dS by collisions of this type is 

{if' — if) x( r )f( r + l ork )/i( r ~ |<rk) u 3 (g.k) (k .n) dkdc dc x dS, 

and the total rate of transfer of if across dS by collisions, per unit time and 
area, is 

0*x(v) S JJ(^' - t)f( r + i^k )f 1 (r - -luk) (g-k) (k. n) dkdcdc x , 

the integration being over all values of the variables such that g . k and 
k.n are positive. In this expression let the variables c and c x be inter¬ 
changed; this is equivalent to interchanging the roles of the two colliding 
molecules. Thus k is to be replaced by — k, g by —g, and if' — if by if' x —if x , 
which is equal to — {if' — if). On performing the interchange, we obtain an 
expression identical in form with the original one, but with the integration 
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now taken over all values of the variables such that g . k is positive and 
k. n negative. The rate of transfer in question is therefore equal to 

\p*x(r) mr - t)f( r + (r ~ &rk) (g • k) (k. n) dkdcdc x , 

taken over all values of the variables such that g. k is positive. This expres¬ 
sion is the scalar product of n and another vector which, by analogy vith 
2.3, represents the contribution of collisions to the vector of flow of \jr. 

As in 16.32,/and A are expanded by Taylor’s theorem, and derivatives of 
higher order than the first are neglected; the collisional part of the vector of 
flow of is then found to be 

iX* 3 HSW ~ f)fh k(£ • k) dk dcdc x 

+ lX^ JW' — W/ik - j^log (//A) k(g.k) dkdcdc x . x 

where all the quantities are evaluated at the point r. Since the second term 
of this already involves space-derivatives, / and A can here be replaced by 

/<°> and A (0) - 

16.5. The collisional transfer of momentum. Consider first the transfer of 
momentum. Let 

\Jf = mC = m(c — c 0 ), 

where e 0 is evaluated at the special point r under consideration, and does 
not vary with the position of the molecule. Then 16.4,i becomes 

iX<r* nS m ( c ‘ ~ C)ff x k(g.k)dkdcdc x 

+iXO* JIMC' - C)f»ff» k. 1 log (/<»>//« Ug-Vdkdcdc,. 

After integration with respect to k, using 16 . 8 , 7 , 8 , this expression becomes 
jg jfff x (2gg +Ug 2 ) dc dc x 

+lgX° ri ™ JJ/ (0) A 0) [{g • ^ log (/ <0 V/i 0) )| (gg +g 2 V)lg 

+i[g |;iog (mm+^o g immg\] ^ Cl .i 

In the first integral we use the relation g — C x — C; then since, for any 
function <f>, 

Sfflde = ff x f> x dc x = n$, 
and C x = 0, C — 0, the value of this integral is 

!bp*x(2CC+0*U). . 2 
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In the second integral, since 

|,iog(/»Y/f) = ssato-OBf+ £ g.c 0 ). (C - Cl) , . 3 

the terms involving dT/dr, being odd functions of C, C\, vanish on integra¬ 
tion; hence the integral is equal to 

+«{g c 0'«)*+s(^ c o^)j]**i- 

To evaluate this, we change the variables of integration from c and c x to G 0 
and g, where here <?„ = i(C+C 1 ). 

Then, as in 5.2, dcdc-y is replaced by dG 0 dg, and 

Integrating, we obtain 

-^^w{||c„+ |u|.e 0 


or 

where 


,6 3 

- ro ha? c » +u 0 ?- 


ru = f 7r* yn 2 cr 4 (mfcT 1 )t 
= yb 2 p 2 (ra£ T)* /?7 % 2 ; 


•4 


•5 


alternatively, in terms of the coefficient of viscosity at ordinary pressures, 
which 18 = 1-016 x 5(mkT)*(lG7ri(r 2 , 

w is given by xn = l- 002 /£^b 2 /j 2 . . 6 

Adding a and 4 , we obtain for the value of 1 


iV**(2CC+ C*U)-w(||;C.+U £ ■ c, 

This gives the part of the pressure tensor that arises from the transport of 
momentum by collisions. To this we must add pCC, which gives the rate of 
transport by molecular motion; then the whole pressure tensor is found to be 

o 

p = P ( 1 +|b ra ) cc+£Vx5nJ -®(Is c » +u ^• c ») ■ 
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If we insert in this the value of CC found in 16.34, and use the relation 
C* — ZhTjm, this becomes ^ 

p = j&rcP( 1 + bpx) c oj u — 1"~ ( 1 + f b PX) 2 + fc 0 • . 7 

16.51. The hydrostatic pressure: van der Wools' equation. The hydrostatic 
pressure corresponding to 16.5,7 is 

p = knT( 1 + bpx) ~ w %r * C °* . 1 


In particular, for a gas in a uniform steady state, 

p = lnT(l+bpx), . 2 

in agreement with what we were led to expect from the forms of 16 . 33 , 3 , 4 . 
Since for a gas which is not too dense % is nearly unity, in this case, approxi- 

matel y p = knT(l + bp ) 

or, to the same order of approximation, 

p(l-hp) = knT. . 3 

This is the special case of van der Waals’ equation of state valid when the 
fields between molecules can be ignored save at collision. For a dense gas, 
however, a must be used. 

Equation 2 may readily be generalized to take into account the effect of 
molecular attractions at large distances. We assume that the attractions 
produce no appreciable departure from uniformity of density in the gas; 
this means that the tendency for one molecule to collect other molecules 
into a group round it can be ignored, and, moreover, since the deflections 
produced by close encounters must result in departures from uniformity of 
density in the immediate neighbourhood of a molecule, that the effect of 
the attractions during such close encounters is not large compared with the 
effect of attractions between more distant molecules.* 

Consider now the effect of the attractions across the element dS of 16.4. 
Let h be a unit vector drawn on the positive side of dS from a point P on it 
(cf. Fig. 11 ), and let an elementary cone of solid angle dh. be drawn round it 
with vertex at P. The volume of this cone lying between distances r x and 
?'i -i- dr x from P is r\dr x dh., and contains nr\dr x dh. molecules. To obtain the 
attraction on one of these molecules across dS exerted by molecules on the 
negative side of dS, suppose an elementary cone to be drawn through the 

* Calculations taking into account the deviations from uniform density produced 
by the attractions are given by R. H. Fowler, Statistical Mechanics { 1936), chapters 8 
and 9. The effect is that the quantity a appearing in 6 varies somewhat with tempera¬ 
ture, and so also does y, because the attractions increase the probability of collisions. 
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boundarv of dS, with vertex at this molecule. If the angle between h and 
the normal n to dS is 6, the solid angle of this cone is dS cos djr\. Hence if the 
force between two molecules at a distance r is F(r), the total force exerted 
across dS by molecules on the negative side on the given molecule is 

r\ Jr t 



and the total force across dS is 

n 2 dS JJJcos 2 6 F(r) rHrdr x dh, 

the integration being over all values of the variables such that 

and r x < r. f 

The integration with respect to h is effected by expressing h m terms or 

polar angles 6, cp about n as axis; we have 
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The integration with respect to r x between the limits 0 and r is also simple 
Thus the total force per unit area exerted across dS by the gas on the negative 
side upon the gas on the positive is found to be equal to 


where 


~n 2 f r 3 F(r) dr = a p 2 , 
3 Jo 

am 2 = ^ f r 3 F(r) dr, 
O J 0 


■4 

■5 


so that a is independent of the temperature. Since this force is a traction, it 
must be deducted from the pressure given by 3 , which is therefore to be 
replaced by p + = hnT{1 + hpx) . 6 


The approximate equation 3 can similarly be generalized to the form 

(p + a/? 2 ) (1 — bp) = knT, . 7 

which is van der Waals’ equation. 

When the gas is not in a uniform steady state, the hydrostatic pressure 
given by a must be increased by the term . c 0 . This term differs from 

zero whenever the density of the gas is varying (cf. 16.33, 3 ); it is positive 
when the gas is contracting, and negative when it is expanding. Thus there 
will always be a resistance to contraction or expansion, apart from the 
viscous resistance. This will, for example, cause sound waves to be damped 
more strongly in a dense gas than in a rare one. 


16.52. The viscosity of a dense gas . The deviation of the pressure system 
from the hydrostatic is given by the second term of 16.5,7, viz. 


This is of the same form as the corresponding expression for a gas of ordinary 
density, which was Q 

Hence in a dense gas the true coefficient of viscosity, [F , is given in terms 
of j-i, its value at ordinary densities (at the same temperature), by the relation 

? = £ (l+fbpx) a +l® 

=1+°-7614b ra ), 

using 16.5,6. 
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16 6 . The thermal conductivity of a dense gas. To evaluate the thermal 
we write fr = \m0 2 in 16.4,i, where again C is taken as the velocity of 
a molecule relative to the mass-velocity of the gas at the special point r. 
Then the expression becomes 

lymcr 3 JJJ(C " 2 - C 2 )ffMg • k ) dkdcdCi 

+ V- k. hlog(^) klg.kjrfkdcrfc,. 

Integrating with respect to k by using 16.8,9,10, we obtain 


^mx<^SSffi{ 2 S(S- G o)+S 2G «} dcdc i + ^a m X^ni m fi° 

X Hg. Go) (gg+g*V)lg+g(8 G 0 + G og)} • gb°g (jpj dedc i . 1 

The first integral can be expressed in terms of mean values of functions of 
the velocity by substituting for#, G 0 their values in terms of C, C x \ it is 

Tobpx.pCK!. 

In the second integral we substitute the value of 0/8r log(/ ( 0 ) //i 0) ) given by 
16 . 5 , 3 ; the terms involving d/drc 0 are then the integrals of odd functions of 
C, C x , which vanish. As in 16.5, the variables of integration are changed 
from C, C x to g, G 0 , using the relation 

C 2 -C\ = (C+ C ). (C- C x ) - - 2 g. G 0 , 

when the integral becomes 

- z<r4 n^‘ +iMhT (g ■ [t» • • ^)}/« 

+«(sr«o+ G og)-^]dG () ig 

_L f [e- m( - & ° i+igS) l kT Gog $ d G 0 dg 

~ ZIQttWT^ dr n °* 


2 

3 



9T 7 

7 0r ’ 


•3 


using 16.5,s and putting c w = 3&/2m. 
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The transfer of energy by molecular collisions is equal to the sum of 2 
and 3 . To this we add lpC 2 C, which is the transfer by molecular motion: 
then the flux-vector of energy is found to be 

dT 


= yC*C{l+fopx)~c v w 


dr 


Using the value of ipC 2 C found in 16.34, this becomes 
= _{i( l + |bp X ) 2A + c„®}|^, 

so that at any temperature the true conductivity, A', is given in terms of that 
at ordinary densities, A, by the equation 

A' = ~( 1 + IVa) 2 ^ + c w u7 

= bAp (b^ + * +0 ' 7574bra ) • .* 

16.7. Comparison with, experiment . By 16.52,i, the coefficient of viscosity 
in a dense gas, p', is related to the corresponding coefficient in a normal gas, 
p, by the equation 

P’lP = b^^ + | + 0-7614b^. 


Thus as p increases p’jp has a minimum corresponding to 
b px = (0*7614)-! = 1-146. 

If this minimum be denoted by (p'jp) mln , we have 

= F5S5 C “' /p) m‘”(b^ + * + °- 7614b ^) • 

The quantity b px can be determined from the compressibility of gases. 
By 16.51,6 

P + a,p 2 = knT(l+bpx)- 

Suppose that b is independent of the temperature. Then 
dp 

— = 1 cn(l+bpx). .2 


The value of b px may therefore be deduced from observations of the 
variation of pressure with temperature at constant volume; by substituting 
in 1 we obtain a direct check on the theory, involving no adjustment of 
arbitrary constants. It must be pointed out, however, that the temperature- 
variation of the viscosity of gases of low density indicates that cr, and there¬ 
fore b, cannot be regarded as more than approximately constant. 
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The following table gives the experimental values of the coefficient of 
viscosity of nitrogen at 50° C. obtained by Michels and Gibson,* together 
with the values calculated by them from the above formula. The values of 
b/j% are obtained from the experimental results of Deming and Shupe.f The 
agreement is striking at high pressures, though less good at low; the mole¬ 
cules appear, in fact, to behave more like rigid elastic spheres at high 
pressures than at low. The minimum value of /ijp (last column) corre¬ 
sponds roughly to b px - 1 - 2 . 

Similar results were obtained by Enskog for carbon-dioxide, using the 
experimental results of Warburg and Babo.j The agreement is the more 
remarkable in this case because the temperatures considered are in the 
neighbourhood of the critical temperature, and at one temperature the 
substance changes from the vapour phase to the liquid. This suggests that 
in a liquid the transport of momentum is by a mechanism similar to that 
considered in this chapter. 


Table 29. Viscosity of nitrogen at high pressures 


Pressure 


(atmo¬ 

spheres) 

*PX 

fix 10® 
(calc.) 

15-37 

0-031 

181 

57-60 

0-119 

190 

104-5 

0-215 

205 

212-4 

0-491 

224 

320-4 

0-717 

266 

430-2 

0-920 

308 

541-7 

1-111 

348 

630-4 

1-247 

380 

742-1 

1-413 

418 

854-1 

1-576 

455 

965-8 

1-732 

492 


fi x 10® 

P 


(exp.) 

(gr./cm. 3 ) 

(exp.) 

191-3 

0-01623 

0-01179 

198-1 

0-06049 

0-003274 

208-8 

0-1083 

0-001928 

237-3 

0-2067 

0-001148 

273-7 

0-2875 

0-000952 

312-9 

0-3528 

0-000887 

350-9 

0-4053 

0-000866 

378-6 

0-4409 

0-000859 

416-3 

0-4786 

0-000870 

455-0 

0-5117 

0-000889 

491-3 

0-5404 

0-000909 


Since no observations of the thermal conductivity of dense gases were 
available, Enskog attempted to apply the above theory to the conductivity 
of liquids. Erom 16.52,i and 16 . 6,4 we deduce a relation of the form 

A' = ifi'c v 

connecting the thermal conductivity A' and the viscosity y > here f is a pure 
number, equal to 2-522 for ordinary gases on the rigid spherical model, and 
to 2-509 for infinitely compressed gases, but rising to a maximum value 

* Michels and Gibson, Proc. Boy. Soc. A, 134, 288, 1931. 
f Deming and Shupe, Phys. Bev. 37, 638, 1931. 

J Warburg and Babo, Wied. Ann. 17, 390, 1882. 
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2 - 914 when b p% = 1-13. The experimental values found for f vary between 

3 - 3 and 0-34 for all of the liquids given in Enskog’s table save mercury, f or 
which he gives f = 83. Clearly the above theory cannot apply to the con¬ 
ductivity of mercury: the majority of the conduction is probably due, as 
with other metals, to the motion of free electrons. Eor the rest, though it 
is probable that the possession of internal energy by the molecules will 
decrease f, it hardly seems likely that this factor produces the whole of the 
variation in f. Thus we conclude that the mechanism of conduction of heat 
in liquids differs somewhat from that considered above. 


16.8. The evaluation of certain integrals . Certain results of integration 
with respect to k, assumed earlier, will be proved here. 

Let h, i, j denote three mutually perpendicular unit vectors, h being in 
the direction of g. Let 8, <p be the polar angles of k with respect to h as axis 
and the plane of h and i as initial plane; then 

k = hcos# + isin#cos 9 + jsintfsincp, . x 

so that g. k = g cos 8, and the element of solid angle dk can be expressed in 
the form 

dk = sinOdddy. 

In all the integrals to be evaluated the integration is over all values of k for 
which g . k is positive. Thus the limits of integration are, for 6, 0 and jt/ 2 , 
and for cp, 0 and 2n, and so all terms of the integrand containing odd powers 
of sin <p or cos o may be neglected. Hence in particular 

Jk(g. k) dk = JJh cos 6. g cos 0 . sin ddQdy 



Again, 

Jkk(|f. k ) 2 dk = JJ(hh cos 2 9- f ii sin 2 6 cos 2 cp 

- 4 - jj sin 2 6 sin 2 cp)g 2 cos 2 8 sin 6 ddd® 

= !|g3(3hh + ii+jj) 

= ||-« 2 ( 2 l 1 h + U) = ||(2gg+g 2 U), .3 


using 1 . 3 , 9 . 
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41 S0 if i is any vector, 

jkk(v.k)(g-k) 2 ‘ Jk = J ' kk<v - hoose+V - iS “ e0Oa . 9 


= JJ{v. h cos 0(hh cos 2 0 + ii sin 2 8 cos 2 <p + jj sin 2 6 sin 2 ?) 
+ v . i(hi + ih) cos 8 sin 2 8 cos 2 o 
+ v . j (hj + jh) cos 8 sin 2 8 sin 2 9 } g 2 cos 2 8 sin 6 dd do 


_ IL g2{v . h(4hh+ii+j j)+V. i(hi + ih) + v. j (hj + jh)} 


= ILg2| v h(hh+U) + v. (hh + ii+jj)h 

12 +h(hh+ii+jj).v} 

= Sg 2 { v .h(hh+U) + vh+hv} 


= ^{v.g(gg+g 2 U)/g+g(vg+gv)}. 

Now, by 16.3,3, 

C' — C + k(k.g), C' X = C X - k(k.g). 

Hence C" 2 = (C+k(k.g)} .{C+k(k.g)} 

= C 2 + 2(k.C)(k.g) + (k.g) 2 , 

and similarly C? = C?!- 2 (k.C l )(k.g) + (k.g) 2 . 

Thus, using 2 - 4 , 

|k(C| + C; 2 )g. kdk = Jk{2C? - 2(k. C,)(k .g) + (k -g) 2 } (g ■ k ) dk 
^[20lg-m(S-Ci) + S^ + i g2gl ■ 

Jk(C, + CJ). g • kdk = Jk{2C,—k(k -g)} (g - k ) dk 
= ^{2C,g-i(2gg+^U)). 

J(C' - C) k(g. k) dk = Jkk(g .k) 2 dk 
= |(2gg+S 3U )- 

J (C - C) k(k. v) (g. k) dk = Jkk(v. k) (g. k) 2 ik 

= £.{v .g(gg+g ! U)/g+«(''« + S v)} ’ 
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J( C" 2 - C 2 ) Mg • k ) = Jk. (g + 2C) k(g . k) 2 dk 
— 2j(k. G 0 ) k(g . k) 2 dk 

= ^{2g(sr-Go)+«*«„}, 

J( c ,% - G 2 ) kk(g. k) dk = 2 J(k. 6? 0 ) kk (g . k) 2 dk 

= |{(Go -g) (gg+g 2 U)lg+g(gG 0 + G 0 g)} .. 

16.9. Extension to mixed dense gases. Enskog’s methods have been 
generalized by H. H. Thorne (of the University of Sydney, Australia) to 
apply to a mixture. We give a summary of his results; these have not 
hitherto been published, and are made available here through his courteous 
co-operation. 

Let m x and m 2 be the masses of molecules of the two gases, cr 1 and a, 
their radii. Then b l3 b 2 , b£ and b 2 are defined by 

biPi = of, b 2 p 2 = fwjigoi, b^ = §7rn 1 of 2 , b 2 p 2 = §7TO 2 of 2 .. 

Corresponding to the factor x °f 16- 2 > fkree factors Xi> Xz and are 
introduced, related respectively to collisions between pairs of molecules 
m x , pairs of molecules m 2 , and pairs of dissimilar molecules. It is found that 

Xi = 1 + + Jz n z(°i + 1Q °iz ” ISorfaO-i) + ..., 

Aha = 1 +^^(8-3a' 1 /cr 12 )+^w 2 o-l(8-3<r 2 /(r 12 )4- ...,[ 

with a corresponding equation for % 2 . In terms of these, the first approxima¬ 
tion to the hydrostatic pressure is found to be 

P = kniTii+^PiXi + KPzXiJ + knzTil + bzPzXz + ViPiXiz)- •••-3 
The Boltzmann equations for the two gases are of obvious forms. First 
approximations to their solutions are the Maxwellian functions fl 0) and/| 0) ; 
second approximations are /i 0) (l / 2 (0) (1 +^ 2 X) )j where 0 X (1) and 0 2 (1) 

are found to satisfy the equations 

Xi JJ/flPW *+~ &l iy ~ ® {1Y ) <r\g ± • k dkdc 

+ Xnnfi 0} fP^l”+^ v -^i ir -^')<r^g 21 .-kd kdc 2 

= -/{ 0, [(l + IViZi + ¥^i^P a Xi2)(^ 5 -|) 

■^*^^ 12 * G, + (1 + f^iPiXi + 2^2 P 2 X. 12 ) G, C 1 : g^ C 0 

+^{biftXi-b2ftX 2 +2x 12 (^ 2 /) 2 b{-Jf lPl bi)} 1) c„] 


•4 
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and a similar equation; d 12 and d 21 are given by 

tfa = - d « - ViXx+b^*)} 


+ kiAiXi2 


f 1 3w 2 1 3?q 

[n 2 3r w x 8r 


i ~M Z ) 


_1 ST) 
Tdrj ‘ 


A new feature is the appearance of the term involving ^. c 0 in 4. This 

contributes to a term depending only on the scalar C x . Since this affects 
only the hydrostatic pressure, we shall not consider it in detail. 

Because of the different scalar factors by which the terms of 4 and the 
similar equation for the second gas are multiplied, it is not possible to express 
the solutions of these equations directly in terms of the functions A, D and 
B of Chapter 8. It is, however, possible to express the various gas-coefficients 
in terms of the same elements a rs , b rs as in Chapter 8. 

The velocity of diffusion is given by 


where D 12 is, to a first approximation, given by 

^12 = [-^12]l/^12> .6 

[D 12 ] 1 being the first approximation to the coefficient of diffusion for gases of 
moderate density. The first approximation to k T is given by 


k T = -—{% 0 mp*(l -hfbj.pj .Xx + 2 b 2 p 2 A!i2) (®oi®-i-i —a o-i a i-i) 

*Xl2 

+ % 20 m^-(l +f b 2 /? 2 X2 + ( a o-i a n _a oi a i-i)/ 

-T- (a 1]L a_ i_x — <*1-1)5 . 7 

which replaces 9.83,i; in this a 01 , a 0 _ lt a x _ x have the same meanings as in 
9.8, while n, t 

a \X — a 'll + n l2Xi a lllXl2’ a -l-l = a '-l-l + n i2Xz a -l-l IXl2> . 8 

a' n , < l3 ali-! and a"i_i have the meanings of 9.8,13,14- 
The flow of heat when there is no diffusion is given by 


q = \ Pl C\C x {l +f b^iXi + ^i^^PaXm) 

+lft5fc;(i+ib 3 p 2 X2+¥-^i- M '2 b >iXi 2 )-t(^ IT ) i 

0 jT 

x {mj i nfXi a i + ^{^M 1 MJm 0 ) i n 1 n 2 Xi 2 ar i 2 ^~ m 2 in lX 2 cr i}^' 


9 
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Thus it is found that, to a first approximation, the thermal conductivity is 
given by 

A = [»_!_! %2 w I 1 ( 1 +f b i/ 3 iA:i + V J ^i J ^2b2p 2 A:i2) 2 

® Al2 

- 2a 1 _ 1 (m 1 m 2 )~i (1 + f b^^ + ^2X12) 

x (1 + %b 2 p z X 2 + 1 rM 1 M 2 h' 1 p 1 x 12 ) 

+ a 11 w 21 m2 1 (l+fb 2 p 2 % 2 + ^Af 1 -M' 2 bip 1 xh 2 ) 2 ]/(«na-i-i-af_ 1 ) 

+ |(t rh 3 T)i {m?-n\Xx<7l + 2 ( 8M t Jf 2 /m 0 % n 2 y 12 uf 2 + 

...10 

The deviation of the stress-system from the hydrostatic pressure, when 
there is no diffusion, is given by 

Pi @i @1 (1 + f bj_ Pi Xi + f M 2 b 2 p 2 X12) + p 2 ^2 ^ 2 ( 1 + f b 2 p 3 # 2 + f M x b ' x p x ^ 12 ) 

o 

— A( 7 rkT)± {m\n\Xi<y\ + 2 ( 2 m 0 Jf 2 )* ^ w 2 ^ 12 orf 2 + c 0 , 

whence we find, as a first approximation to the coefficient of viscosity, 

P = ^kTib^^n^l+^biPiXi + WiKpzXiz) 2 

- 26 1 _ 1 (1 +|b 1 p 1 ^ 1 +fJf 2 b'p 2 ^ 12 ) (1 +|b 2 p 2 x a + fiW 1 bip 1 ^ 12 ) 

+ fe u^2i( 1 +1 *> 2 P2 Aa+f M 1 bip 1 Xi 2 ) 2 ]/A! 12 (6 1 i &_!_! - bf- x ) 

+ Tk(* rfc2T )*( m t»iXi or i + 2(2m 0 JfiJtf 2 )*%^ 2 + m i^iX2°1}> .n 

where 6 U = 6' 1 + %2 ^ 1 6J 1 /x 1 2, ^-1-1 = ^-1-1+ ^21X2 ^-i-x/Ai 2> .12 


and b' ix , b" lx , b'_ x _ x , 6d 1 _ 1 and &]_! have the same meanings as in 9.8. 
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Chapter 17 

QUANTUM THEORY AND THE TRANSPORT 
PHENOMENA 

The quantum theory oe molecular collisions 

17.1. The wave fields of molecules. When quantum methods are applied 
to molecular encounters some divergence from the classical results is found. 
The deflection of the relative velocity g, resulting from the encounter of a 
pair of molecules of masses m x and m 2 , is much the same as if. on the classical 
theory, each molecule were supposed surrounded by a “wave” field whose 
linear extension is of the order of the “wave-length” 

h(m 1 + w 2 )/27rm 1 w 2 g, 

h being Planck’s constant, equal to 6-554 x 10~ 27 g. cm. 2 /sec. Thus, for 
example, rigid spherical molecules behave as if such wave fields produce a 
deflection even when the spheres do not actually collide; in general, the 
effective diameters of molecules are larger according to quantum theory 
than according to classical theory. The increase is appreciable if the exten¬ 
sion of the wave fields is not small compared with the molecular collision- 
distance cr 12 ; that is, using a mean value for g, if 

h(m 1 + m z ) i [2no- lz (m 1 m z kT) i .i 

is not small compared with unity. This quantity is largest for light molecules 
and low temperatures; for helium at 0° C. it is 0*13, and for hydrogen it is 
somewhat larger; hence for these two gases the quantum correction is con¬ 
siderable even at ordinary temperatures, and becomes very important at low 
temperatures. Molecules of other gases have much larger masses, and their 
radii are in most cases larger; moreover, it is not necessary to consider such 
low temperatures for the other gases, because they liquefy more readily. In 
consequence, the modifications introduced by the use of quantum methods 
are relatively unimportant except for hydrogen and helium. 

A second modification of the classical theory may be required at very low 
temperatures, when the wave fields associated with the molecules may be 
much larger than the actual molecules, so that there may be a state of 
congestion similar to that considered in the last chapter, even when the total 
volume of the molecules is small compared with that of the containing vessel. 
A gas in such a state of congestion is said to be degenerate. In ordinary gases 
the congestion is very slight even at the lowest temperatures considered, 
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but in an electron gas, such as is encountered in a metal or in a dense star 
the congestion is extreme. 

Naturally it is not possible in this book to give a full account of the relevant 
sections of quantum theory; we shall simply indicate its applications to our 
subject. 


17.2. Interaction of two molecular streams. It is necessary first to put 
certain of the earlier results into forms suitable for use in connection with 
the quantum theory of collisions.* The uncertainty principle states that the 
precise position and velocity of a molecule cannot be determined simul¬ 
taneously. It is therefore not possible to determine exactly the deflection 
X of the relative velocity at the encounter of two molecules m x , m 2 of 
velocities c l5 c 2 . It is, however, possible, when a stream of molecules m 1 of 
velocity c x moves in a stream of molecules m 2 with velocity c 2 , to determine 
the probable number of encounters per unit volume and time, such that the 
direction of the relative velocity g 21 after collision (expressed by means of 
the unit vector n, say) lies in a solid angle dn. This number is proportional to 
the number-densities n x , n 2 of the two streams, and also depends on x and on 
the magnitude g of the relative velocity; it is therefore written as 

n x n 2 oc 12 (g, x)dn. 


In applying this result to any gas, the two streams are taken to be sets of 
molecules having velocity-ranges c l5 dc x and c 2 , dc 2 ; if the gas is sufficiently 
rare for encounters other than binary to be negligible, interaction between 
more than two streams occupying the same space may be ignored. Thus the 
number of encounters per unit volume and time between the two sets of 

molecules is , 

A A *i*(g> X) dn dc x dc 2 . .1 

Now x and the angle e of 3.42 are polar angles giving the orientation of 
g 2l about the direction of g 2x as axis; hence dn = sin xdxde, and so 1 is 
identical with . . , . . , , , , 

A A^ia^X) &wxdxdedc x dc 2 . .2 

This replaces the expression 

A A gb db de dc x dc 2 . 3 


obtained in 3.5 for the number of encounters per unit volume and time in 
which e 15 c 2 , b, e he in ranges dc x , dc 2 , db, de. Hence the only change required 
in the general theory is that the element oc 12 (g,x) sinyc?^ replaces gbdb in 
all integrals involving collision variables. 


* This modification was first made in gas-theory by Uhlenbeek and Uehling, 
Phys. Rev. 43, 552, 1932, and Massey and Mohr, Proc. Roy. Soc. A, 141, 434, 1933. 
Similar changes are, however, implicit in earlier discussions of electron-theory. 
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17.3. The distribution of molecular deflections. We proceed to obtain an 
expression for oc 12 {g,x)* Let- the mutual potential energy of a pair of 
molecules m l3 m 2 at a distance r be f. Then the wave equation governing the 
relative motion when a molecule m 1 of velocity c x encounters a molecule m z 
of velocity c 2 is the same as that governing the motion of a molecule of mass 
?n an< ^ velocity g 21 under the action of a stationary centre 

of force whose potential energy is v at a distance r. Suppose that the force- 
centre is at the origin, and that a beam of molecules of velocity g and of unit 
number-density is incident on it in the direction of Oz. Then the number of 
scattered molecules crossing a large sphere whose centre is the origin, with 
velocities whose directions He in a small solid angle n, dn, is a 12 (g,x)dn per 
unit time, where x is the angle between n and Oz. 

The wave equation governing the motion is 


h 2 m 0 / m^g 2 

S 7 T % m 1 m 2 v \ 2 m 0 



= 0 , 


where h is Planck’s constant and m 0 = m x + m 2 . In this we write 


27 TTO, m 9 g 

3 “ m^hT ' 

when it reduces to V 2 ^ + 1 ’ j 2 - Wm* ) ^ = . 3 

The solution we require, representing the beam of particles scattered by the 
force-centre, is symmetrical about Oz and finite at the origin. If z — r cos 6, 
one solution possessing these properties is 

i/r — u n (r)P n (cos6)fr, .4 

where PJcos 6) is the Legendre polynomial of order n, and u n {r) is a real 
function of r, satisfying the equation 

= o, .s 

dr 2 hhn 0 r 2 / 

and such that u n { 0) = 0. These conditions determine u n save for an arbitrary 
factor; if this is suitably adjusted, the asymptotic expression for u n corre¬ 
sponding to large values of r, for which v is negligible, is 

u n ~ sin ( jr — \nn + $ n ), , . 6 

where S n is a constant depending on the form of the function v. 

* The results of this section are due to Faxen and Holtsmark, Zeit. fur Phys. 45, 
307, 1927. 
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The solution of 3 appropriate to the present problem is a combination of 
solutions of the type 4, say 

ft = \ 2 ^«Jr)P n (cos0), .. 

r n=0 

where the quantities r) n are constants, real or complex. This may he divided 
into two parts, ft' and ft"; the first represents the incident beam, of unit 
number-density, advancing parallel to Oz; for this we have 

ft' = e ^ = e iJ> cos<? , {i=V~ 1 ) .8 

which, as can readily be seen, is asymptotic to a solution of 3 for large r. 
Using known results in the theory of Bessel functions,* this becomes 

ft' = + 1) i n J (^) J n+ i(jr) Pni *os d) 

“ J a (2» +1) (- 2jri) n (j^)* (S?) r n (cos 9), 

and so, for large values of r, 

1 00 

ft' S (2% + 1 .) i n sin (jr — \mr) P n {cos 6). . 9 

Since ft is a solution of 1, and ft' is asymptotic to a solution, the remaining 
part ft" of ft must also be asymptotic to a solution. It represents the scattered 
molecules, which at a large distance r from the origin are moving radially 
outward; hence it must be such that dft"jdr ~ ijft" when r is large. These 
conditions are satisfied if 

ft" ~ \ eLlr ^JIn P rc( cos 6 )> . 10 

where the quantities 77" are constants. 

Combining the results 6,7,9,10, we have 

S {(2% +1) L n sin {jr — hmr)jjr + 97 " P u (cos 6) 

«—0 

= ^ 2 Vn S i n (jr — 2 nrr + $n) P rt (cos 0 ), 

whence, equating the coefficients of P n (cosd), we obtain 

{2n+l) L n sin (jr — \mr) jj + 97 " e ljr = 7j n sin (jr — \nn + 8 n ). 

This equation is an identity in r. Suppose that 
jr — \nir + S n = 0. 

* 6. IN'. Watson, Bessel Functions (Cambridge, 1922), pp. 56, 128, 368. 
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Then it is found that ^ = ^ 2n + 1) (cM ,_ 1}> 

and so io becomes 

J 0 (2W+ 2) (e2 ^“ 1)P ^ C0S *)• 


The number-density of scattered molecules is | ijr" | 2 . At a large distance 
from the origin these are moving radially outward with velocity g. Hence 
the number per unit time which cross a sphere of large radius r with velocities 
■niiose directions lie in a solid angle n, dn is 

« 12 (g, 6)dn = | ijr" | 2 gr 2 dn. 


Thus «i2 (g»X) = ^2 jt Q ( 2n + *) (e 2lSn ~ l)P n (eosx) .n 

This expression gives the distribution of scattered molecules when 
encounters of unlike molecules are considered. If the molecules are alike, a 
modification is necessary, on account of the interchangeability of the two 
molecules. Equation 8 must be replaced by 


t' = -^{e ljz + e~ Ljz ) 




which corresponds to superposed beams moving with velocities g, — g 
parallel to Oz * the numerical factor is chosen so as to make the average 
number-density unity. We must therefore replace n byf 


X) = 


S (4%+1) l)P 2n (cosx) | 


* This is the result valid for molecules consisting of an even number of elementary 
particles (electrons, protons and neutrons): for molecules composed of an odd 

number of elementary particles, ijr' = (e liz — 

V z 

t In the Physical Review, 52, 944, 1937, Halpern and Gwathmey draw attention 
to the fact that on the quantum theory molecules of the same substance cannot always 
be regarded as identical; for example, para- and ortho-hydrogen molecules are 
regarded as distinct, and so are molecules of the same modification of hydrogen 
characterized by diff erent rotational q uant um numbers. In consequence, in the 
majority of collisions occurring even in a simple polyatomic gas, the probability of 
scattering may be that corresponding to unlike molecules. The conclusions which 
these writers draw as regards the behaviour of special gases must, however, be 
treated with reserve; either the internal state of a given molecule is unaltered during 
many collisions, when in effect we are considering a mixture of different gases, and 
should use the formula for the viscosity of a mixture, or else the state is readily 
altered at collision, when the theory of elastic collisions is inadequate. 
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17 . 31 . The collision-probability and mean free path . The total probability 
per unit time that a molecule of velocity c l5 moving in a stream of like 
molecules of velocity c 2 whose number-density is unity, should undergo a 
collision, is 

Jai (g,x)dn = 2zrJ^ oqCg, x) sin^X 

T 2 (4»+l)(eW»-l)P ta(a! ) ~dx 

r J-i »=o 

= ^ (4% + 1 ) sin 2 ^ . J 

using results in the theory of Legendre polynomials.* It is found that this 
series converges (so that there is a finite probability of collision), when r 
tends to zero, as r-*-oo, like r~ v , where v> 3. Thus when the field satisfies 
this condition there is a natural definition of a free path in quantum theory, 
whereas on the classical theory we can define a free path, when the molecules 
are not rigid, only by making arbitrary assumptions as to the limits of the 
molecular fields. The molecules undergo as many collisions as if they had a 
definite joint collision-distance cr 12 such that 

woia g = s (4»+l) sin 2 4„. 

The value of 77crf 2 given by this equation is called the collision cross-section; 
it is thus Q , where 

Q = % 2 (4rc+ 1) sin 2 S 2n . . 2 

3 n =0 

The free path corresponding to this cross-section is, however, very 
different from that appropriate to viscosity and the other transport phe¬ 
nomena. Even on the quantum theory the majority of the “ collisions” are 
between relatively distant molecules, and result in comparatively small 
deflections of the relative velocity. The small attractive forces at large 
distances are found to affect the free path more than the larger repulsions at 
close encounters. Hence the persistence of velocities at collision is nearly 
unity; in fact the free path corresponding to 2 is important only in experi¬ 
ments in which one can study the motion of individual molecules, and 
distinguish whether they undergo a deflection or not in a given distance. 
Such experiments have not been carried out with uncharged molecules, 
but measurements of free paths of electrons and positive ions in gases have 
been made. These give values for the collision-radius of molecules which are 


* See Massey and Mohr, loc. cit. 
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often many times as large as the values appropriate for viscosity, but which 
vary widely with the speed of the ions. 

The first approximation to the coefficient of viscosity is given, as in 9.7,i, 
bv the relation 

[fi\ = okTl^{2), 

where (cf. 9.33, 3 ), ^(2) = 

and ^i 2) (cf. 9.33,a and 17.2) is now given by the equation 


**-J> 



-cos 2 x)ai(g,X)smxdx 

—x % (4w +1) (e 2£ ^ft _ 1 ) P 2n (x) 

n =0 

(16n 3 + 12n z — 2n— 1 . 0 . 

( (4»-l)(4» + 3) Sm-d * w 


dx 


~ ^ n+ £n +% +1 ^ cos ^2 n “ <Wa) sin d 2n sin d 2 „ +2 j, . 3 

using results relating to Legendre polynomials. Expressions can also be 
given for the coefficients of thermal conduction and diffusion.* 


17.32. The phase-angles S n . It is in general not possible to give an exact 
expression for the phases 8 n . Approximate expressions have, however, been 
given by Mottf and Jeffreys $ for the cases in which 8 n is small or large com¬ 
pared with unity. It is found that 8 n is small if Stt 2 ^ m 2 v/h?(m 1 + m 2 ) is small 
compared with n{n+ l)/r 2 for all values of r such that jr is not small com¬ 
pared with n. In this case Mott has shown by a perturbation method that 


4t7T 3 m : 

h 2 (m 1 +m 2 ) 


J o v (r){J n+i (jr)} 2 rdr 


* Massey and Mohr give an expression for the eross-seetion of molecules appro¬ 
priate to self-diffusion; they find that, even at high temperatures, this cross-section is 
twice the classical one. This fact is, however, not of direct importance, since, on account 
of the interchangeability of the molecules, the two molecules lose their identity at an 
encounter; it is therefore not possible to trace the diffusion of a selected set of the 
molecules through the rest, i.e., it is impossible to measure self-diffusion. The closest 
we can get to self-diffusion is by considering the mutual diffusion of two sets of 
similar, but distinguishable, molecules. 

Massey and Mohr state that integrals of the same form as that appearing in the 
expression for the self-diffusion cross-section also appear in the theory of thermal 
diffusion: but this is not correct, 
t Mott, Proc. Camb. Phil. Soc. 25, 304, 1929. 
t Jeffreys, Proc. Lond. Math. Soc. 23, 428, 1924. 
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approximately. When 8 n is large, we can use Jeffreys’s approximation for 

u n = sin + J {/(*)}* , 


u. n , which is 


where 


f(r) =j 2 


n(n+ l) 

+ K ’ r 2 


and r 0 is the largest zero of f(r); this approximation is valid if f'jfi i s small h 
the range of integration. The corresponding value of 8 n is 


K = y + I ~ jr ° + J”{W r H* -3} 


When 8 n is neither small nor large compared with unity, neither of the 
approximations 1 and 2 is valid. Normally only a few values of 8 n are near 
unity, and these can be found with tolerable accuracy by interpolation. 

For one model it is possible to obtain an explicit expression for 8 n . Suppose 
that the molecules are rigid elastic spheres of diameter <7. Then in the wave 
equation 17.3,3 we have f = 0 if r > cr and v = 00 if r <cr. This is equivalent 
to taking ^ as a solution of the equation 

vv+iV — 

such that ijr = 0 if r = cr. Thus 17.3,5 reduces to 



The solution of this equation which vanishes when r = cr is 


u n 

But for large values of jr 


cc r* 


\ J n+j 0 >) 

l Jn+iU*) 


J-n-iijr) ) 
jcr)J ' 




Hence, apart from an arbitrary factor. 



+ (-l) w + 1 


( rm\ 

r-T) 

J^i(jcr) 


On comparing this with 17.3,6, the value of 8 n is found to be 


^ «= tan~H(- 1 
In particular, £ 0 = —jcr. 


•3 
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17 4. The viscosity of hydrogen and helium. Massey and Mohr* have 
compared theory with experiment for helium and hydrogen, supposing the 
molecules to be rigid elastic spheres. As the general considerations of 17.1 
m^est the effect of quantum interaction is to increase the apparent radius 
of the molecules; the increase is fairly small at ordinary temperatures, but 
becomes large as the temperature decreases; as the temperature approaches 
the absolute zero, the apparent radius for -viscosity is four times the actual 
radius The question therefore arises whether the observed increase in 
apparent radius with decreasing temperature may not be mainly because the 
interaction follows the quantum laws, not the classical, and not because 
the molecules diverge greatly from the rigid spherical model. In Table 30 
values calculated by the classical and quantum theories for rigid elastic 
spheres with suitably chosen radii are compared with the experimental 
values for helium, f The quantum values agree fairly well with the experi¬ 
mental values at low temperatures: at higher temperatures the agreement is 
not so good, and would become progressively worse if yet higher tempera¬ 
tures were taken into account. The improvement on the classical theory for 
rigid elastic spheres is, however, striking; the maximum error is about 
7 per cent., as against over 30 per cent, on the classical theory. 

Table 30. Viscosity oe helium on the quantum theory 

y x 10 7 (calculated) 




Rigid elastic spheres 





'- s 

Slater’s field 

Absolute 


Classical 

Quantum 

quantum 

temperature 

/i x 10 7 (obs.) 

theory 

theory 

theory 

294-5 

1994 

2000 

1850 

2130 

273-1 

1870 

1930 

1770 

— 

250-3 

1788 

1840 

1690 

— 

203-1 

1564 

1670 

1500 

1650 

170-5 

1392 

1520 

1350 

— 

88-8 

918 

1100 

920 

980 

75-1 

815 

1010 

815 

— 

20-2 

350-3 

520 

355 

430 

15 

294-6 

450 

300 

360 

. further comparison of theory with experiment was 

made in the case of 


helium,$ this time using Slater’s calculation of the molecular field by quantum 
mechanics. § The latter found for the mutual potential energy of two helium 
atoms distant r apart the expression 

7 . 7e -2-43r/a_0-68^ j x 10- 10 ergs, 

* Massey and Mohr, Proc. Boy. Soc. A, 141, 434, 1933. 

f TJehling ( Phys. Rev. 46, 917, 1934) has recalculated these values and finds a 
considerable divergence from the results of Massey and Mohr, 
i Massey and Mohr, Proc. Boy. Soc. A, 144, 188, 1934. 

§ Slater, Phys. Bev. 32, 349, 1928. 
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where a is the radius of the first Bohr orbit in the hydrogen atom. Values of 
the viscosity calculated using this expression are given in the last column 
of Table 30. Though they follow the general run of the observed values 
they are always larger than these, the discrepancy becoming particularly 
noticeable at low temperatures. Use of a more accurate calculation by 
Margenau* of the attractive part of the interaction between the molecules 
only increases the error. It is to be hoped that with further progress in the 
theory of atomic structure the discrepancy will disappear; but in any case, 
when it is remembered that no adjustable constants are available to make 
theory fit the observations, the degree of agreement is noteworthy. 


Degeneracy 

17.5. Degeneracy for electrons and “odd” particles. As noted in 17.1, a 
state of congestion results when the mean distance between neighbouring 
molecules is comparable with the size of the wave fields with which mole¬ 
cules are surrounded, according to the quantum theory. Consider, for 
example, a gas consisting of particles (molecules, ions or electrons) which 
are composed of an odd number of elementary particles (protons, electrons 
and neutrons). According to the quantum theory, not more than Yfidc(m{hf 
such particles in a volume V can possess velocities in the range dc, where 
m and are the mass and the “statistical weight” of a particle,f and h 
is Planck’s constant. Hence if in the velocity-range there is already 
this number of particles, and the result of a collision would be that a 

* Margenau, Phys . Rev. 38, 747, 1931. 

t The statistical weight is the number of independent quantum states in which 
the particle can possess the same internal energy: for an electron it is 2, corresponding 
to the two possible values of the spin. 

According to quantum mechanics, not more than one electron in an atom can 
occupy a given quantum state. It is also a fundamental assumption of statistical 
mechanics that the a priori probability that an electron should occupy any one 
quantum state is the same as the probability that it should occupy a volume A 3 of 
the six-dimensional space whose coordinates are the space-coordinates and com¬ 
ponents of momentum of the electron. Thus not more than one electron with a given 
spin, and not more than two in all, can occupy the volume A 3 . The result is generalized 
to apply to all particles composed of an odd number of elementary particles. 

Degeneracy of this type was first studied by Fermi, Zeit.fiir Phys. 36, 902, 1926: a 
justification of the fundamental assumptions by wave mechanics was given by Dirac, 
Proc. Roy. Soc. A, 112, 661, 1926. The first rigorous discussion of transport phe¬ 
nomena in a degenerate gas is due to Uehling and Uhlenbeck, Phys. Rev. 43, 552, 
1932, though Sommerfeld had previously discussed a special case less' rigorously 
{Zeit.fiir Phys. 47, 1 and 43, 1928). See also ISTordheim, Proc. Roy. Soc. A, 119, 689, 
1928. 
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' further particle would enter the range, the collision cannot happen. More 
generally, if V/ (c) dc particles have velocities in this range, the probability 
of a collision which would result in a particle entering this range is reduced 
in the ratio 1 -/(c) A 3 /m 3 ^. Accordingly 3.52, 9 must be replaced by 


|ir) 2 r JJJ ( /1/ '( 1 “fAiX 1 ml a) A/2 ( 1 "^)( 1 -^)} 

xai2(g,X)smxdxdedc z . 

The uniform steady state for a gas-mixture is given by 


and similar equations, whence it follows that 

*W(-» -W(‘-S) 


are summational invariants for encounters. This gives 

f x = + A 1 e‘ xm i°i 2 ), f 2 = mlj3 2 /h?(l+A 2 e am 2 c :?), 


where a 1} a 2 , oc are related to the number-densities and temperature of the 
gases, and C x , C 2 are, as before, the velocities of the particles relative to the 
mean motion. Large values of a x , a 2 correspond, for a given ct, to small 
number-densities of the gas, and vice versa. 

If a 13 a 2 are large, z reduces to the usual form 


and so 


- e~“”h c d, f 2 = e-« m &\ 

h a 2 


If the velocity-distribution of one of the gases is independent of the density 
of the other, as is true in the classical theory, cc will have the same value if 
i 1 is large and a 2 is not large, or, again, by the same argument, if neither a x 
nor a 2 is large. Statistical mechanics shows that this is actually the case: 
thus 3 is valid for all densities. 

The relations connecting the quantities a x , a 2 with the corresponding 
number-densities n x , n 2 are of the same form as for a simple gas, whose 
velocity-distribution function is 

/ = m z j3/h s (l + A e mC *l %kT ). . 4 

CCMT 20 
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We consider separately the cases in which a is large or small compared with 
unity. In the former case, we have 


m 3 yd f (1 

1 = ~w ,J u 


e -mC s /2kT _L e -2mC*l2kT i _1 e -3mC*!2kT _ 

A 2 A 3 


_ m*0 f 2irkT y( 1 

~ h 3 \ 


y/i_]_ _j_ 

j 2^ 2+ 3^ 3 " 


Reversing the series, we get 

1 h 3 n 1 h 6 n 2 

1 = (2nmkT)- j3 + ¥ {2mnkT)*p* + ‘' 

Hence 


dc 


/ = 


m^fl 

h 3 


. e -mCP/2kT _ 


L. e -2mC 2 /2*2 1 | 

h z n~ 


— mi m Y r-mC*l2kT < ^ n ~ (]_ p -mC*/2kT _ (9 -2wiC 2 /2fc2’\ . , 

^ (27rkT) 3 fi \2% 6 6 ) + . 6 

These relations are valid for a gas in which the degree of congestion is small, 
i.e. for a gas whose degeneracy is slight. The condition that this should be so 
is that a is large, or that 

h z n/fi(27rmkT)-<^ 1 . . 7 

If a is small compared with unity, / is nearly equal to rrfifijh 3 when C is 
less than the quantity w defined by 

mw 2 . /I \ 

2 = 

but falls off very rapidly as G increases beyond this value. In this case the 
degeneracy of the gas is nearly complete. To a first approximation we can 
write 


/ = 


m z fi . 


h 3 


if C< w. 


f = 0 if C > w. 
w z B r w 

This gives n = knCWC 

= 4nm?l ( MTlog(llA) y 
3 h 3 \ m / 

Also, using the same approximation, we find 


n Ql = ±rr m 3 p (2kT\og(l\A) \ 
5 h z 


v 

= 3 / 3 \» ft* 
5\47 rfi) m* 7 
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Hence the energy of the molecules is, to this approximation, independent of 
the temperature. The pressure of the gas, which is given by 

p = | nmC 2 

1/3 W , 

5 \ 47 t/?/ m n 5 . IO 


is also, to this approximation, independent of the temperature. 

Using the fact that a is small compared with unity, in conjunction with 
equation 8 , we obtain as the condition that degeneracy should be nearly 
complete 

h 3 nlfl(27rmJcT)% > 1. . lr 


It follows from this condition that the mean translational energy of the 
molecules, and the pressure, are large compared with the values 3 k{2m and 
knT which they would have in the absence of degeneracy. The relations 7 
and 11 constitute Sommerfeld’s degeneracy criterion.* It is clear from them 
that degeneracy is most probable if m is small: thus it is most likely to occur 
in an electron gas. For other gases it is most likely to occur at great densities 
and low temperatures. It is found, however, that even for the lightest gases 
at temperatures as low as 15° absolute the congestion produced by degene¬ 
racy is less than that due to the finite size of the molecules, considered in 
Chapter 16, and so the effect of degeneracy can normally be neglected, save 
for an electron-gas (cf. p. 309, second footnote). 

To obtain the specific heat of a highly degenerate gas we need to use a 
second approximation to the velocity-distribution function. Consider the 
integral 


* /(*) 
1+Ae 


dx, 


where a is small and/ (x) is any function of x increasing not faster than some 
power of a; as 2 ; increases. If x 0 = log {1/a), this is equal to 


Jo Jo 1 +Ae x J Xo 1 +Ae x 


In the second and third of these integrals, the parts of the ranges of inte¬ 
gration near x = x Q contribute most to the final result. We therefore make the 
approximation 

f(x)=f ( x o) + ( x ~ x o )f'( x o) 

* Sommerfeld, Zeit. fur Phys. 47, 1 and 43, 1928. The results of 17.61 and 17.62 
are also taken from these papers. 
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in these, and take the lower limit of integration of the second as - 00 instead 
of 0. If then we alter the variable of integration in both of these to y, wherein 
the second integral y = x Q -x, and in the third y = x— x 0> the result is 


[rri* dx= Sl' mdx ~!< 


= Jo 7(a) ^ + 2/7^°) Jo { 


° f(xo)-yf'(xo) ■ 

l + e» 
ydy 
+ &y 


i_ [“fM+yffa) , 

h J 0 T+& dy 


= f f{x)dx + 2f{x 0 ) f S (-l) n e n vydy 
Jo Jo »=0 

=J o x 7(*)<fc+2/'(*.>[i -14,4+...] 

rx,, ^2 

= J o f^)d<r+—f'(x 0 ). 


Further approximations to the value of the integral can be obtained by 
using more terms of the Taylor expansion for / ( x ) in powers of x — x 0 . 

In applying this result to a highly degenerate gas, we put x = mC 2 [2kT. 


Then 


and similarly 


2 it ft 

’"W 


(imkTf.r/- dx 

Jo 1+Ae* 


= ^{2mkT log (1/a)} 5 [l + y (log (1 /a))-- 


7 tj ... 4 t tTcT(3 


nC* = 


{2mkTfr ~ 

Jo 1 


x^dx 

~+Ae x 


mh z 

{2mk T log (I/^)}« {1 + ~ (log (1/4) 


577-2 


•13 


whence, to the same approximation. 


° a - ! (dy’s5 ni I 1 +w (log 

>*mrj.- 

Thus the specific heat c v is found to be 




/ 477yd y 

: \3rfj 


tt 2 PT. 


•i5 
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The specific heat is therefore small compared with that given by the classical 
formula c v = 3 k/2m, and tends to zero at low temperatures, in agreement 
with Nernst’s Heat Theorem. 

17.51. Degeneracy for Bose-Einstein particles. Results rather different 
from the above are obtained for particles consisting of an even number of 
elementary particles * For these the presence of alike particle in the velocity- 
range dc increases the probability that a particle will enter that range; the 
presence of f(c) dc particles per unit volume increases this probability in the 
ratio 1 +/(c) h 3 jm 3 j3. The analysis in this case is similar to that of 17.5, save 
that the sign of A 3 /m 3 /?is changed: in the uniform steady state it is found that 

/ = m 3 j8/h*(A e mC W -1). .* 

The constant a, which is related to the number-density, is in this case 
always greater than unity; the limiting case of extreme degeneracy is 
approached as a 1. The molecular energy and pressure corresponding to i 
are less than those given by the classical formulae. Itis, however, unnecessary 
to go into details, since the results for ordinary gases are not appreciably 
affected by degeneracy, f 

17.6. Transport phenomena in a degenerate gas. In considering transport 
phenomena in a degenerate gas we shall confine our attention to a strongly 
degenerate electron-gas, and shall make assumptions similar to those of the 
Lorentz approximation (10.5); that is, we shall consider a gas composed of 
a mixture of electrons and much heavier molecules, the latter being supposed 
to constitute a non-degenerate assembly, and shall neglect the mutual 
encounters of the electrons. We shall, moreover, suppose the gas to be in a 
steady state, and to have zero mass-velocity at all points. That is, we do not 
attempt to determine the viscosity of the gas, which in the Lorentz case was 
found to depend on the heavy molecules as well as on the light ones. 

Let the molecules and the electrons be distinguished respectively by the 
suffixes 1, 2. Then the equation from which/ 2 is to be determined is 



x oc 12 (g,X) si nxdxdedc 1 .i 

* The statistics valid for such particles was developed by Bose (Zeit. f ur Phys. 26 , 
178, 1924) and Einstein (.Berlin Ber. p. 261, 1924; pp. 3 and 18, 1925). With appro¬ 
priate modifications, it applies to quanta of radiation. 

f Uehling, Phys. Rev. 46 , 917,1934. The onset of degeneracy should be accompanied 
by a variation of viscosity with pressure. No such variation was observed by van 
Itterbeek and Keesom in experiments on the viscosity of helium at very low tem¬ 
peratures ( Physica, 5, 257, 1938). 
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To a first approximation 

/ ™ \f - / W»08 a \ 

A = fi 0) - «i(^) « 2&T > /. = A (0) - «*!A/*(i+. . 

The second approximation is 

A =jW+m A=/2 (0) (i+^ (1) ), . 3 

where, as in 10.5, &P is negligible compared with In substituting from 
3 into 1 we neglect 0 2 (1) on the left, and 0{ i > and 0 2 ( 1 ) 0 2 (1) on the right. Also, as 
in 10.5, c( = ^ and c' 2 = g = c 2 approximately, and so we can substitute 
A 0) and / 2 (0) for /} 0) ' and Thus 1 becomes 

c 2 . 3 £f + r 2 . X) sinxdxded Cl . 4 

As in the earlier theory, 0^ can be expressed as c 2 .d'(c 2 ), where d'(c 2 ) is a 
linear function of dn 2 jdr, dTjdr and F 2 , but involves c 2 only through the 
scalar c 2 . Thus by the argument used in 10.5, 

JIf/i (0) {0P'-0P) cc 12 {c 2 ,x) si nxdxded^ 

= -%d'(c 2 ). J{J(c 2 -c 2 )de}a 12 (c 2 ,y)sin^dx 

- -2mt 1 d'{c 2 ).c i S(l -cosx)a 12 (c 2 ,x)smyd% 

= - Znn-L&P x ^i2 ) ( c 2) 

= -0Pc 2 /l(c 2 ), 


where Z(c 2 ) is a function of c 2 defined by this equation. Tor rigid spheres 
whose interaction is governed by classical theory the function so defined is 
equal to the mean free path of the electrons; hence we may regard it as the 
equivalent mean free path of electrons with velocity c 2 .* It is supposed to 
be independent of position, f The equation satisfied by/ 2 now becomes 


m o) 


+ F* 


Wi 

0C 2 


= -/ 2 (o) 0 2 (1) i 


.6 


* In introducing the free path we are following Sommerfeld. It must be noted 
that l is not the actual mean free path, but the value which this would have if the 
effect of degeneracy in reducing the number of encounters could be neglected. This 
point was perhaps not sufficiently brought out in Sommerfeld’s treatment. 

t This assumption is made solely for convenience in the evaluation of the integrals; 
the results obtained are in general valid if l(c 2 ) varies with r, since, by 4 and 5 , <P 2 0) 
depends only on the local value of l. 
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17.61. Electron diffusion, thermal diffusion and electric conductivity. 
The rate of diffusion of electrons through the heavier molecules is given by 


n 2 c 2 


: 1 } c 2 dCo 



by 1.2,r and 1.42, 4 . Hence, integrating by parts, 

= -T^f^dc-F.J^lcD/^dc 
d „ 

47rm |/? 2 
3h* 

1 + je‘MT 1 + J&2 kT 


a r icjdc 2 

dr | ■r>hc«' '• rriiC.- 


The integrals on the right can be evaluated by means of 17 . 5 . 12 . A first 
approximation is obtained by using only the first term on the right of 17.5, 12 : 
this gives 


4armlj3 2 f d 
3/F~(a 


47mf /? 2 


r 3 r w r w 3 ) 

dr J 0 lc i dc 2- F 2j o 

m w*~-F 2 l{w)w^, 


.2 


where in the present case = lo g(j) * .3 

so that, by 17.5,8, to a first approximation 

w ~ Ua«i) ' . 4 

Thus, to the same order of approximation as 2 , 

n^ 2 = -Kw^w^-F . 5 

It is to be observed that to this approximation the rate of diffusion depends 
only on the free path of electrons of velocity approximately equal to w. 
This is because/ 2 is appreciably different from/f only when c 2 is nearly equal 
to IF; if c 2 is much smaller, both are approximately equal to wf/?/A 3 , and if it 
is much greater both are very small. 
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To the first order the coefficient of thermal diffusion vanishes. The 
coefficient of diffusion D 12 is given by 

D 12 = \wl{w), . 6 

an equation which may be compared with 6 . 4 , 2 . If the velocity of diffusion 
is due solely to an electric force E, then F z = — eEjm 2 , where — e is the 
electronic charge, and the diffusion is responsible for an electric current 
— n 2 ec 2 . Thus the electrical conductivity of the material is* 

= -n 2 e\c 2 \/\E\ 

= -n 2 el(w)\F 2 \jw\E\ 

= n 2 e 2 l(w)/m 2 w. . 7 

A second approximation to the velocity of diffusion is found if in evaluating 
the integrals in 1 we use both terms on the right of 17.5, 12 . This gives an 
expression for n 2 c 2 greater than 2 by the amount 


47 rm\fi 2 n 2 
3 h 3 'IF 


a \k 2 T 2 d 
dr \m\ wdw 




.8 


We can use this to determine the thermal diffusion. Suppose that F 2 = 0 
and that n 2 is uniform. Then, combining 2 and 8 , 


47mf/? 2 

3^ 


But, by 3 and 17 . 5 , 13 . 


hid 


w 3 1 

: W 


f 2kT 
\m 9 w 2 . 


»• 


and so, on differentiating, 

?r 2 k 2 T dT _ dw 7r 2 / 2kT \ 2 dw 
m\ w 3 dr dr 8 \m 2 w 2 ) dr ' 


•9 


.10 


.11 


Thus S log ivldr is a small quantity compared with d log Tj Sr: to the present 
order we can neglect the second term on the right of this equation and the 
last term in the square brackets in 9 . Then we have 


:7rm|/? 2 L. , „3 w tt 2 2k 2 T dT ( ft7/ v dl(w)\ 

(W ^"^r [ 2 l w + w ~ir) 


dl(w)\ k 2 T dT 

+ w —-—'I-— . 12 

dw J m% dr 

* The modulus sign is used here to indicate that the magnitude of the vector is 
to be taken. 
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In the steady state considered in 14.7, thermal diffusion was supposed to 
result in a partial separation of the constituents of the mixture, which 
ultimately prevents any further diffusion. In an electron-gas the diffusion is 
checked by the electric field set up when the departure from unif ormity of 
distribution of the electrons is still very slight. It is this electric field which 
gives rise to an e.m.f. in an open circuit composed of two wires of different 
material, the junctions of which are maintained at different temperatures. 

We can evaluate the e.m.f. as follows. Froni 2 and 8, since here = 0, and 

F 2 = -eE/m 2 , 


0 = 



1(W)W*+ 7 ^ 


rm 2 /_d_\2 

K m z ) \wdwj 




, 7T 2 Jc 2 T dT d 


3 m% 8 rwdw^ 1 ^' 


Hence, to the same order of approximation, 


eE 

m 


dw n 2 k 2 T dT d 

w - 

dr 3mlw 3 l(w) dr dw 


{w z l{w)). 


Integrate this equation round the circuit; then since n. 2 , and therefore w, 
is approximately the same at the two free ends,* the first term on the right 
disappears, and so the e.m.f. is found to be 

n 2 k 2 r cT/2_ 1 dl{w) 

3 em 2 J ds \w 2 + wl(w) dw 


integrated round the circuit, where ds denotes an element of the circuit. 
Since w is independent of T to a first approximation (cf. 4 ), it can be 
regarded as a constant in either metal. Thus if dashed symbols refer to one 
of the metals, and undashed symbols to the other, this expression is 

tt 2 F {2 ! 2 _1 dl{w)\ 

w'l'{w') dw' w 2 wl(w) dw j K A Bh 

where T Al T B are the temperatures at the junctions of the metals. 

* This assumes, of course, that the free ends of the circuit are composed of the 
same metal. The n um ber-d ensi ty of electrons alters on passing from one metal to 
the other; there is supposed to be a discontinuity of potential at the junction of the 
metals, sufficient to prevent the flow of electrons from one to the other which would 
otherwise occur. Also l(c 2 ) varies in passing from one metal to the other; for the 
justification of applying formulae based on the assumption that it is constant, see 
the second footnote on p. 310. 
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17.62. Thermal conduction by electrons. The rate of transport of energy 
by the electrons is given by 


= J/ 2 (0) ^2 (1) • v 2 dc 2 

■ ~l{ ( c * • W +F ° ■ W i m 20ic 2 de 2 , 


using 17.6,6. Transforming this in the manner used in deriving 17.61,i we 
get 




27rm$/? 2 

3h 3 



lc\dc 2 

m z Cz ~ 
1 + Ae 2kT 


-F, 


oc 2 _ r 

m t c s 2 I 
1 + A e 2 kr 


To derive a first approximation, to the value of q we use 17.5,12 and retain 
only the first term on the right of this equation. Then 

9 = wSw ' 


= n 2 c 2 .\m 2 w 2 

by 17.61,2. That is, to this approximation the flow of energy is due to the 
diffusion of electrons; each of the diffusing electrons has a velocity approxi¬ 
mately equal to w, and so carries energy \m 2 w 2 . 

To get the true thermal flow, which depends on inhomogeneity of 
temperature, we must proceed to a further approximation. Suppose, for 
simplicity, that F 2 = 0 ; in addition, to get rid of the effect of diffusion, let 
n 2 c 2 =0. To a second approximation i is identical with 




2nm\h\ 

2nm%fi 2 
3 h 3 ~ 


f 7/ , K dw 7 t 2 d [k 2 T 2 d n/ x .T"I 

[W*‘8F + « Vr\^^ l(W)W) )\ 

Y Ww * + i^i»[ w -w +iwl w) 

n z k 2 T 2 dw d I ,dl(w) „ ,,, ;|1 

+ -6K-8rSF{ ffS -iF + 4 ,F 2 W )J- 


By 17.61,9, if % 2 c 2 = 0, Slog wjdr is small compared with Slog Tfdr, and 
approximately 


1f . „ dw 7r 2 k 2 T dT 
l(W) TV 3 — -] —- - — 

B r Zml dr 


(«W+»^) = o, 




17.7] Quantum Theory and the Transport Phenomena 
while 2 approximates to 


q = - 


27rmjj3 2 
3h 3 


Uw) w 


.Bw 7T 2 k 2 T oT / s dl{ IT) 
3 ml 8r T 


+ 4jf 




_ 4 d T 
9A 3 ' dr 
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Thus the thermal conductivity of the material is 


A = 


^WT wH(w) 


Comparing this with 17.61,7, we see that the thermal and electrical con¬ 
ductivities of the material are connected by the relation 

A _ 4:7r 3 mlfi 2 k z Tw z 
& 9 n 2 e % h z 5 

or, by 17 . 61 , 4 , to the same order 

A 7T 2 BT 

» = j w . 4 


17.7. Thermal and electric conductivity in metals; comparison with experi¬ 
ment. Lorentz first applied kinetic-theory methods to discuss the conduc¬ 
tion of heat and electricity in a metal; he supposed the conduction to be due 
to free electrons, composing a large proportion of the valency electrons of 
the metal. He used the analysis set out in 10.5, regarding the free 
electrons as the light molecules of the gas-mixture and the metallic atoms as 
the heavy molecules. The free electrons are, however, so numerous that the 
electron-gas is strongly degenerate. For example, for silver Sommerfeld 
supposes that the number-density of electrons is equal to that of the 
metallic atoms, which is 5-9 x 10 22 ; then at temperature 300° absolute he 
finds 


- (27 rmk T)~% = 2330, 


so that the condition for degeneracy (17.5,ix) is certainly satisfied. Similar 
results are obtained for other metals. 

One immediate consequence of the degeneracy of the electrons is t lat 
they make a very small contribution to the specific heat. This agrees wl 
experiment; before the introduction of the concept of degeneracy it was a 
serious difficulty of the electron theory that if the number of free e ec rons 
present were anything like that required for the conduction o ea an 
electricity the specific heat would be considerably affected, whereas, in 
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the specific heat did not seem to be affected by the electrons to any appreci¬ 
able extent.* 

The equations of 17.61 and 17.62 mostly depend on the unknown “free 
path” of the electrons; an exception is 17.62,4, which accordingly affords 
a direct check on the theory. This equation implies that the ratio of the 
thermal and electrical conductivities of a metal is the same for all metals at 
a given temperature, and is proportional to the temperature. The constancy 
of the ratio for all metals was first discovered experimentally by Wiedemann 
and Franz :f the proportionality to the temperature was announced on 
theoretical grounds by Lorenz.t The corresponding relation for a non¬ 
degenerate electron-gas can readily be derived from 10.51,2,5; it is 

A 2v Jc 2 T 

#“p-l e 2 5 . 1 

where v is the force-index. It accordingly differs from the present formula 
only by a numerical factor. § 

In Table 31 are given the values of (A j&T) x 10 8 derived from experiment 
for certain metals at given temperatures. The values at ordinary tempera¬ 
tures in general agree fairly well with the above theory, according to 
which 

A/#T = 2-44 x 10 8 , 

A being measured in mechanical (not thermal) units, and # being in electro¬ 
magnetic units. The order of the discrepancy between theory and experi¬ 
ment for such substances as wolfram, however, is such as to justify a belief 
that the mechanism of transport of heat may be affected by processes other 
than that considered above. 

As the temperature decreases, the experimental value of A j&T ceases to 
agree with theory. For pure metals it in general decreases; if the metal is 
only very slightly impure, it frequently increases. The results found for 
single crystals of metal are, moreover, not the same as for the ordinary 
“amorphous” metal, formed of large numbers of small crystals; and for 

* According to a theorem of statistical mechanics, if there are no free electrons, 
and the metallic atoms are free to oscillate about their equilibrium positions, the 
specific heat per gram molecule (measured in mechanical units) is 3k/m 0 , where m 0 
is the mass of the unit of atomic weight. Experimental values of the specific heat 
agree closely with this value, at least at high temperatures. 

f Wiedemann and Franz, Pogg. Ann. 89, 497, 1853. 

t Lorenz, Pogg. Ann. 147, 429, 1872, and Wied. Ann. 13, 422, 1882. 

§ Drude (Ann. der Phys. 1, 566, 1900) gave the formula 
A _JfT 
# e* ‘ 

His argument, however, did not claim to be rigorous. 
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single crystals the results depend on the orientation of the crystal. It is clear, 
therefore, that at low temperatures the transport of electricity and heat is 
affected by factors other than those considered in the above simple theory. 


Table 31. Values of (A/&T) x 10 s 


Metal 

Temperature 

(°C.) 

Authority* 

(A/ftP) x 10 s 

Iron 

0 

[1] 

2-47 


-183 

[1] 

1-60 

Copper 

0 

- [4] 

2-42 


-179 

[4] 

1-69 

Zinc 

20 

[2] 

2-52 


-190 

[2] 

• 2-00 

Tin 

18 

[3] 

2-47 


-170 

[3] 

2-48 

Nickel 

18 

[3] 

2*13 


-170 

[3] 

2-92 

Aluminium 

18 

[3] 

2*13 


-170 

[3] 

1*50 

Silver 

0 

[1] 

2*31 


-183 

[1] 

1-80 

Gold 

0 

[1] 

2*39 


-190 

[2] 

1*95 

Platinum 

18 

[5] 

2-55 


-190 

[2] 

1-97 

Wolfram 

0 

[1] 

3-04 


-183 

[1] 

1-91 

Cadmium 

20 

[2] 

2-37 


-190 

[2] 

2-20 

Mercury 

- 76 

[6] 

2*55 

Molybdenum 

0 

[1] 

2-63 

-183 

[1] 

1-94 


* The authorities quoted axe as follows: 

[1] Kannuluik, Proc. Roy. Soc. 131, 320, 1931, and 141, 159, 1933. 

[2] Gruneisen and Goens, Zeit. fur Phys. 44, 615, 1927, and Ann. der Phys. 14, 
164, 1932. 

[3] Lees, Phil. Trans. 208, 381, 1908. 

[4] Kannuluik and Laby, Proc. Roy. Soc. 121, 640, 1928. 

[5] Holm and Stormer, Wiss. Veroff. a. d. Siemens-Konzem, 9, 312, 1930. 

[6] Reddemann, Ann. der Phys. 14, 139, 1932. 

The equations giving the thermal and electrical conductivities are not 
separately capable of direct experimental check, since they involve the 
unknowns n z and l(w). They can, however, be used to estimate l(p). On 
substitution for w from 17.61,4, equation 17.61,7 becomes 
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Thus for silver, using the value -&■ = 1/1600 c.g.s. units, and taking 
= 5-9 x 10 22 , Sommerfeld finds 

Z(if) = 5-2 x 10~ 6 cm. 

Now on the classical theory of rigid elastic spheres, the free path is 1 ( 71 ^ 0 %,, 
where % is the number-density of metallic atoms and cr 12 is the mutual 
collision-distance of atoms and electrons. Thus in the present case the 
equivalent value of cr 12 is 

nig = 1 /^{jr x 5-9 x 10 22 x 5-2 x lO" 6 } = 10~ 9 cm. 

This is considerably less than the probable atomic dimensions. If it is 
assumed that the volume of the atoms is a large part of the volume occupied 
by the metal, the atomic radius is found to be somewhat greater than 
10~ 8 cm.; this agrees, as regards order of magnitude, with the atomic radii 
found from viscosity measures. The free path indicated by this discussion is 
accordingly greater than would be expected from general considerations. 
The increase is not due to the effect of degeneracy in ‘ c forbidding 5 ’ collisions 
—the free path l(w) is that obtained if this effect is ignored—but to an actual 
change in the law of interaction of atoms and electrons, resulting in a diminu¬ 
tion of the apparent atomic cross-section. 

Still longer free paths are required at low temperatures. When the 
temperature approaches that of liquid helium, the conductivity of metals is 
increased enormously; a current started electromagnetically in a closed wire 
immersed in liquid helium does not die away for hours after the exciting 
magnet has been removed. The free path here must be abnormally large. 

Since the advent of degeneracy seems to affect encounters, not only by 
forbidding certain of them, but also by affecting the law of interaction in 
those that actually do occur, it is doubtful whether a discussion of binary 
encounters, such as was made above, is adequate in the present connection. 
A more satisfactory treatment would be one in which the electrons, as wave 
structures, were taken as interacting with the atoms as a whole, supposing 
these to constitute a regular lattice. Such a treatment has been attempted 
by Bloch* and others: their work, however, is outside the scope of this 
book. 

* Bloch, Zeit. fur Phys. 52, 255, 1928; Peierls, Ann. der Phys. 4, 121, 1930; 
L. Brillouin, Joum. Phys. Rad. 3, 565, 1931. See also Houston, Zeit. fur Phys. 48, 
449, 1928. 
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Chapter 18 

ELECTROMAGNETIC PHENOMENA IN 
IONIZED GASES 

18.1. Convection currents and conduction currents. In ordinary gases the 
molecules are electrically neutral; when some of them carry electric charges, 
the gas is said to be ionized. In an ionized gas the different types of particle 
(to all of which the general term “molecule” will be applied) may include 
neutral molecules or atoms, atomic or molecular ions of either sign, and 
electrons. The charged particles will carry an integral multiple (positive or 
negative) of the charge e, where e denotes the numerical value of the 
electronic charge. 

Let n s , m s , e s denote the number-density, mass, and charge of the sth type 
of molecule in an ionized gas (s = 1 , 2, ...). It is convenient to enumerate 
first the various kinds of neutral molecules, so that if, for example, there is 
only one kind of neutral molecule present, s = 1 will refer to this. 

The volume-density of charge, or charge per unit volume, may be denoted 
byp e ; clearly 

p e = En s e s . .i 

The current-intensity is defined as the vector in the direction of current - 
flow at any point, with magnitude equal to the current per unit cross-section 
normal to this direction: it is equal to 

Zn s e s c s = En s e s c 0 +En s e s C s 


= PeC 0 +j, . 2 

vkere j = En s e s C s . . 3 


Clearly j is the charge flux-vector of 2.3 or 2.5, corresponding to $ s = e s . 

In 2 the first term is due to transport of the volume-charge with velocity 
c 0 ; this part of the current will be called the convection current , and the 
remaining part, j, will be called the conduction current. The division here 
made between the two is to some extent arbitrary, because, so far as electrical 
considerations are concerned, we might equally well have written c s — c+C', 
where c denotes the mean molecular velocity (not the mass-velocity of 2 . 0 . 7 ) 5 
in that case we mi ght regard p e c as the convection current, and En s e s C s as 
the conduction current. The choice actually made here, however, is 
that indicated by 2 . 
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If either p e = 0, or c 0 = 0, there is no convection current. In many ionized 
gases p e = 0 to a high degree of approximation; when this is not so, an 
electric field is set up which tends to dissipate the volume charge; the gas 
retains an appreciable charge only if external agencies maintain it. 


18.11. The electric current in a binary mixture. In the case of a binary 
mixture, 18 . 1,3 reduces to 

j = n x e x C x + n 2 e 2 C 2 
= n x (e x - e 2 W m s) c i 

= (% n 2 /p) (e 1 m 2 - e 2 m x ) (C x - C 2 ). .j 

In this we substitute for C x —C 2 from 14.1, giving 


J = - 




%w 2 (ffl 2 -%) Slogp 


np 


dr 




If the forces m 1 F 1 and m 2 F 2 acting on the two types of molecule are due 
to the presence of an electric field E, or include a part due to this cause, the 
corresponding part of j (the ohmic current) is 


PP* 


(e x m 2 — e 2 m x ) 2 D X2 E 


= &E, 


where 




•4 


The coefficient which is essentially positive, is called the electrical con¬ 
ductivity of the gas. 

If the molecules m x are either ions or neutral molecules, and the others are 
electrons, the ratio m 2 /m 1 is so small that to a high degree of approximation 
p = n x m x , and 4 is equivalent to 




n^ne | n 
kn x T 12 ' 


*5 


Since this involves e 2 , and not also e l3 it shows that the conductivity is 
nearly all due to the electrons. If the gas is electrically neutral, so that 
n x e x = —n. 2 e 2 , the convection current vanishes, and 5 may also be written in 
the more symmetric form 


= 


ne x e 2 

kT 




.6 
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this expression for & is still positive, because on the present hypothesis % and 
g, are opposite in sign. If the ions are singly charged, 6 reduces to 




Besides the conduction current due to an electric field, contributions to 
the total conduction current also arise from gradients of concentration, 
pressure, and temperature, and also from any non-electrical forces which 
tend to produce unequal accelerations of the two types of molecule; gravi¬ 
tational or centrifugal forces tend to accelerate all particles equally, so that 
they do not contribute directly to the electric current, though they may 
contribute indirectly, by setting up a pressure or concentration gradient. 


18.12. Electrical conductivity in a slightly ionized gas. Consider a gas, 
the great majority of whose molecules are neutral. If there is only one kind 
of neutral molecule (e x = 0 ) and one kind of charged molecule (e 8 4 = 0 ), the 
electric conductivity # is, by 18 . 11,4 (since n and p are approximately n x and 


%?%), 


o ^2 e 2 j\ 

* = Tt D i '- 


as if each charged particle contributed an amount 


'®'l n 2 ~ JcT^ 1 * 

to $. 

In this case, by 18.11,i, using similar approximations, 

= (#7%e 2 )-E = (e 2 D 12 lhT)E. 

This gives the mean velocity of the charged particles relative to the neutral 
particles. When the gas is at ht.t.p., the coefficient 

e 2^12 

kT 

in this equation is called the mobility of the charged particle in the neutral 
gas. 

If more than one kind of charged particle is present, each m numbers so 
small that their mutual influence on each other’s mean velocities is negligib e, 
we shall have equations such as 
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for each type s. In this case the total current-intensity is 


Sn s e s c s = p e c 0 + En s e s C s 

= P fi (c 0 + Cj) + E n s e s (C s - C x ) 


If p e = 0, the current is &E, where now 

# = (Zn s e*D ls )/JcT; 

thus each charged particle m s makes an average contribution to equal to 

JcT ' 


Magnetic fields 

18.2. Boltzmann’s equation for an ionized gas in the presence of a magnetic 
field. All the work of previous chapters has been based on the assumption 
that the applied forces acting on the molecules are independent of the 
molecular velocities. In the presence of a magnetic field of intensity H, the 
force on a particle of mass m and charge e electromagnetic units, moving with 
velocity c, includes a term ec a H (cf. p. 12 for this notation). The acceleration 
of a molecule can therefore be divided into two parts, one, denoted by F, 
independent of c, and the other, due to the magnetic field, equal to (ejm) ckH. 
The occurrence of the second term necessitates a re-examination of the 
argument of this book, from 3.1 onwards.* 

The first modification comes in the proof of Boltzmann’s equation. In 3.1 
it was taken as obvious that molecules in the velocity-range c, dc at 

* The first theoretical work on the effect of magnetic fields on gas phenomena 
seems to have been done by R. Gans (Ann. der Phys. 20, 203, 1906), who considered the 
effect of a magnetic field on the flow of heat and electricity in a Lorentzian gas. 
Further work on a Lorentzian gas was done by N. Bohr (thesis). The general theory 
of the transport phenomena in an ionized gas subject to a magnetic field does not 
seem to have been given in an exact form; but for a special case of electrical con¬ 
ductivity, see Cowling, Monthly Notices, R.A.S.,93, 90,1932. The subject has, however, 
frequently been considered by free-path methods, following Townsend ( Proc. Roy. 
Soc. A, 86,571,1912, and Electricity in Oases, §§ 89-92). It is of great importance in the 
theory of radio propagation, in which an important part is played by the ionized 
layers of the upper atmosphere; see P. O. Pedersen, The Propagation of Radio 
Waves (Copenhagen, 1927), chapters 6 and 7, where references to other work on the 
subject are given. The theory is also of importance for solar physics, owing to the 
sun’s general magnetic field and the much more i n te n se mag netic fields of sunspots. 
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the beginning of an interval di will occupy an equal velocity-range at the 
end of this time; this is no longer self-evident. Since the molecular velocity 
increases during dt from c to c + Fdt+ {ejm)cKHdt, the range occupied by 
these molecules at the end of dt will be of magnitude* 
d[c + {F+ (e/m) c a H] dt] e 

(fcl - 1 —aTc)-— - 5 '.* 

-5^ S*-* 

~H y dt, ~~H dt, 
m y m 

which equals dc, since dt z is to be neglected. The velocity-range is therefore 
still invariant in magnitude; the derivation of Boltzmann’s equation pro¬ 
ceeds as before, and yields the result 

M^l + e. S l + h + l CAH yi 

dt dt dr \ m J dc 

From this the equation of change, to replace 3.13,2, can be deduced in the 
form _ 

.■ 

If/ is regarded as a function of C, r, t instead of c, r, t, i must be replaced by 

d ‘f- D f + c df + lif+ e r ,h Dc A d f % r 3 

.3 

The corresponding equations for a gas-mixture are identical in form. 

The equations of continuity, mass motion, and energy are obtained by 
giving <j> appropriate values in 2 . We give the equations for a binary gas- 
mixture: these are 

Bn i , 3 a Dn% d a . „ 

'5T + %^-Co + ^.(%C 1 ) = 0, ^ + n 2 ^.c Q+Vr .(n z C 2 ) = 0, .4 

P ~5t == ^l F l+/ 3 2^2+Kei + % 2«2) C 0 A ^+i A - H ’-^- p > .5 

^ % ~Dt = 0^' + ^2+J • {C q kH) 

. a a 

P 'Sr C ° 3 r'^ s 

where j is given by 18.1 l,i. 

* The notation for Jacobians is that of 1.411. 


21-2 
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It may be proved by the methods of Chapter 4 that the distribution of 
velocities in a stationary gas in a uniform steady state is of Maxwellian form 
provided only that the force F is derived from a potential function W. The 
density distribution is unaffected by the presence of the magnetic field, 
being given by the equation 

n = n 0 e-™^ kr 

as in 4.14,7. 

Maxwell’s formula is also valid for a gas rotating as if rigid, with angular 
velocity co, in the presence of a magnetic field whose lines of force are in 
planes passing through the axis of rotation, and a field of force whose 
potential W is symmetric about this axis. Let Oz be the axis of rotation, and 
let the vector potential of the magnetic field have components — yA, xA, 0. 
Then it is found that the variation of density of the gas is the same as if it 
were at rest in a field of force of potential 

¥ — o)\x z + y z ) — (e/m) co(x z + y 2 ) A . 

18.3. The motion of a charged particle in a magnetic field . As a preliminary 
to considering the free-path theory of the transport phenomena in a magnetic 
field we need first to consider in detail the motion of a single molecule of 
mass m 1 and charge e 1 during a free path. The fields of force—magnetic and 
otherwise—which act on the particle are supposed uniform. Let Ox be 
taken parallel to the magnetic intensity H, and let Oz be taken in the 
direction of the component of F x which is perpendicular to H. Then if the 
components of F x are X x , 0, Z x , the equations of motion of the molecule are 
m x x = m 1 X 1 , m x y = e x Hz, m x z = m 1 Z 1 — e 1 Hy. 

Let co x = e 1 H/m 1 . .i 

Then these equations become 

x = X x , y = co x z, z = Z x — co x y. . z 

Integrating, we obtain the following equations for the position r and 
velocity c x of the molecule at any time t, in terms of the position r' and 
velocity c' x at time 2=0: 

u x = u' x + X x t, 

v i = ( v i ~ -Z’l/fcfi) cos o) x t + w x sin a> x t + Z x jco x , ] 
w i = w x cos o) x t— (v x — Z x j aq) sin co x t, 

X + U x t -f- J^X-yt 2 , 

V " + fo x ((^~ 6^) s * n — COS (O x t) + Z x tj, 

z ' + CO~ sin (1 - COS <y x i)J • 
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The motion parallel to II or Ox is clearly unaffected by the magnetic field. 
If there is no non-magnetic field, the molecule moves in this direction with 
uniform velocity; in the transverse direction the motion is circular, so that 
the resultant motion is spiral, the spiral-axes being lines of magnetic force; 
the spiral-frequency is a> 1 /27r. When non-magnetic forces act, the motion 
transverse to H includes, in addition to the circular motion, a mean drift in 
the ^/-direction, i.e. perpendicular to H and F x . Hence the transverse 
motion is trochoidal.* 

Because motion parallel to the lines of force is unaffected by the presence 
of the magnetic field, it is natural to expect that the presence of a magnetic 
field, will not affect diffusion and heat conduction in the direction of the field. 
The exact theory confirms that this is so. We accordingly do not consider 
transport parallel to H in the following work. 


18.31. The free-path theory of conduction of heat, and diffusion, in a 
magnetic field. We now consider a simple free-path theory of diffusion and 
heat conduction in an ionized gas at rest in the presence of a magnetic field, 
11H ing a method somewhat analogous to that of 6.3 and 6.4. As in 18.3, 
the magnetic field is taken to be parallel to Ox, and in addition it is 
assumed that the density, temperature, and composition are functions of z 
alone, and that X x = 0. 

We assume, purely as a convenient rough approximation, that the mean 
time between successive collisions of a molecule m s has the same value r s , 
whatever the molecular speed. With this assumption, by an argument 
simil ar to that of 5.41, is the probability that at any given instant a 
molecule m s has travelled without collision for a time at least equal to t. 

The number of collisions per unit time experienced by molecules m s in a 
volume r, dr is n s dr/r s . Let Xs (c s , *) dc s dr/r s denote the number of these which 
result in a molecule m s entering the velocity-range c s , dc s ; as the notation 
implies, it is assumed that x s depends only on the magnitude of c s , and not 
on its direction. In a gas in the uniform steady state % s is identical with 
Maxwell’s function/ s , since the number of molecules entering any velocity- 
range through collision is equal to the number leaving. In general x s ™ 

differ only slightly from f s . . 

We consider first diffusion. Since free-path methods seem unable to give 
an adequate theory of thermal diffusion, arising from inequalities of tem¬ 
perature, we assume that the temperature is uniform. 


* Here appears one of the interesting paradoxes of the kinetic theory. If the 
interval between two consecutive encounters is very lon ^’ ever ^ .. steady 

possess an average velocity ZJo) ± perpendicular to F x and ; y® rk app ii e s 

5- <■ Possible,!^ that the gas at -7 ^* ^ 
when ^=0 and the magnetic field varies from pom P 1932 

paradox, see Cowling, Monthly Notices, E.A.S., 96, 140, 19-9, and , 
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Consider the molecules m x which, between times t’ and t' + dt\ cross an 
area dS of the plane z=0 surrounding the origin, and have velocities in the 
range c l5 dc x . At time f all these molecules lie in a cylinder on dS as base, 
and of volume wdt'dS. If there were no collisions, at a previous instant 
t '-t the molecules would occupy a volume r', dr' and have velocities in a 
range c' x , dc' x , such that 

dr' = wdt'dS, dc[ = dc x 

(the last relation follows from the invariance of a velocity-element for 

motion in a magnetic field, proved in 18.2); alsor' and< satisfy 18.3, 3,4 with 

xssy = z =o, since r' and c' x are the initial position and velocity of a 
molecule which after an interval t is at the origin with velocity c x . Call the 
molecules which actually lie in r', dr' with velocities in c' x , dc' x at time t!-t 
the set A. As t varies, the constitution of the set A will vary as molecules 
pass in and out of the set by collisions. The number entering the set in 
the time t' — t, dt is 

Xi( c i> z')dc' x dr'dtjT x = Xi(<Z>*')d*h w i dSdtl ' dt l T i> 
the fraction of these remaining in the set till it reaches dS at time f is 
e -ur lt Thus the total number crossing dS during dt' with velocities in the 
range dc x is 

w^dSdt'Tx^, z') e^dt/Tv .x 

and the net number crossing with all velocities from the side s < 0 to the 
side z > 0 is 

dSdt ' Jo”! J * 1 ^’ Z>) WxdC '\ e ~ tlridt l Tl ‘ 

We can replace the integration with respect to c x by one with respect to 
c x ; the new integration will be over all values of c' x , since to any value of c x 
there corresponds one and only one value of c' at a time earlier by t, and 
vice versa. The number of such molecules is therefore 

z') w x dc' x j e-^dtlT x . 

This may also be expressed as n x w x dSdt' , and so 

n Y v h = J”{ z’)e^dt/r, 

=J"(J[*M. o)+*■ d ^ T \ «i*i} *+'*!*» . 3 

making the approximation customary in diffusion theory. 
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In this we substitute for z' and w 1 in terms of c{ from 18.3,3,4 with 

0, and approximate by omitting terms in Z\. Then, neglecting 
integrals of odd functions of v x and w x , we get 

=J Q ®)dc'x 

- ^ J%iK, 0) (w[ 2 cos cu* £ + v' x \ 1 - cos co x t)) dc [J sin co x t e~^i . 

Since Xi( G v 0) approximates to the Maxwellian function f x , we have approxi¬ 
mately 

JXiK, 0 )dc x = n x , 

JXifcn 0) m x v' x 2 dc' x = Jx(c[, 0 )m x w' x 2 dc’ x = p x , 


where p x is the partial pressure of the molecules m x ; in these relations n x and 
p x refer to z — 0. Thus 


w x 


V Pi te I Jo 1 0,1-, 

(z 1 d ?A T ' 

[ 1 p x dz)l + (olTl‘ 


•3 


The velocity of diffusion of the molecules m 1 when the magnetic field is 
absent is found by putting (o x — 0 in 3. The presence of the magnetic field 
accordingly results in a reduction in the velocity of diffusion parallel to Oz in 
the ratio X : (1 + wfrf). 

In addition, the magnetic field produces a velocity of diffusion in the 
direction of Oy. By applying an argument similar to that used in proving 2, 
to the passage of molecules across an element dS of the plane y = 0, we find 


that 





On inserting the values of z' and v x from 18.3,3,4 and approximating as 
before, this gives 


v x == (z x — — f (1 — cos o) x t) e~ f/T i 

_ 1 7 1 d Pi\ T i 

r 1 Px dz)i+uiT\- 


•4 


Hence in addition to the ordinary diffusion there is a flow of molecules 
perpendicular both to H and to the direction of the ordinary diffusion; we 
may call it transverse diffusion. 
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Tlie ease when the diffusion is due to an electric force E is of special 
interest. It then appears that the electric current set up by an electric 
force transverse to a magnetic field is not altogether in the direction of the 
electric force; a component perpendicular to both H and E also exists, 
which is known as the Hall current. Also the flow in the direction of the 
electric force is less than it would be in the absence of the magnetic field, and 
so w r e can regard the electrical conductivity in this direction as reduced by 
the magnetic field. 

Diffusion in any direction is accompanied by a flow of heat in that 
direction (cf. 8.41). Hence, for example, in a gas subject to mutually per¬ 
pendicular electric and magnetic fields, part of the flow of heat will be in the 
direction of the Hall current. This is known as the Ettingshausen effect. 

Clearly 3 and 4 can only be approximate results; it is actually not possible, 
with any values of r x and r 2 , for these formulae to be consistent, for all values 
of H, with the conditions that the gas as a whole should be at rest, namely 

w-i tyi x v x -f- v 2 = 0, n x m x w x + n % m z w % = 0. . s 

Consequently results based on 3 and 4 must be treated with reserve; we 
cannot expect to deduce from them more than the relative order of magni¬ 
tude of the direct and Hall currents, and the order of magnitude of the 
reduction in the conductivity. Using the condition 


(expressing that the gas has no acceleration), the direct and Hall currents are 
found to be 


Oy 


f. 7 _%h\/ e x r x epT, 

K x 1 dz)\m x {l + (D\T^) m 2 (l 4 -w|t|) 

f 7 dpl\/ e i°>l T l _ e 2 fe> 2 r l \ 

K 1 1 dz)\m x {l + (o\Tl) m 2 (l+w| r i)/ 


•7 


These formulae indicate that there is a large reduction in conductivity when 
the gas is so rare, or the magnetic field so large, that the collision-intervals of 
the molecules are not small compared with their period of spiralling round 
the lines of force, and that under these conditions the transverse current will 
be comparable with the direct current. In a gas containing electrons and 
positive ions,when H is not too large, the electric current will be mainly due 
to the motion of electrons, because the electronic mass is so small; but owing 
to the dependence of co x and a> 2 on the molecular masses, when the magnetic 
field is so large that (o x r x and <y 2 r 2 are both large compared with unity, the 
electric current will be due mainly to the motion of the ions. This will only 
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occur for very large magnetic fields or very low densities; if the diameter of 
a molecule is 3 x 10 8 cm., and the diameter of an electron is negligible, to 
produce a large reduction in the current due to the motion of electrons at 
3 T.T.P., the magnetic field must be of order 10 4 gauss; the field required to 
produce a large reduction in the current due to the motion of ions is of order 
10 6 gauss under similar conditions. Thus at n.t.p. the electric current is 
nearly all due to the electrons except when H is very large. 

In calculating the thermal flow we suppose that there are no inequalities 
of composition and that F x — F% = 0. By the argument used in deriving 2 , 
the flow due to molecules mj in the ^-direction is 


\p x c\w x = ^ { J[xi( c i» 0) + z' %mc\w x dc'^ e-^i- .8 

This integral is evaluated like 2 , remembering that now c' x 2 = cf. Assuming 
that 

jxiio'v 0) \m x c’ 2 v ,2 dc x = Jx x (c£ s 0 )im x c' x 2 w' x *dc x = f n x ~^ > 
as in the Maxwellian case, we find 


hPi c l w i = -5% 


BT dT 


L m x dz l + mfrf’ 
and a similar formula for molecules m 2 . Similarly 


%p x c{v x = -5n x 


k 2 T dT o) x tI 
m x dz l + m^Tf 


.10 


Thus when the temperature gradient is perpendicular to H the thermal flow 
in the direction of the temperature gradient is reduced, and there is in 
addition a thermal flow perpendicular to both IT and dTjdr (the Righi-Leduc 
effect). 

Thermal diffusion is affected by the magnetic field in much the same 
way as ordinary diffusion, as the general theory shows. The production of 
a transverse electric current in this case is called the Nernst effect. 


18.4. Boltzmann’s equation: the second approximation to f for an ionized 
gas. We now return to the general theory. The solution of Boltzmann s 
equation by successive approximation will be given for a binary gas-mixture. 
Boltzmann’s equation for the first gas is 


Dfi 

Dt 


+ C -|+( F X 


+ — c 0 aH- 
m x 


Dc ( 

"Dt 


: o\ d/i e x 


H). 


a/i J£l 


dC x 


0 C x Ci: &r C ° 


—jjtff y-w*). 
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where the integrals J are as defined in 8.2,2,3. Because of the large molecular 
velocities, the term on the left which involves C ± a H is in general much larger 
than the other terms on this side; the first approximation to 1 is accordingly 
taken to be 0 gyy» 


TOi x cC, 


JAffD-JMh), 


and the second approximation is 


Dt 


dr 




+ — (C x a H ). 

m 1 ' dC 1 dC x 1 dr 

- - - Ji (f a) m - JM o) m - a 2 (/pm- 


The novel feature is the retention of terms involving A 0) and /p respectively 
in the differential parts of 2 and 3. 

The general solution of 1 is of the form 




•4 


as can be shown by a generalized form of the H- theorem; n x and T, which are 
arbitrary constants in the solution, are taken to be identical with the 
number-density of the first gas and the temperature. Writing 

A ( 1 >=/i (o > 0 P, / 2 (1) =/ 2 (0) ^ 2 a) , .5 


we can put 3 in the form 


Dt 


+ C x . 


fj/P , 

0r 


/ e x D 0 c 0 \ 3/p 3/p a 

\ Fl+ m 1 C ° AH ~~Df)‘dC' 1 ~dC; Cl -d ; r Co 




d&a) 

ac x " 


■ n l hPF) - % 1 12 (#P + , 6 


the integrals I being as defined in 4.4,3,4. 

The term involving/ in 18.2,5 corresponds to the term involving C x aH 
in 18.2,3: hence, corresponding to the retention of / (1) in the differential part 
of 3 we must substitute j (1) for j when obtaining a first approximation to 
D 0 c 0 fDt from 18.2,5. On the other hand, the term involving/ in 18.2,6 corre¬ 
sponds to the term involving c 0 aH in 18.2,3, and so in obtaining the first 
approximation to DTjDt from 18.2,6 we put j = j (0) = 0.* The first approxi¬ 
mations to equations 18.2,4,5,6 are thus 


I>o n i , 


d_ 

1 a r ‘ 


.7 


* It may readily be verified that 7, 8 and 9 can. be deduced by multiplying 6 in 
turn by 1, mjCj, and C-^, integrating over all values of c x , and adding to the 
corresponding equation for the second gas. 
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P = Pi F i + Pz F 2 + (% e x + n 2 e 2 ) c 0 a H +j<x> aH-^ 3 


%Jcn 


D 0 T 

Dt 


3 a 

-''“S' 


.8 


Using these relations, and substituting for /«» from 4 , equation 6 can be put 
in the form 



- n\ I x { 0 ^>) - n x n 2 1 12 (&p + &p ), 

where in the present problem 


«io . dp p,p 2 (JP,-!?,) 

^ = _ aF + ^ 3? ^-— (m 1 « l -ffl 1 e,)c 0 *Jf. 

.II 

Similarly from Boltzmann’s equation for the second gas we obtain the 

equation 

/ a <»>{^C a O C 2 4c 0 + C a (^-|)if-i«i ls .C 2 } 

-nl7 2 (0^)- %W2 7 21 (0 2 a) + ^i)).» 

Since j (1) = n x e x Cg) + n 2 e 2 C 2 (1) 

= J/l o> ^ 1) e 1 O 1 dc 1 +//io)0 2 « e2 C 2 7c 2 , i 3 


each term on the right-hand sides of i o and 12 involves the unknown functions 
&[ l) and linearly. The left-hand sides are linear functions of dT/dr, 
djdrc Q , and d X2 ; hence 


0 (U = -A x .-^-^— B x : — c 0 -nD x .d 12 , 
0gL) _ B 2 : —c 0 -wl> 2 .d 12 ^ 


where the quantities A and Z> are vectors and the quantities B are tensors, 
which involve only the vectors C x , C 2 , H and scalars. Now H is a rotation- 
vector in the sense of 1.11; in mechanical equations of translation it appears 
only through its vector products with other vectors. Thus the only true 
vectors (not rotation-vectors) on which Aj can depend are scalar multiples 
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of C x , C x a H, (C x aH)aH, etc.; only the first three of this series need be 
considered, since 

[(C x aH)aH]aH = -H*C x aH. 

Hence we can write 

A x = A{(C 1 ,H)C 1 +AIHC 1 ,H)C 1 aH+AFHC x ,H)(C 1 aH)aH, . IS 

with a similar equation for A 2 . Similarly 

D x = DI(C 1 ,H)C 1 + DI\C x ,H)C x kH+D?\C x ,H){C 1 kH)kH . l6 

The corresponding equations for B 1; B 2 involve six independent non- 
divergent symmetrical tensors, formed by combining the three vectors 
C x , C x aH, (C x aH)aH. 

18.41. Direct and transverse diffusion. Suppose for the moment that 
dTjdr and djdrc Q vanish. Then to the present approximation 

= - % J/(°> C X (D\C x + D{ 1 C 1 aH+D l u (C x aH)aH) . d 12 dc x 
= -njf^C^.iDjd^ + D^HAd^ + Dl^HAiHAd^d^ 

= -inffpCl{Dld 12 + D^HAd xz + Dl^HA (HAd x 2 )}dc x .i 

Thus the velocity of diffusion has components, not only in the direction of 
d X2 , but also in the directions of Ha d X2 and Ha (Ha d x2 ). To see the meaning 
of this result more clearly we consider certain special cases. 

Suppose first that d 12 is parallel to H, then H a d x2 = 0 , and so 

0^ = -nDlC x .d 12 , 

the terms in Dj 1 , Dp 1 vanishing. Thus C x , C 2 and in consequence also 
j a) are parallel to d 12 and H, and 

j™ A H = 0 , (C, A H) . ^ = - n(C, A H). D\d 12 = 0 . 

Hence equation 18 . 4 ,io reduces to 

/i°£<i 12 - c,=-»? 

n x 

which does not involve H, and is the same as the equation obtained when the 
magnetic field is absent. The rate of diffusion parallel to the magnetic 
field is therefore unaltered by the presence of the field. 

Suppose next that d 12 is perpendicular to H; then 

d l!! .[(C 1 ,H)AH] = -H^d l 2 .C 1 , 
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and so can be expressed in the form 

&P = -ndi 2 .(DlC 1 + Dl I C 1 AH-Dl 11 H 2 C 1 ), 

or (as the term in Dp 1 can now be absorbed into the term in Dj) in the form 
00 .) = _ nd 12 . (D\C x +D] 1 C x aH). . 2 

Hence in this case the velocity of diffusion possesses two components, one 
parallel to d X2 , the other parallel to H*d 12 , i.e. perpendicular to both d 12 
and H. These are the velocities of direct and transverse diffusion of 18 . 31 . 


18 . 42 . The coefficients of diffusion. In the general case, when d 12 is 
neither parallel nor perpendicular to H, the velocity of diffusion is the vector 
sum of the velocities of diffusion produced by the components of d 12 parallel 
and perpendicular to H when acting separately. Thus only the cases when 
d 12 is parallel or perpendicular to H need be considered; and as the first case 
is covered by the ordinary theory of diffusion, it is necessary to discuss only 
the case in which d 12 is perpendicular to H. Then and 0 £ L) are given by 
18.41,2 and a similar equation, andj (1) is expressible in the form 

= - ni&du + L u HAd 12 ), .i 


where L 1 , L 11 are constants. Also 18 . 4 ,io takes the form 




We substitute in this the known expressions for and j a) ; then, 

equating coefficients of d 12 and of H a d n , we obtain the two equations 


Iff)) c x = /f ( H*L ii - H*DlA C x +n\I x {DlC x ) 

ypicj / 

+%% I\4P[ + T>1 C 2 )> 

0 =/i 0) {--^ Ll + ~ JD i] Ci + C x ) + n x n 2 I X 2 (Dl l C x +Df C 2 ). 

If Dj + iHEl 1 = Dl + iHDf = &= L 1 +lHL 11 = Z , 

these two equations can be combined into the single (complex) equation 


-fPC, = ml _ UtL Z+^-L ] lHC x + n\I x (Ci Ci) + n x n 2 I x 2 {f x C x + £ 2 C 2 ). 
V 1 ( pkT m x . 3 

Similarly from 18 . 4 ,12 we derive the equation 


.. 








334 


Electromagnetic Phenomena in Ionized Gases [18.42 
Equations 3 and 4 replace the equations 8 . 31 , 5 . It can be deduced from 1, 
and 18.4,13 and 18 . 41 , 2 , that Z is connected with £ x , £ a , by the equation 




To solve 3 and 4, we use a method similar to that of 8 . 51 . We assume that 
£ £ 2 are expressible in series of the functions af>, a 2 (r) of 8 . 51 , the coefficients 
being now complex; the equations from which the coefficients are to be found 
are derived by multiplying 3 and 4 by and ag\ integrating over all values 
of c x and c 2 respectively, and adding. In particular, a first approximation to 
the solution is 

£ X C X = d 0 «| 0) , £ 2 C 2 = d 0 a 2 <<»,. .6 

where d Q is determined from the equation 

n x ri 2 

= - L ^[$fi 0 ) m x Ci ■a{ 0 ) dc x + .ag»dc 2 ] 

+ d 0 le \ — Sfl 0 )a l 0) • «1 0) dc x + J/ 2 (0) « 2 (0) • « 2 (0) ^c 2 ~] + n x n 2 d 0 (a®, a®}. 

It was shown in 8.51 that 

SfP>m 1 C 1 .ai 0 >dc 1 + jfg»m. z C 2 .ag»dc 2 = 0; 
also, by 9.8,9 and 9 . 81 ,x, 

where [D 12 ]i denotes the first approximation to the coefficient of diffusion. 
Inserting these values and effecting the remaining integrations, we get 




n„d n iH . , , o, m n x n 2 dfy 

—^2 (e 1 m 2 p 2 + e 2 m xPx) + 2^1 n\D xi ] x 


Pi P 


s (“ + 9 ' 


where 


Thus 


H(e x m 2 p 2 + e z m x p x ) _ 

pm x m 2 ’ pfcT 

^ _ { 2 kTf-p r(l — twr) 


P1P2 1 + w 2 t 2 
Combining this with 2, 6 and 18 . 41 , 2 , we see that 
(I 2 kT) i np 


0U) : 


PxP-2 1 + 




' H 


d x2 . (aj 0) a H) 
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The corresponding velocity of diffusion is 

c -~C n P T fi i2 - (ojt,IH)Ha d, 0 

1 2 3piP 2 l + <y 2 7 2 

VI 7l 2 

= PP r ~ ( mt / h )H*d,. y ) 

P 1 P 2 1Ta>M * 

Thus the direct diffusion is reduced in the ratio 1/(1 + ot 2 ), while the trans¬ 
verse diffusion is ojt times the direct. Similar results hold for the direct and 
transverse electric currents, and for the direct and transverse conductivities 
of the gas. 

Equation 8 possesses a general similarity with 18.31,6,7. It is to be ob¬ 
served, however, that in place of o) x and a> 2 it depends on co, which is a weighted 
mean of the two. For rigid elastic spherical molecules, in the same way, r, 
apart from a numerical factor, is a weighted mean of the collision-intervals of 
molecules of the two gases for collisions with molecules of opposite types; 
it is given by 

_Z{m x -\-m 2 ) l rn x m 2 
7 Bpcrf 2 \27TlcT(m x + m 2 )j ’ 

whereas the formulae for the collision-intervals of molecules m v m 2 with 
molecules of opposite types are 

I m x m 2 Y _ 1 / m x m 2 \* 

Tl 2n 2 cr\ 2 \2nkT(m x + m 2 )j ’ 7% 2n x o‘\ 2 \27TkT{m x + m 2 )) 

In the limiting case when m 2 jm 1 is small, corresponding to the motion of 
electrons in a gas, we have approximately 

(1) = co 2 , t — f t 2 . 

Thus, except for the numerical factor § in the expression for r, in this case 
our formula becomes identical with that given by the free-path method. 

The electrical conductivity-# when there is no magnetic field is (cf. IS. 11 , 4 ) 
connected with r by the equation 

1 d ■ = n x n 2 (e x m 2 — e 2 m x f r Jpm x m 2 . .9 

In metals the direction of flow of the Hall current is frequently perpendi¬ 
cular to the boundary of the metal; in consequence an electric field is set up 
which prevents any further flow of the current. Suppose that a similar effect 
occurs in a gas; then in addition to the factor d 12 causing diffusion there 
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is a second factor d { 2 arising from this new electric field. As there is to be no 
diffusion in the direction of H a d 12 , d ' 12 must equal onH a d 12 /H, and so 




ppr {d 12 + (ojT/H)HAd 12 )~(o)TH/H) a (d 12 + (ojt/H) IJU d n ) 
PlPz 1 + <n 2 r 2 


n \Pyi\x 

n x n 2 


That is, the electric force increases the velocity of diffusion to the value 
it has in the absence of the magnetic field. This result is only approximate, 
since 6 only represents a first approximation; if further approximations to 
and £ 2 are made it is found that the electric force increases the diffusion, 
but not quite up to the value it would have in the absence of a magnetic 
field. For the Lorentz approximation the maximum reduction of the 
diffusion by the magnetic field when this electric force acts is in the ratio 
977/32 = 0-88, corresponding to rigid elastic spheres. 


18.43. Thermal conduction. The general theory of thermal conduction 
and thermal diffusion in an ionized gas subject to a magnetic field is similar 
to that of diffusion. Thus, for example, the rate of thermal conduction and 
thermal diffusion parallel to the magnetic field is not affected by the field; 
if dT/dr is perpendicular to H, on the other hand, the rates of thermal 
conduction and thermal diffusion in the direction of the temperature 
gradient are reduced, and additional conduction and diffusion occur in the 
direction of H a dT/dr. The general formulae for a binary mixture are, how¬ 
ever, very complicated even to a first approximation; we shall therefore 
content ourselves with the theory of thermal conduction in a gas composed 
of identical charged molecules. 

Suppose the gas is at rest, and that the magnetic field is perpendicular to 
the temperature gradient. The equation giving the velocity-distribution 
function is (cf. 18.4, 10 ) 




where & a) is of the form 

0(1) = _i aiogy 

n dr 


.(A i C+A 11 CaH). 


Substituting this expression for 0 (1) in 1 , and equating coefficients of dT/dr 
and H a oT/df’, we obtain two equations for A 1 and A 11 . If 

£ = A 1 +lHA 11 , 




18.44] Electromagnetic Phenomena in Ionized Gases 337 
these two equations can be combined into the single (complex) equation 

/<0>C (1^-!) =~f W iC+nI(iC). 

This equation is solved like 7.31,2: a first approximation is 
iC = aqa®, 

where a (1) is the function defined by 7.51,2, and the coefficient a x is given by 

jfM C .au(^-^dc = ^a 1 jf®aV.aVdc+a 1 n [«»,«»]. 

Now, by 7.51,3,13, [a (1) , a (1) ] = a xl = 25c v kTj 4[A] X , 

where [A] x denotes the first approximation to the thermal conductivity. 
Hence, evaluating the other integrals, we get 

15 ^ (15 leH , 25c,knT ) 


4 \ m j 


4 w 1 4[A] X 

2 oc hnT . 


4[A] X 


- (1 + iwr), 


where now 


This gives 


0 (« ; 


(i) = eHjm, t — SfAji/oCyp. 

6[A] X (a^-arra^AH/H) 1 cT 
: 5nc v (2mkT) k { l + wV 2 j'3 1 8 r* 


The corresponding flow of heat is 


q = J/(o)0d)i m o 2 Cic 


£A] ; 


l + «¥ 


Thus the effect of the magnetic field is to reduce the flow of heat in the 
direction of the temperature gradient in the ratio 1/(14- wV 2 ), and in 
addition to cause a transverse flow (in the direction of Ha dTjBr), which is 
cor times as large as the direct flow. These results, again, are similar to 
those of 18.31. 


18.44. The stress tensor in a magnetic field. The effect of a magnetic field 
on the pressure distribution is more complicated, and less interesting to the 
physicist because the corresponding phenomena cannot be observed in 


CCMT 
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metals. We therefore merely give the main results without proof. Suppose 
that H is in the ^-direction; then 


Pxx = P~ §/* 


( 2 


3 u Q dv Q 
dx 3 y 


dz /’ 


as when the magnetic field is absent: for a simple gas the remaining com¬ 
ponents are given to a first approximation by 

2 M, o o o o 

Pyy ~ V ~ i | 1^6 ^ 2^2 few ^ e vv ^ e zz) * ~ e yz • § wt }j 

2// o o o o 

P ZS = P- Y+^afr * + ^ 6yj/ + ^'^ w2r2 + V ■ f wr }> 

= Pay ~ ~~ 1 j ^ Qpj '2 Ws i( e ss ~ e yy)' f 6jT }> 

2ytt f° 2 ° > 

Pxy~Pyx~ j _|_ 4^27-2 l e ®2/ 3 

2/4 r° „ 0 , 

^Pcrs — #sa: — ~ 2 + 4^27.2 { e 33 + f a>re a;y }5 

g 

where e denotes the tensor ^ c 0 , 


as in 1 . 33 , 3 ; the quantities o>, r are those defined by 18.43,a. In terms of fi, 
r is given to a first approximation by 

r = 3/*/2p. . z 


18.45. Transport phenomena in a Lorentzian gas in a magnetic field. 
The Lorentz approximation is of peculiar importance in considering the 
motion of electrons in a slightly ionized gas. The modifications in the 
theory when a magnetic field is present are readily made. Suppose that 
electrons or light molecules constitute the second gas of a binary mixture at 
rest; then, approximating as in 10.5, we can put 18.4 ,12 in the form 


r l™2 C l 

C2 \ 2 It 


5\ £3 T_ 1 
2 J’T dr % 


a 12 .a 


= W-^') C 2 bdbde, 

the first term in the bracket on the right of 18.4 ,12 being omitted because of 
the smallness of m 2 . 

Substitute in this equation 

1 7) T 

0 2 ® = - (Al C 2 + A? C 2 * H) . ^ _ n (D\ C 2 + Dl 1 C 2 a H). d l2 . 
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Then, integrating with respect to 6 and e as in 10.5, and equating coefficients 
of cTjdr, H a 3 TJdr, d 12 and H a d 12 , we obtain 

+ ^^1, 

0 = co 2 ^41 + 2n?i x 

- — = - co 2 D* 1 + 2 7 rw l5 51| ) £>l, 

7^2 

0= cOajDi + STm^ifDi 1 , 

where co 2 = eHjm 2 , as in 18.3. From these equations it follows that 


A\ 

HAf 

_ m 2 GH'2hT — f 

277%^$ 

(0 2 

' (277^55#)* ! 

-DI 

HDY _ 

— 1 jn 2 


co 2 

~ w|+ (27TO^f) 2 


Thus, for example, the rate of diffusion is given by 


, dCa 


1 f/(o) r o f z™, d 12 - co 2 ff a a 12 /ff j d 

= 3^2 J /a S col + (2nn 1 ^W i 2 




Di 


2nn 1 ^i- co 2 Ha — ju | 


o>2 + (27 


J dCo- 


If 6$ is independent of C 2 , this shows that the direct diffusion is reduced m 
the ratio 1/(1 + coV 2 ), and the transverse diffusion is cor times as large as the 
direct, where here r = 1/27In general is not independent of C s , 
and it is impossible to evaluate the integrals in finite terms: for example, 
for rigid elastic spherical molecules 27 m x $!$ — C 2 jU, v ere 2 is ® 1 
free path of the lighter molecules for collisions with heavy ones. e o - 
mulae are still, however, somewhat reminiscent of t ose o ■■ > 

indicate that for ordinary magnetic fields and normal densities the transverse 
diffusion is proportional to H and the reduction in con uc m \ ° ’ 

for very large magnetic fields or very small densities the ckrect diffusion is 
proportional to 1/H 2 and the transverse to 1/H. 

S imil ar results hold for thermal conduction. 

• For the evaluation of the integrals for rigid etato spheres Gans, dan. *r 
Phys. 20, 203, 1906, and Tonks and Allis, Phys. Rev. 52, ,10, 193,. 
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18.5. Transport in metals in a magnetic field. Sommerfeld, in the paper 
referred to in 17.5, has considered the effect of magnetic fields on the flow of 
electricity and heat in metals. 

Consider, as in 17.6, a mixture of electrons and heavy molecules in a 
steady state, such that c 0 = 0 everywhere. The first approximation to the 
velocity-distribution function for electrons is, as in 17.6, 


/| 0) = mlfi 2 /h(l + Ae m -z c *l 2kT ). 

The second approximation is / 2 (0) (1 +0 2 a) ), where 0 2 a) is found to 
equation 


c Vl+F 
2 ‘ dr + 2 


w 

' 8c 2 


+ ^/< 0) (c 2 a H ). 


d&P _ 

dc 2 


-f£ 0) @£ iy 


which differs from 17.6,6 only by the term involving H on the left; l is defined 
by 17.6,5. 

It can be shown that, as with an ordinary gas, diffusion and thermal con¬ 
duction parallel to the lines of force are unaltered by the presence of the 
magnetic field: we therefore consider only the case in which the temperature 
and density gradients and the external forces are perpendicular to the field. 
Tor convenience in evaluating the integrals we assume that H, like l, is 
independent of r; since, however, <P 2 (1) depends only on the local value of 
II our expressions are in general valid even if H is variable. 

By analogy with 18.41,a, 

0«> = dKc z +<FK(c 2 AH), . 3 


where d 1 and d ? 1 are vectors perpendicular to H, which depend on c 2 only 
through the scalar c % . Substituting this expression in a, we get 


\ c 2 dc 2 / 


-f^(di.c z +d*.(c z AH)) 


m 2 


The coefficients of c 2 and e 2 a H on the two sides of this equation can be 
equated separately, giving 


dr c 2 0 c 2 




whence d l and d 11 can at once be found. Inserting their values in 3 , we find 


/W 


-Q 




i_ _ 

c 2 \ dr 

e%Hjrr 


SCg 


).{c a - 


1 ( 0 % 


(c 2 \H) 


l/(l + a>|Z 2 /ci). 


where 
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The velocity of diffusion of electrons through the heavy molecules is 
given by 



Ml) 

3 J “ c 2 {[ dr c, 2 dc. 2 ) 


lo) 2 


Ha 


c/ffl , F 2 eft 
dr ' c 2 cc 2 



Transforming the integral as in 17.61, this becomes 

n 2 c 2 = g" j gj. J'-OZc|/| 0) dc 2 — (i3/c|)/l 0) dc 2 


The integrals are evaluated using 17.5,ia; if only the first term on the right 
of this equation is retained, a first approximation to the velocity of diffusion 
is found to be 


47mif/? 2 / 


Q(w)1(w)\w 3 ^~F 2 w z 


0) 2 l(w) 




where w is defined by 17.61,3. Thus, using 17.61,4, to the same order of 
approximati on 


n 2 c 2 = -l{w)Q{w)\-w 


dn 2 

dr 


j- n 2 

F2 w H 


Ha (l?2s-F 
H \3 dr - r 2 /|' 


Remembering the definition ofQ, we may note that this equation is similar 
in form to 18.42,8, co 2 l(w)jw taking the place of cot. Thus, as in a gas, the 
effect of the magnetic field is to reduce the direct diffusion in the ratio 
1: {1 + {u> 2 Z(if)/if) 2 } and to introduce a transverse diffusion co 2 l(ir) w 
times as large as the direct. If the transverse diffusion current is prevented 
from flowing by an electric force, there will be, to a first approximation, no 
reduction in the direct diffusion, though further approximations indicate a 
slight reduction. 

When the diffusion is due solely to an applied electric field, F 2 = — eE’m 2 , 
where — e is used for the electronic charge e 2 . The corresponding electric 
current is 


— n. 2 ec 2 


re 2 e^(>r)^(ir) j E 

m 2 w [ m 2 w f 


.8 


This indicates the relative magnitudes of the direct and transverse electrical 
conductivities. 
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The flow* of heat in consequence of the motion of the electrons is given by 

- nm * u 1 ( d w + F * m°\ F * wl ,,, 

—r Ufe faV ITj Hci Ha f§v 1^)) c ° dc * 

- {£jai4fjf»dc, - F,J^- 


27rm 2 

3“ 


“F®* 5 *,) ■ 


Using the first approximation, obtained when only the first term on the 
right of 17.5,12 is retained, we find that 

q = n 2 c 2 . %m 2 w 2 , 

so that the flow is that corresponding to the passage of n 2 c 2 electrons, each 
carrying energy \m 2 w 2 . To get the true thermal flow we have to proceed to 
a farther approximation, assuming in so doing that c 2 = 0 and F 2 — 0 ; the 
final result when this is done is 


<1 


4:7T s mlj3 2 k 2 T _ JdT e 2 l(w) 

-- l(w) Q(w)w 2 {-= -/f A 

9 h 2 K ' v ' 18 v m 2 w 


dT\ 

dr)' 


■9 


Comparing this with 7 or 8 , we see that the transverse and direct thermal 
conductivities bear the same ratio to the thermal conductivity in the 
absence of a magnetic field (when 12 = 1 ) as the transverse and direct electric 
conductivities do to the electric conductivity in the absence of a magnetic 
field. This result ceases to be exact, however, when further approximations 
are used. 

Results can also be obtained for the thermal diffusion in the presence of 
a magnetic field. 

Equations 8 and 9 are found to represent the experimental results 
qualitatively, but not quantitatively. For example, using values for l(w) 
determined from the conductivity in the absence of a magnetic field, theoreti¬ 
cal values are obtained for the Hall current which are of the same order of 
magnitude as those obtained by experiment; but the direction of the 
observed current is sometimes that of —HaE, instead of that of H a E, as it 
should be. It is possible to explain the direction of the observed current in 
these cases by supposing that it is carried by positively charged particles, 
or, what amounts to much the same thing, by “holes” in otherwise full 
bands of electrons. For a detailed study of these points we must refer to 
other treatises.* 


* See R. H. Fowler, Statistical Mechanics, (2nd ed.), chapter 11 (1936), where 
references to other books are given. 
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18.6. Alternating electric fields. In the theory given in earlier chapters 
it was assumed implicitly that the acceleration F of a molecule is a relatively 
slowly varying function of the time. When, as in the propagation of wireless 
waves, an alternating electric field acts, whose period is comparable with 
the collision-interval for electrons, the theory requires considerable modifi¬ 
cation. 

Consider a uniform gas under no forces other than the alternating electric 
field and a constant magnetic field H. To satisfy Maxwell’s electromagnetic 
equations, the magnetic field should actually have an alternating part; but 
in practice this is small compared with the slowly varying terrestrial fields, 
and it will accordingly be ignored. 

The electric field can be divided into components parallel and perpendi¬ 
cular to H; the diffusion due to the first of these can be shown, by an argu¬ 
ment similar to that of 18.41, to be the same as if the magnetic field were 
absent. Thus we have only to consider diffusion due to an alternating field 
in the two cases when H is perpendicular to the field, and when there is 
no magnetic field; and since the latter is a special case of the former, it is 
sufficient to work out the theory when H is perpendicular to the electric 
field. For reasons which will appear later, it is convenient to work with an 
electric field not always directed parallel to a given direction, but circularly 
polarized in a plane perpendicular to H. 

Consider the motion of a single particle of mass m x and charge e v For 
convenience let H be parallel to Ox, and let the electric field be given by 

E = (0, — E sin st, E cos st). . 1 

Then the part F x of the acceleration of the molecule which is due to the 
electric field is __ ( q , -F 1 sin st, F 1 oosst) 

= lo _£k® s in 5 i 5 ^?coss«). . 2 

\ m 1 % / 

The equations of motion of a particle are 

x = 0, y = nqz —i^sinsZ, z = - o) x y + F x cos st 

(of. 18.3,2), where If y = oj and i = wjinitially, when t = 0,it 

follows by integration that 

y = v' x cos t o x t + w[ sin o) x t+ ( cosst ~ cos 


2 = _®i sin «,« + »! oos^t+^jj^rf+siiKai*)- 

Now w[ and v', denote the initial velocities of the particle in 
respectively parallel to E, and perpendicnlar to both E and H (actually the 
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direction is that of E a H). If the velocities parallel to E and to EkH after 
time t are denoted by w x and v x , then 


w x = z cos st — y sin st 

= w x cos(&> 1 + s) t — (v' x — - sin^ + s) t, 
v x — y cos st + z sin st 

( F \ F 

v x - 1 — I cos(w 1 + s)i + ty[ sin^ + s) t-\ -1— . 

u>i + 5/ Uq + S 


Comparing these equations with 18.3,4, we see that the component velocities 
parallel to E and to E a H vary in the same way as if the acceleration F 1 was 
constant in direction and of constant magnitude e x Ejm x , and the magnetic 
field was increased to H+sm x /e x ; or, what produces the same effect, if F x was 
constant and equal to e x Ejm x , but the molecular charge was not e x but e' v 
where e' x = e x +sm x /H. Since the gas is uniform, diffusion in it will depend 
on the velocities of the molecules, not on their positions; thus the velocity 
of diffusion at any instant is the same as if each molecule m x were subject 
to a force in a constant direction producing an acceleration F x — e x Ejm l 
and to a perpendicular magnetic field H , and had charge e x + sm x /H. 

All the results of 18.3, 18.41 and 18.42 can accordingly be modified to 
apply to the present problem. In addition to the direct diffusion current in 
the direction in which the electric field is at the moment acting, there is a 
second transverse current in a direction perpendicular to both the electric 
and the magnetic fields. By analogy with 18.31,3,4, the free-path method 
indicates that the velocities of diffusion of molecules m x relative to the whole 
mass of gas in the direct and transverse directions are w x and v x , where 


_ _ e x E r x _ 

W 1 m x 1 + (s + e x H/m x ) 2 Tl 5 

_ e x E (s + e x H{m x )T\ 

Vl m x 1 + (s + e x H fm x ) 2 tI ‘ 


Here v x is the velocity of diffusion in the direction which the electric force 
had one-quarter of a period earlier. Similarly the general theory indicates 
that the velocities of relative diffusion of molecules in a binary mixture in 
the direct and transverse directions are, to a first approximation, equal in 

magnitude to _ . _ t 

Wl W% m 1 m % 1 + (s + oj) 2 t- . 5 


and 


,-Vo = E 


e 1 m 2 -e 2 m 1 (s-|-u>)r 2 


m x m z 1 + (s + w) 2 t 2 ’ 
respectively, o) and r having the same meaning as in 18.42,7. 


.6 







18.7] Electromagnetic Phenomena in Ionized Gases 345 

If in place of the circularly polarized field i we have to deal with a linearly 
oscillating field 

E = (0, 0, E 0 cos st), . 7 

we must represent this as the sum of the two circularly polarized oscillations 
( 0 , — i® 0 sin«*, P7 0 coss£) and (0,-iE 0 sm(~st), hE 0 cos(-st)). 
Then, for example, to 5 and 6 correspond the equations 


and 


_ I _-u_ 1 _ 1 

2 'm x m % lH-(a + w) 2 r a ‘ 1 -f-{w~s) 2 r 2 l 

^ {e x m 2 -e % m ^ ( (s -f oj) r 2 t (w-s)r 2 \ 

1 2 0 2m 1 m z U + (s + w) 2 r 2 ‘ l-r(w-s)- T -j ’ 


.5 


.9 


the direction of the transverse velocity of diffusion being taken as that of the 
first circularly polarized oscillation one-quarter of a period earlier. 

The above results, which have been derived from the equations of motion 
of a single particle, could also be derived from the general theory, with the 
appropriate modifications. The modifications necessary consist of the 
retention of a first approximation to cf^jct in the equation for/] 1 *: if 

/] x) = a^) cosai-f ^(Cj) sin at, 


the first approximation is taken to be 


oft 

dt 


s[ — a(c t ) sin st +y?(c x ) cos st ]. 


Phenomena in strong electric fields 

18.7. Electrons with large energies. In certain circumstances the electrons 
conducting electricity in gases have energies far exceeding those appropriate 
to the temperature of the gas. It was one of the simplifying features of the 
Lorentz approximation that in the elastic encounter of two particles of 
widely different mass there is little interchange of energy; for example, if 
an electron of mass impinges on a molecule of mass m x at rest, and the 
relative velocity g is turned through an angle x> the energy lost by the 
electron is 

m x ml g 2 ( 1 - cos x)l (m x + 

which is a small fraction of its original energy, ^m 2 g 2 . Hence in the presence 
of a strong electric field a slowly moving electron will, on an average, gain 
far more energy from the field during a free path than it can lose at an 
encounter. In consequence, the mean energy of electrons grows until the 
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small fraction of it which is lost at collisions balances the energy gained 
during a free path. The mean energy in the steady state is thus much larger 
than the thermal energy § JcT; the velocity-distribution function of the 
electrons differs widely from the Maxwellian form, and the theory of diffusion 
in the electric field differs considerably from that of 10.5. 

If the mean energy of electrons is sufficiently large, inelastic collisions will 
occur, in which part of the energy of an electron is used in exciting the 
quantum states of internal motion of a molecule. In a gas like helium, which 
has a high excitation potential, an inelastic collision can only occur if the 
electron has an energy some hundreds of times as large as the thermal energy, 
and the energy lost by the electron is large; in diatomic and polyatomic gases, 
on the other hand, a much smaller energy is able to stimulate the rotational 
and vibrational motions of the molecules, and inelastic collisions are 
important at much lower energies. These facts are of importance in con¬ 
sidering the mobility of electrons in gases. 

Another case in which the mean energy of electrons may considerably 
exceed the thermal energy occurs in the study of the upper atmosphere. 
The electrons are liberated from molecules by ultra-violet or corpuscular 
radiation; they remain free until they combine with positive ions to form 
neutral molecules, or with neutral molecules to form negative ions. The 
energy required to ionize a molecule is much larger than the thermal energy 
§&jP, and the ionizing agent will probably possess energy in excess of this 
requisite energy by an appreciable fraction; the excess energy may be used, 
partly or wholly, in giving the liberated electron kinetic energy. The mean 
kinetic energy of electrons when liberated is therefore likely considerably to 
exceed the thermal value; and if electrons do not make too many collisions 
with molecules before recombination takes place, the mean kinetic energy 
of electrons present in the atmosphere is likely to be larger than the thermal. 

18.71. The steady state in a strong electric field * Suppose that electrons 
in a large mass of gas are subject to a strong electric field. After some time 
an approximately steady state will be reached, in which the energy gained 
by an electron during a free path is, on an average, balanced by the energy 
lost at a collision with a gas-molecule. If collisions with the molecules are all 

* Numerous investigations of the steady state of electrons in a strong electric 
field have been made; see Pidduek, Proc. Lond. Math. Soc. 15, 89, 1916; Druy- 
vesteyn, Physica, 10, 61, 1930, and 1, 1003, 1934; Morse, Allis and Lamar, Phys. 
Rev. 48, 412, 1935; Allis and Allen, Phys. Rev. 52, 703, 1937; and Davydov, Phys. 
Zeit. Sowjetunion, 8 , 59, 1935. Of these all save Pidduek and Davydov ignore the 
motion of the molecules; Druyvesteyn in addition takes an average of the energy- 
loss at collision of elastic spheres. Townsend (Phil. Mag. (7), 9, 1145, 1930, and 22 , 
145, 1936) considers a related problem: he does not work out the velocity-distribution 
at a point, but considers the behaviour of a set of electrons initially together and 
with energies in an assigned range. 
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elastic, these losses and gains of energy will be small compared with the 
mean energy, and since the direction of motion of an electron undergoes a 
large deflection at encounter, the velocity-distribution function for electrons, 
though very different from the Maxwellian in form, will be nearly inde¬ 
pendent of the direction of the velocity. 

Suppose that the electrons are so few in number that their mutual 
encounters can be ignored. Consider the equilibrium of a mixture of neutral 
molecules, of mass m x , and electrons, of mass m 2 and charge e 2 , under the 
influence of an electric field E. If the state is uniform as well as steadv. the 
velocity-distribution function/ 2 for electrons satisfies the equation 

• Hr = SUf'Ji-fih) i<h, 

where & 12 dk = gbdbde, and Jc 12 is a function of g and 6; also 

F 2 = e 2 Efm 2 . . 2 

The velocity-distribution function f x for the molecules can be supposed to 
have the Maxwellian form for a gas at rest, i.e. 



Since the distribution of electronic velocities is nearly isotropic, we put* 
/. =fP+F 2 .c 2 fP + F 2 F 2 :c°c 2 fP+..., .4 

where each of the functions / 2 (0) ,/ 2 (1) , / 2 (2) ,... denotes a function of the scalars 
o 

c 2 , F 2 alone, and the quantities c 2 , c 2 e 2 , ... are the vector and the tensors of 
second and higher orders whose components are solid harmonics in the 
components of c 2 , i.e. functions satisfying the equation 

ay sy ^ 0 

bu\ cv\ dwl 

We substitute from 4 into 1 , and equate terms involving scalars only, terms 

o 

involving the vector F 2 , and terms involving the tensor F 2 F 2 , etc.: then we 

.5 

c 2 3 c 2 13 2 4 3c 2 

= ■ o -A/m • c 2 ))k 12 dkdc v .6 

* The notation here is rather different from that used earlier. A second approxi¬ 
mation to / 2 was denoted earlier by / 2 <0) it is now represented by / 2 (0) t F z • c zf i 1 : 

and so on. 
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and a series of similar equations. Since the second term of 4 is small com¬ 
pared with the first, it is natural to expect that the third and subsequent 
terms are small compared with the second; they will accordingly be ignored 
in subsequent work. Thus we have to deal with 5 and 6 alone, and the 
second term on the left of 6 can be omitted. Moreover, since m 2 fm x is very 
small, only the least power of m 2 /% which appears on integration need 
be retained. In this connection it may be observed that m x c\ <m 2 c§, and 
so c x jc 2 , can be regarded as at least as small as (m 2 jm x )^. 

In 6 it is sufficient to put c 2 = c 2 — g, c x = c x , which is equivalent to 
ignoring mjm 1 completely. Then, transforming as in 10.5, it becomes 

f«U = “ % i/ 2 (1) (^ 2 • c a ) J (1 - cos*) Jc 12 (c 2 ) dk 
= - 27m 1 fjp(F a . c 2 ) ^$(c 2 ). 

If, as in 17.6,5, l(c 2 ) is defined by the equation 

Z(c 2 ) = c 2 j27rn x (p^(c 2 ), . 7 

so that l(c 2 ) is identical with the mean free path of electrons of velocity c 2 
when the molecules are hard spheres, and is otherwise an equivalent free 
path, it follows that oj?(o) 

.8 

If the same approximations are made in 5 , the integral on the right 
vanishes. It is therefore necessary to proceed to a further approximation; 
we retain all terms of order not less than m 2 lm x . 

Multiply 5 by dc 2 and integrate over all values of c 2 such that c 2 < v. Then 
we get /•» g 

smfifr-f 1 m^dkdc 1 dc 2 = mac, 

= f.9 

Using a transformation similar to that of 3.53,* it can be proved th At 

nsnfrh^kdc^, 

integrated over all values of the variables such that c 2 < v, is identical with 
nsfj^h^dc.dc, 

integrated over all values such that c' 2 <v. By 3 . 43,2 

4 2 = c\- 4M x (g 2x . k) (c 2 . k) + 4:31 f(g al . k) 2 
= 4- 4:M x (g 21 . k) (c x . k) - 4 M x M 2 (g 21 . k) 2 , 

* The difficulties about convergence can be avoided if it is supposed as in 3.6 that 
encounters are neglected in which the deflection of the relative velocity is less than 
an assigned small quantity. 
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and so, correct to terms of order m 2 /m l3 

4 = V( c l “ 4 (#2i • k ) ( c i • k ) - 4M 2(g 2 i • k ) 2 } 

= c 2 - 2 (g 21 . k) (c x . k)/c 2 - 2M 2 (g 21 . k ) 2 /c 2 + 2(g 21 . k) 2 (c x . k) 2 /c|. 

Hence if the direction of c 2 is that of the unit vector a (so that dc 2 = c| dc 2 da). 
the condition that c 2 < v is equivalent to c 2 <v+Av, where Av is a function 
of v a, c 1 and k; Av/v is a small quantity of order cjc z or and 

Zlv = 2{g zl . k) (c 2 . k)/c 2 + smaller terms 

= 2(c x . k) sin + smaller terms, .io 

since the angle between g 2X and k is i(ir~x)- Thus 9 is equivalent to 

|t rXfffifFiv) = mf fifth 2 c \dc}j dkda.dc x . 

We substitute in this the Taylor expansion 

/«<g =/«*)+(<v-<0 +4(C2 _ +- • 

The third, fourth, ... terms of the expansion, after integrating with respect 
to c 2 , give quantities of order {Av) z , {Av)*, which can be neglected. Thus 


%nFiv s fP(v) =/wJJJ( A*uei<fc*) dkdadc x 


h dv 


mr 


(c 2 -«)/i^i 2 c idc 2 j dkdacfcv 


In evaluating the second term on the right we can approximate by 

P uttin S hz(s)4 = ki*(v)v*, 

Av = 2{c x .k)sin^. 


when it becomes 

v‘ Jff 2 sin 2 ix(<h • k )7i M») dkdadc, 

= JJ { 1 _ oosz)/i<4*u(e) <lk<ic i 


= 4™,— o*® L) J/(l- cos Z) , * <B,fa 

hT v z dfP(v) 
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In the calculation of the first term on the right of n it is necessary to take 
into account the smaller terms on the right of 10; the integration is very 
involved. It is, however, possible to determine the value of the integral 
indirectly.* Let it he ft(v); the value of ft will not depend on F 2 or on /f. 
Then n becomes 

| irltv*mv) = 


If F 2 = 0, this equation is satisfied by . 

For this to be so, we must have 

,, . , m* v* 

ft{v) — 47T— jj— . 

m x l(v) 


Substituting this expression and replacing the variable v by c 2 , we have 
finaUy kT a/ 2 <°)(c 2 ) 


- 


m x l(c 2 ) m x l(c 2 ) 


m^)- 


This equation can be given a simple interpretation. The left-hand side, 
multiplied by 47rm 2 cfdc 2 , can be proved equal to the rate at which electrons 
of speeds between c 2 and c 2 + dc 2 gain energy from the electric field per unit 
volume; the second term on the right, similarly multiplied, gives the loss of 
energy of these electrons in encounters if the molecules m x are at rest before 
encounter; and the first term represents the correction due to the relatively 
slow motions of the molecules. 

From 8 and ia, it follows that 


Fjl(c 2 ) 8/f» kT 


5/ 2 (0) [ m 2 c 2 


3c| dc 2 m x l(c 2 ) dc 2 m x l(c 2 ) 

-f, 




whence = Ae J fp = 


m 9 Cc>l 


kTc\ + \m x Fil 2 




where A is a constant. For small values of F 2 , these expressions approximate 
to those obtained by the Lorentz method; for large F 2 , when the mean 
energy of an electron is large compared with f kT, they approximate to 


fP = Ae /' 


miFi-l- /?(d _ C 2 , (Q) 

5 /2 m,FH j2 ' 


The condition that 13' should hold is that kT should be small compared with 
* A device similar to this was used by Davydov (loc. cit.). 
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mi Fim4 in the range of c 2 for which/ 2 <°> is appreciable; since m 2 c|> 3kT 
v ken this is so, the condition is that the mean value of e 2 JEl shall be large 

compared with SJcT wii)-. 

If the molecules are rigid elastic spheres, so that the free path is inde¬ 
pendent of c 2 , 13 becomes 

IV-At = S3v?.i 3 - 

This result was originally derived by Druyvesteyn. It indicates that the 
number of electrons with energies large compared with the mean energy is 
much smaller than in a Maxwellian distribution with the same mean 
energy. Using this result, it follows that A is connected with the number- 
density n 2 by the relation 



and that the mean energy of an electron is 



given by the Lorentz approximation. . 

The formula 13", however, gives too few electrons of high energies for 
certain gases. It is clear that the actual distribution of velocities is very 
sensitive to the law of interaction between electrons and molecules for 
example, if the force between them varies inversely as the inverse fift 
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power of the distance, on the classical theory Z(c 2 ) is proportional to c 2j and 
the distribution function is Maxwellian, though with a “temperature” 
considerably higher than that of the gas-molecules. It is possible to calculate 
l(c 2 ) numerically for actual gases, from the experimental results on the 
angular distribution of electrons scattered by molecules, using 7 and 

2 ) = J(1 - cos*) a 12 (c 2 , x) sin x dx, 

where a 12 (c 2 ,y) has the same meaning as in 17.2. From this the distri¬ 
bution function for any F 2 can be determined numerically, and the mean 
energy and rate of diffusion of the electrons can be calculated. Since both 
of these quantities are also measurable by experiment, a direct check on the 
theory is available. 

Calculations of this type have been made by Allen* for the motion of 
electrons in helium, argon and neon. The calculated values of the rate of 
diffusion agree fairly well with experiment for values of F 2 l which are not 
too large, though they are in all cases rather too low; the calculated mean 
energies are much larger than the experimental, but it is suggested that this 
may be due in part to an incorrect interpretation of experiment. Wheniy 
is very large, fast electrons are losing energy by inelastic impacts, and the 
above theory does not apply. In this case experiment shows that the mean 
energy approaches a constant value as the electric field increases, and that 
the velocity of diffusion increases more rapidly than the above equations 
indicate. 

The distribution of electronic speeds in helium is illustrated in Fig. 12. 
For this gas the quantity Z(c 2 ) has a minimum corresponding to electronic 
energies of about 2f electron-volts, and increases rapidly for energies in 
excess of this. For comparison, the distributions corresponding to Maxwell’s 
and Druyvesteyn’s formulae are also shown; the three curves (with the axis 
of abscissae) include equal areas, and correspond to the same mean energy 
(5-84 volts). It is clear from the figure that the calculated distribution is 
intermediate between those of Maxwell and Druyvesteyn; its maximum is 
sharper than that of Maxwell’s curve (III), but it gives more high-energy 
electrons than curve II (Druyvesteyn). 

18.72. Inelastic collisions. The general theory of motion of electrons in a 
gas when inelastic collisions are possible is very complicated, and will not be 
given here. However, we can obtain some idea of the order of magnitude of 
the effects involved in the case of a gas lik e helium, which has a large excita¬ 
tion potential. An electron whose energy exceeds the excitation energy by 


Phys. Rev. 52, 707, 1937. 
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an appreciable amount will not undergo many collisions before it loses 
energy inelastically, and so cannot obtain an energy much in excess of the 
excitation energy from the electric field before this happens; its energy after 
the collision will therefore be small. Denote by S(c 2 ) the number of electrons 
per unit volume and time which undergo inelastic collisions and whose 
speeds decrease from values above c 2 to values below c 2 because of the 
collisions. Then 8(c 2 ) will be small if c 2 is either very large or very small - 
but there will be an intermediate range of values of c 2 which is neither losing 
nor gaining electrons by inelastic collisions, and in which, therefore, S{c 2 ) is 

constant. This range will contain the majority of the electrons. 



Figure 12. The distribution function for electronic speeds (4 7rc 2 2 /s (0) ): (I) calculated 
for electrons in helium, mean energy 5-84 volts, (II) given by Druyvesteyn’s formula, 
and (III) given by Maxwell’s formula. 

The left-hand side of 18.71,9 represents the number of electrons per uni t 
volume and time which enter the velocity-range for which c 2 < v because of 
elastic collisions; the right-hand side gives the number leaving the same 
range because of the electric field. These quantities now differ by S(v). 
Hence, integrating as before, we find that 18.71,12 is replaced by 

;i) _ #(c 2 ) hT m 2 c 2 (0) 

4arci m x l dc % 2 

Here the term involving TcT is unimportant for values of F 2 such that 
inelastic collisions are important, and so can be neglected. 

It will be supposed that 18.71,8 is unaffected by inelastic collisions; this 
amounts to assuming that the resultant momentum of electrons with speeds 
between c 2 and c 2 +dc 2 is unaltered by inelastic collisions. This will be 
rigorously true in the range in which electrons are neither lost nor gained by 

23 
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inelastic collisions, and may be taken as a sufficient approximation else¬ 
where. Combining 18.71,8 with r, we have 

Fjldfp S(c 2 ) m 2 c 2 
3c| dc 2 4zrc| m x l ^ 2 


If/(°) denotes the value of/ 2 (0) in the absence of inelastic collisions, which, is 
given by 18.71,13', the solution of this equation is 


A (0) =/ (0) 


f r+ SSjcJdCj ] 
1 Jo 4**112ff»l 


where B is a constant. Now when c 2 is large /| 0) is small compared with 
/ (0) ; also £(c 2 ) denotes the number of electrons with speeds greater than c 2 
which undergo inelastic collisions, and this, being roughly proportional to 
the total number of electrons with speeds greater than c 2 , tends to zero more 
rapidly than / (0) as c 2 increases. For / 2 (0) to be small compared with /w> for 
large c 2 , we must have 


and so 


/ 2 (0) 


-j; 

= / ( °)f°° 

J C a 


’ 3 $(c 2 ) dc 2 
47r C2 ZF|/< 0) ’ 

3$(c 2 )dc 2 
4ttc 2 ? jP|/ (0) ' 


If/ (0) is small for energies approximating to the excitation energy, /| 0) will 
not be appreciably affected by inelastic collisions. For in this case the major 
part of the integral m2 comes from the range corresponding to energies close 
to the excitation energy; thus if the energy is much smaller than the 
excitation energy 2 approximates to 


fk 0) = / (0) x const. 

As F z increases, inelastic collisions begin to affect the values of / 2 (0) corre¬ 
sponding to smaller energies. 

A good approximation to / 2 (0) is obtained if we take S(c z ) as constant if 
B ± < \m 2 c| < E 2 , where E z — E x is the energy of excitation of a molecule, and 
E t is small compared with this, and put S(c z ) = 0 elsewhere. 

18.73. The steady state in a magnetic field. Consider now how the velocity- 
distribution of 18.71 must be modified when a magnetic field H acts per¬ 
pendicular to the electric field. In this case 18.71,r is replaced by 

^2-2^+~(C2 A ^)-g~== AA)tc lz dk.dc x . . .* 

In this we insert 


A = / 2 (0) + (F 2 . c 2 )/«p + (Ha F z ) : c 2 
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where/i 0) , M l K £ 2 (1) are functions of the scalars c% F,f, W only; we neglect 

terms involving c 2 c 2 on the left. Then, equating terms involving onlv 
scalars, and terms involving the vectors F 2 and HaF 0 , we get 

F* d 

gj . 3 

kdc, 

^ (Ha f„) . c,/f> = IJKff. y.). d-/, a»(H* *y . c 2 }k l 2 dkd Cl . 

The integrals are evaluated as in 18.71, giving 

p?/! l) = —J 6 

m x l oc z m-J, 1,2 

W e,a% fj»c I 

3c 2 m 2 52 Z ’ . 7 

e 2 j?(d _ _ £i 1>c 2 „ 

m/ 2 ~ l ' . 8 

We neglect the term involving kT in 6; then elimination of/i 1 ' and £<P gives 

Hi 4. e * m * \ = ^ 

3c| 0c 2 / \ m|c| / ra x Z 1/2 ’ 

the solution of which is 

/f=ie ^ 7ilsCs J . 9 

Comparing this with 18.71,13', we see that the effect of the magnetic field is 
to reduce the mean energy of electrons, the effect being the same as if 
F 2 were reduced by a factor equal to a mean value of x /(l + e| HH 2 jm\c\). 
Again, from 6 and 8, 

3m 2 Cg (0) w X) = - ^2 f(p IO 

/a m x lFi j2 ’ 52 m x Fi J ~ 

and so the velocity of diffusion of electrons is 

c 2 = ±-J(f^F 2 +£PHAF 2 ) cldc, 

= .. [fiV — iFo,—H a c| dc z . 

mi n z Fi ) J2 2 m 2 c 2 V 
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Thus, if l{c 2 is constant and equal to r 2 (so that r 2 is an equivalent mean 
colhsion-interval), it is found that 

— t 2 (F 2 -HaF 2 e 2 T 2 /w 2 ) 

2 l + ’ .. 

which is identical with the result when the electric field is small. Equation n 
can be taken as a first approximation when Z/e 2 is not constant, t 2 then 
denoting a mean value of Z/c 2 . 

If l is constant and H is small the results can be expanded as series in if; 
if c^ 0 denotes the mean value of c 2 when H = 0, it is found that the mean 
energy is reduced in the ratio 

1 — 0*618e|# 2 Z 2 /m|cJ + 
the direct diffusion is reduced in the ratio 
1 — 0-874 e\ 

and the ratio of transverse to direct diffusion is 
1*085 e 2 Hl/m 2 c 20 — _ 

It is to be observed that the direct diffusion-velocity is not much less 
than the ordinary velocity of diffusion in a gas subject to no magnetic force 
in which the electric force is adjusted to give the electrons the same energy. 

18.74. Ionization and recombination. As indicated in 18.7, a steady state 
is possible in which electrons with high energies are produced by the 
ionization of molecules, the electrons losing energy elastically at collisions 
with molecules before recombination takes place. Suppose that the gas is 
uniform and at rest, and that no electric or magnetic fields act. Let adc 2 
denote the rate of production of electrons with velocities in the range c 2 , 
dc 2 per unit time, by the ionization of molecules, and let (if 2 dc 2 be the rate 
of loss of electrons to this velocity-range per unit volume by recombination; 
a, fi are supposed to depend only on the magnitude of c 2 , not on its direction. 
Then the equation satisfied by the velocity-distribution function / 2 for 
electrons is 


If the state is steady, dfjdt = 0. Again, if the integral on the right is 
multiplied by dc 2 , and integrated over all values of c 2 such that c 2 < v, then, 
by the argument used in simplifying 18.71,5, the resulting expression is 
equal to 


JcTv 3 df z (v) m. 


[hi 

77 w 


l(v) dv m x l(v) 


6^4 
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Thus i is equivalent to 


0 = a -^/ 2 + 4 _/_^L§fe) 

c| dc 2 \m 1 l(c 2 ) dc 9 


m 2 c% 


idc 2 \m x l(c z ) dc 2 
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It is, unfortunately, impossible to solve this equation completely. 
Approximate solutions can, however, be given in two limiting eases, and 
these serve to indicate the properties of the general solution. 

Suppose first that an electron undergoes few collisions during its free 
life-time. Then the mean energy of an electron is large compared with %kT, 
and the term involving TcT can be omitted from the right of 2 . The solution 
of the equation can then be found in terms of integrals; for example, if y? is a 
constant, and Z(c 2 )/c 2 is a constant r 2 , the solution is 


A = r a ^HScl-’V^m !iCi + A \ 

Uc» m Z j 

where A is a constant. For the integral 



to converge for large values of c 2 it is necessary that A — 0 , and so 


f 2 = cgWM 2 -3 


Jc 3 ' 




The number-density n 2 of electrons is given by 


n 2 — 4nj eg i t 2 £M 2 -i| 
whence, by a partial integration, 


r f cTL-^ri a — lT - cl _m i T 2A' decide ,,, 
JO " LJca ■ -J - 


, — ^ J* dc 2 ] + j* ac|dc 2 | 

= ^ Jo ccc\dc 2 . 


•3 


•4 


as can also be proved by multiplying 2 by dc 2 and integrating over all 
values of c 2 . Again, the mean energy of an electron is 


2 7rm c 


J/ 2< 




(1 + 2 m 2 /ra 1 r 2 y?) 




ccchdc 2 . 


•s 


by a further partial integration. Comparing 4 and 5 , we see that the mean 
energy of an electron is 1/(1 + 2w 2 /«i 1 r 2 /9) times the mean energy of aliberated 
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electron; and so the approximation 3 is valid if the mean energy 0 f a 
liberated electron is large compared with 

f-& T( 1 + 2 m 2 jm x r 2 p). .^ 

Next suppose that an electron undergoes so large a number of collisions 
during its free life-time that its mean energy is nearly equal to \kT. To a 
first approximation / m \ s 

A ~/r-4^) 


while a second approximation is given by the equation 

- cHa - Sf «>) = —^ t \ 
2 ^ 2 0c 2 \m 1 Z dc 2 m-J, 1 ' 2 / 


On integration this equation gives 


kTcU dfz m 2 c 2 \ 
m x Z \0c 2 JcT Jz ) 


■7 


the constant of integration being chosen so as to make / 2 finite when c 2 is 
small. If c 2 in 7 is made to tend to infinity, it is found that 


(a-fifg»)cldc 2 = 0 , 


from which n 2 can be determined. This equation expresses the fact that 
ionizations and recombinations balance each other. 

The general solution of 7 is 

A =Ap-j;^[JV-AA 0 ,) el^] *,). 9 

where B is a constant, whose value can be determined from the condition 

m = J/ 2 dc 2 . 


Equation 9 can be shown to be valid if 2m 2 jm 1 T 2 j3 is large, and the mean 
energy of a liberated electron is small compared with 6, r 2 now denoting a 
mean value of Z(c 2 )/c 2 . 

The value of / 2 when electric or magnetic fields are present is very difficult 
to derive. It may be observed, however, that the free-path results derived 
in 18.31 did not depend on any assumption that the distribution of velocities 
is nearly Maxwellian; and these results have been shown by the exact 
theory to be nearly accurate for a mixture of electrons and heavy molecules 
both when the electric force is small, and, with an altered collision-interval, 
when it is large. It is therefore not unreasonable to suppose that they apply 
also to a gas in which ionization and recombination are taking place, using 
the appropriate value of the mean collision-interval. 
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Appendix A 

ENSKOG’S METHOD OP INTEGRATION 

A 1. EnsJcog’s choice of b«. The method of integration used in 
Chapter 9 differs from that used by Enskog, which was based on earlier 
work by Maxwell. For its historical interest Enskog’s method is briefly 
outlined here. His choice of the functions a (r \ b (r > differed from that made 
in 7.51 and 7.52 in that the polynomials appearing in 

these were replaced by ^ 2r — (r +§) r , tfXr-v, where 

p r =p(p-l)...(p-r+l), 

as in 7.5; similar differences appear in the definitions of af\af\ bf>, bi r) in 
8.51, 8.52 when r 4= 0. In consequence Enskog had to determine the six 
integrals 

• .i 

m r ~ 2 ^v ^! s - 2 ^>i3i SJ 

A 1.1. Expressions for . # 2 , < ^ 1 . ^ 2 , r &i@i : ^ 2 ^ 2 - 

The various functions of ^ l5 ^ 2 , and ^ which occur in the integrals are 
expressed in terms of the variables ^ 0 , y of 9.2,6, and certain angles. Let 
6, Q' denote the angles between and y, and between and y'. The 
angle x is the angle between ,g and#', i.e. that between y and y': the angle 
e, which is the angle between the plane of g and g' (or y and y') and any 
fixed plane through g (or y) is here defined as the angle between the planes 
of y, y' and of @ 0 , y. The angle between the planes of ^ 0 , y and of ^ 0 , y' is 
called d. These different angles are shown in Pig. 13, which gives the inter¬ 
sections of the different lines and planes with a unit sphere. 

By a well-known formula of spherical trigonometry, 

cos#' = cos 6 cos x +sin 6 sin % cose, . 1 

cos x = cos 6 cos 6 r + sin d sin d ' cos 8. . 2 

By varying the position of the point along the arc S? 0 y in Fig. 13, x an< i 6 
remaining fixed, it may be seen that 
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Now let f x = - fz={M x ^f, 

where M n — m 2 /m x , M 12 = m x jm 2 ; 

let f x be similarly defined. Then (cf. 9.2,7) 

• ^2 = WiMtf {% - (M a )> 9 '}. {® 0 + (M^f- 9 ) 

= {M x M<ff {^ 0 . . {M 2X )* f' + . (jlf ia )* <7 

= [M x M % )± (0jj + SP 0 (fr cos S'+f 2 cos 0) + $ x f 2 cosy) 

= (-Sfi^a)* {(^o+^i cos 0') (S ? 0 + y 2 cos 0) + ^y 2 sin d sin O' cos 8}. 

9 


% 


f 

Figure 13 

Any function of ^ reduces to the corresponding function of r € x on putting 
X = 0 (cf. 9.2); note that when y = 0 , O' = 6 and 8 = 0 . Thus, for instance, 
from 5 we find that 

< &i - < &2 = (M x M 2 )i {&l + <g 0 {$ x +y 2 ) cos 0 + f x f^. . 6 

In the same way it may be shown that 

= < & x . <& x = M X {&1 + W Q f x cos 6 + f\), . 7 

the effect of the change from SB 2 to SB X being that each of the suffixes 2 is 
replaced by 1 ; similar results are obtained for *f§, <£'* by altering the suffix 
throughout or adding an accent to 6. If we write 

6> = ^ + 2^eos0 + ^ 3 . 8 
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the suffix 1 or 2 being added to both 0 and f, and an accent to both 0 and # 
if required, these results may be written 


Let 


= M x 0i, 


^ = M X 6{, <€\~M 2 0 % , <^ 2 = lf 2 <9'. 

9 = 2d% = ^ + ? mse ’ 


■9 

.10 


any suffix or accent attached to 0 being likewise attached to on the 
left and to f or # respectively on the right of this equation. Then 

*? = J^f+yfsin^), 
etc., while 5 may be rewritten in the form 


— {M r Af 2 )^ (^1^2 + si 11 $ sin #' cos 8). 

Using 3 , we have 


sin 6 sin O' cos d = sin 2 6 


3 cos O' 
3 cos 6 


= sin 2 ^^-, 

3 cos# 


and so 12 may be written in the form 


.12 


.13 


^.^ 2 = {M X M< 


A a©; s®, 
2 ' l4 3S? 0 3V 


2& () 3 cos 


U- 


Again, by 1.32,9 and u, 12 above, 

= M x M 2 {(&x& 2 + sin d sin 6' cos S) 2 — \{f§ x 4 -yf sin 2 #') (f§\ + f\ sin 2 #)} 

= M x M 2 {l{2&' x 2 -f\sin 2 d') (2^|-yisin 2 #) 

+ 2^^ a #1 fz sin d sin O' cos 8+\$\f\ sin 2 # sin 2 O' cos 2 £} 

= M x M 2 {%(0' x - fyfsin 2 #') (<9 2 -f?|sin 2 #) 

4 - 2^^ 2 f x y 2 sin Q sin O' cos $+ ^ f\f\ sin 2 d sin 2 #' cos 23}. . 15 

A 1.2. Expansions in Legendre polynomials. Since 0 r is a polynomial in 
cos#, it can be expressed as a finite series of Legendre functions P k ( cos#), 
the coefficients being polynomials symmetrical and homogeneous in ^0 
and y, viz. 

0r= i I E( 2 k+l)A^ 0 ,f)P k (oosO). . 1 

The suffix 1 or 2 . attached to 0 reappears in the f of A$. For brevity we 
write 

n) = M- A ^o- = ^B- 
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In the case of 9[, the variable in the Legendre functions is cos 6' instead of 
cos 6. 

By the theory of Legendre functions, the coefficient y) is given by 


= j 9 r P k ( cos 6) d cos 6. 

Hence Af = J ' gl+^^fx+f^Y^g (^) f 1 -x-fdx 

= (s ^ } * ku7^h)< /* g* ++ f)r ~ k (: 1 -^' dx ’ 


by integrating by parts Jc times. This result enables us to determine 
0 » f) • we find, after some simplification. 


AW o^) = 2 


r y k r k+t(r+i)t 

f=o (& + i + £) fc+f 


(gZt+k g.Zr-Zt-k _ 


•3 


The polynomial is homogeneous of degree 2 r in and y, the lowest 
power of either variable occurring in it being the &th: in successive terms the 
powers differ by 2. The expressions 2 or 3 vanish if k > r, so that the summa¬ 
tion with respect to k in 1 may be extended over all values of Jc from zero 
upwards, no precise upper limit being indicated, though the series actually 
terminates when Jc — r. 

Two further expansions are required, relating to the function sin 2 Q 6 r ~ 1 , 
The first is 

sin 2 6 e*- 1 = %Z{2k + 1 ) &P k ( cos 6). . 4 


The coefficient will be a symmetrical homogeneous function of and y, 
such that 



(9 r ~ 1 sin 2 6 i*(cos 6) d cos 


6 


1 C 1 df) r 

= 27 #^ j_® r { 2xI> k(x) - 0- - x 2 ) F ki x )} dx, . 5 


where x is written for cos 6, and a partial integration is used in the last step. 
This can be transformed with the aid of the known formulae 


g {( 1 - * 2 ) P k( x )} = -k(k+l)P k (x) . 6 
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(the latter being the differential equation of the Legendre function), as 
follows: 

“ ^?{^+ 1- 4(r+l) J 0? 4 * +1> } . 7 

by 2 : a second partial integration is effected in the second step. 

The second expansion is in terms of the functions P^ 2) (cos0), where 
Pjt >(cos 6) is the associated Legendre function defined by 

pp( COS0) = sin>fl d '^ (CO j^. .s 

L ioos6‘ 

The expansion is sin 2 6 © r ~ x — Ic + 1) rftfPjPi cos 6), .9 

where again the quantities are symmetric and homogeneous poly¬ 
nomials. Since 

J 1 P A (2) (cos d) P/ 2 >(cos 6) d cos 6 = 0 i£l±h 

_ 2 if Z = it, . xo 

(2jfc+l) (*-2)! 

it follows that 

7 ]%= j © r ~ x sin 2 d P^ 2) (cos 6) d cos 6. . 11 

On multiplying by (1 — a; 2 ), and using the known formula 
xP£(x) = 

6 may be put in the form 

(1 -x*fP£{x) = 2(1 — £ 2 )Pj£ +1 (aO — (&+1) (& + ^) (1 — x2 )Pk( x )’ 
and the left-hand side is equal to sin 2 6 P^ 2) (cos 6) by 8. 

Hence 11 becomes 

1 ^ 1 4<r) _£<r) 

'&(&~l)\rS? 0 y ft+1 

i . 12 

_ ___ /J(r+1) 

4r(r+l)^ 2 ? 2 & 

by a partial integration, and using 6, 2 , 5 and 7 
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A 2. The expressions ‘if 2 **’]. Apart from the factor fPf^gb, the 

integrands of A 1 , 1,2 consist of the difference between two expressions 
which are identical functions of W-y, and ^ l5 respectively. The latter 
being particular cases (x = 0 ) of the former, it is convenient to evaluate the 
part of the integrals depending on alone, up to the point at which 

integrations involving x (be- with respect to g and b) have to be performed. 
At this stage the partly integrated result must be subtracted from the 
value of the same expression obtained on putting x = 0 . 

The variables of integration are b, e, c t and c 3 . In changing from c l5 c 2 to 
the new variables ^ 0 , f, we put 

fl^/PdCydCz = n~ z (pS Q df 

(cf. 9 . 2 , 9 ). The part of the integrand involving can, by A 1 . 1 , be 

expressed in terms of ^ 0 , f, 6, O' and 8. The three former are independent 
variables, the two latter are functions of 6, e and x (involving g and b). The 
integrand accordingly involves the directions of and f only through their 
mutual inclination 6; we may therefore integrate over the remaining angular 
coordinates specifying these directions. This involves replacing d& 0 df by 

47r^d^ 0 . 2nf 2 dfd{eosd) = 87T 2 &%? 2 d(cosd)d& 0 d<?. 

Using these results, the first of the integrals A l,i becomes 


&i s, & 2 ] 12 

= J- ** ^ 1 ) • gb dbded cos 6 d%d 9 . 

. 1 

Now by A 1.1 (9 and 14) 

ii 


= M r +iM%+n 


d©? +x d©i +x 


4 (r+l)(s+l) B% 

sin 2 6 d©?+ x \ 

2 (r+l)^ 0 8 cos 6 V* 


The variable e occurs only through the dependence of ©[ on O'. By a well- 
known theorem in spherical harmonics 


P k (G os 6') = P A (cos6 , cosx + sin<9sin^cose) 

= P A (cos 6) P k ( gosx) + 22 ttt 4tI Pi°(cos 6) Pg>( cos x) cos le . 2 

+ "j - 

„ r&r /*2 tt 

Hence Qf+ X de = \E{2h+ 1) Af+ X H P fc (cos 6')de 

= ttS( 2 Jc+ l)A%+ 1) P k (cosd)P k (cosx)- .3 






A 2] 

It follows that 
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j 4 ( r+ ^( 2 ^ + l)^^--P*(cos<9)P*( CO sx) 




+ 2 (r + 1 ) + l)^ x +1) sin 2 0P fc '(cos 0 ) P fc (cos%)j. 

This must next be integrated with respect to cos#. The integral of the 
second term is first transformed by a partial integration, using A 1 . 2 , 6 , so 
that 

f 6>| sin 2 0i*(cos 6)d cos 6 = ■ P 6>I +1 P fc (cos 6)d cos 6. 

J-l 1 1 «^0^2 J-l 

The factor @| +1 is expanded as in A 1.2, so that the integration with respect 
to cos 6 leads to a sum of integrals of the type 


s: 


P*( cos 6) P z ( cos 6) d cos 6 = 0, 


2 

= 2 &+r 


ifZ* jfe, 
iil = h. 


- SS{2h + 1 ) ( 2 Z + 1 ) P fc (cosx) 


Hence 

rl [' 2 tt 

I I cose 

" 8 (r + 1 ) (s+ 1 )“ 

X 3 3^0 1 + J ^i + 1 >J a +l) J J_ r 4 (oos 6)P,lcos8)dcos6 

_ nu^Mj^ aa a + i)jv«,v) P^ B ^ -+*<*±i ) Jtrwd 

-4(r+l)(s + l) Z( ^ + 1,/%(C0S "L S»o ?»o J 

As stated above, the corresponding equation in which ^ replaces ^ can 
be obtained from the last equation by putting x = 0, so that cos^ and 
P^cos A) become equal to unity. Thus 


x v 

2 ^£+W|+* 


#■ 




(r+!)(« + !) 

x I0‘ ^4 ^+*(*+!) 4£ H> 45T ,) ] 
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where now in place of 9.33,2 we write 

<j>[f = {2k + l)S(l-P t (<x»x))8bdb. . 5 

The integration with respect to is of an elementary character, each term 

so far as regards ^ 0 , being of the form 

The integration with respect to f is executed formally by the equation 

{21c + l)Q$$(n) = . 6 

On account of the complexity of the polynomials A%\ however, the inte¬ 
grations with respect to and f are not effected in general terms. 

The corresponding equation in which is replaced by ( & 1 can be written 

down merely by changing suffixes, as follows: 

[«?«■* = ( 4 ^+ 1 ) 

x 1 m& + w”) t'd,9 t dt. . 7 

The expression for is obtained by adding together 4 and 7 

after replacing <j)$ by ^ and m 2 by m 1 throughout (cf. 9.5). Since M 1Z and 
M 21 become unity, f v f 2 become —f, f, also A%{ contains only odd or even 
powers of f x according as h is odd or even. Thus in adding together the 
modified forms of 4 and 7 , it appears that the terms corresponding to odd 
values of k cancel out, being negative in 4 and positive in 7 , while those for 
even values of k are equal in the two cases. Hence, since M x — M 2 = |, 

j ■ zjjtr**-*#!* 

( 3 A 7 ) A (s+D \ 

x + 2k(2k +11 . 8 

A3. The expressions [ < ^ 2r '£?'#, The discussion of the integrals 

A 1,2 proceeds along similar lines. The three terms in the bracket on the 
right of A 1 . 1,15 are considered in turn. 

By A 1.2,x, 4 , 

(<9 - f f sin 2 tf) = \Z{2k + 1 ) y$\<g Q , f ) P A (oos 6), 

where 

yt\%, f) - AV-i . 2 
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A3] 

Hence 

J o ^ n2J(2k+l)y^P k (cosd)P k (cos X ), 

fl r2n 

and J _ J q U & i ~ f 9i sin2 d ') (#a - hi sin 2 6) O'^ 1 0%-Hed cos 6 

= h^k+l)yf l yf i P k {oo&x)- ••• 

Again, by A 1 . 1 , 10 , 13 , 

29! fifo sin 6 sin O' cos 8 0?- 1 ©I " 1 = ^ sin Q sin Q' cos 

2 rs o& n 


?* 


/ 1 8<9^+i \ . 
0 \@q dcosd) S1 


sin 2 d 


3<9| 


4rs(r+ 1) 3^o \ 


8rs(r + 1) 

the integral of which, with respect to e, is 


4rs(r + 1 ) 


{i7(2i : +l)g|-^i.^ +1 )jix (coa9) p 6 (oo ax )] s m*fl|S. 


On integrating also with respect to cos 6, the expression takes the successive 
forms 




4,^+1 )^ +1 )i(r 0 ^i i> ‘< oo ^i 1 IS (1 - 3:!) ^ )& 


8 (- 

a r 1 1 a@i +1 


(1 -x*)PI{x)dx 


3 r 1 

X d»J^» 0 '3 x 

" §Sfr+WiT)^“ + 15 Afe^ + ”) P * (ooB?i) 

x a^{rJ' 1 6 ' l+li(i:+1)Pl ' w<te ) 

= 8 ; 5 (,J) (s+ T )^ +I )^ +1) ^(r/^) 

x A(F 0 ^ + “) Pt(cosx) '. 4 

where a partial integration has been used in transforming the second line 
into the third. 
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The third term of A 1 . 1,15 leads to the consideration of 


[A3 


sin 2 6' cos 28 Of- 1 de, 


which is a function of d and y, a nd can therefore be expressed as a series of 
terms containing P & (cos^). The coefficient of P /c (cosy) in this series is 

(_P-r 1) J J g i n 2 0 ' cos 2^@i r “iP fc ( C os^)de(iI CO s^. 


This integration is an integration over all directions of $■', taking the direc¬ 
tion of f as axis: it can be equally well performed with the direction of 
as axis, when the polar angles are O', 8. To this end P fc (cosy) must be ex¬ 
panded in terms of the variables 6, O', 8 (now regarded as independent) in a 
series similar to A 2 , 2 . On integrating with respect to 8, the only term of the 
expansion which contributes to the result is that which contains cos 28, and 
the last expression becomes 


{2k-\-l)7T~- — f 1 sin 2 O' @i r_ 1 P^®(cos O') P^ 2) (cos 6) d cos O’ 
J _1 


by A 1 . 2 ,n. Consequently 


= (2&+l)^£>Pf>(cos0) 


sin 2 6' cos 280'{~ x de = irE{2k + 1) 7j ( k {Pj®(cos 0) P k ( cos x) 


and 


lj: 


\f\f | sin 2 6 sin 2 6' cos 28&'{~' l Ol~ 1 ded cos 6 


= 2 1 ) Va p i 2 K c os 6) P 4 (cos x)} {£( 2k + l) )/gP,.®(cos 6 )}eieosf/ 


= 1 ) rtW&r^o&x) . 5 

by A 1.2,io. 

Thus, adding together 3 , 4 and 5 , we derive from A 1 . 1 , 15 , 

; <g°<g 2 dedcos& 

= Diyoosx) [wtra+g^^ If 1} 
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ffhere substitution has been made for i/ft, ,fg f rom a 1 . 2 , 13 . This 
“'ng further as in A 2, " * 


3 gives, on 


mr'ViVi, n s -^2^zh2 

= JJJXf e ‘:■ 

g 

x ~ y\fgb db ded cos 6 d& Q df 

+ -J±+h— IJ.fl Ai+ »)±/± , Mn \ 

r5(r+i)(s+i)la^ 0 \^ 0 ** j 

+ n?i9 t if. . 6 

Similarly, 

+ ra(r+ 1)^+1) W 0 (». 4&1> ) 3F 0 ^ +U ) 

+ (fc ~^f + 2> ^W 0 )] .7 

and 

PT-*»r»i. [¥rg,iri,i 

aKtt+l) fa/i^a/i^ 

«>( r + 1 ) (« + 1 ) “- 1 j 3» 0 W “- 1 j 

+ 1 Jp +2 ' ^gf^gj] *t&&- .S 






370 


[B 1 


Appendix B 

THE GENERAL MAXWELL-BOLTZMANN 
DISTRIBUTION OE VELOCITIES 

B 1. Molecules possessing detailed internal structure. Throughout the 
major part of this book molecules have been considered as possessing no 
detailed internal structure. The general theory of the transport phenomena 
in a gas whose molecules possess such detailed structure has not yet been 
given; but the velocity-distribution in the uniform steady state has been 
obtained by Statistical Mechanics, and also by methods similar to those 
of Chapter 4. The investigation by the latter methods, which is due to 
Lorentz,* is given here. 

The immediate application of these methods to the general problem is 
rendered difficult by the fact that it is in general impossible to find a collision 
exactly reversing the effect of a given one. A collision can indeed be found in 
which the steps of a given collision are retraced, but this results in systems 
whose final velocities are minus the initial velocities in the original collision. 
These reverse encounters can be used in place of the inverse encounters of 
Chapter 4 only when an additional probability assumption is made. 

B 2. Liouville’s theorem. The argument depends on a dynamical 
theorem due to Liouville, which is of fundamental importance in Statistical 
Mechanics. Let the state of any dynamical system be specified by k 
generalized co-ordinates q s and their conjugate momenta p s 

(s= 1, 2, 

If H is the Hamiltonian function of the system, the time-variations of q s , p s 
satisfy the equations 

. dH . dH 

= P ‘ = ~W,- 

The quantities q s , p s may be regarded as the co-ordinates of a point in a 
space of 2 1c dimensions, known as the phase- space, or as components of 
^-dimensional vectors q, p. As q andp vary, this point moves about in the 
phase-space. Suppose that at some initial instant the point is known to lie 
in an infinitesimal volume 1^ of the phase-space. Then Liouville’s theorem 
states that after a time t it will lie in a corresponding volume V, such that 

v-v 0 . 

* Lorentz, Wien. Sitz. 95 (2), 115, 1887; see also Boltzmann, ibid. p. 153, 1887. 
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The proof is as follows. After a short time dt, q„ p, will become q +q dt 
dV s 5 

P'+pJt, and F will become V + ^dt, where, by the rule for transforming 

small elements of volume. 


('+£*)/ 


v = +q 2 dt, ...) 

s 2 , ...) ~ 

. d(q + qdt,p+pdt) 
d(q,p) 


in the notation of 1.411. The Jacobian on the right is a determinant whose 
non-diagonal elements are all proportional to dt, and whose diagonal 
elements are 

1+ §r*' 1+ tr*>-’ 1 +T ldt . 

d( h 9^2 3pi 

Thus, neglecting squares and higher powers of dt, 

,9ft, \ 

ft fe + ^ + - + ¥ 1 + -) 


1+ F7E* = 1+ *l 


/ dm \ 

\3?i9pi ^ 2 8p 2 + ”' “7 


= 1 + 

= 1 , 

and so dVjdt = 0, whence it follows that V = V 0 . 


B 3. The generalized Boltzmann equation. Suppose now that the position 
and motion of a typical molecule of a simple gas are specified completely by 
a set of generalized co-ordinates and momenta q s , p s (s = 1 to s = Jc), or by the 
^-dimensional vectors q,p. The Hamiltonian H ofthe motion is supposed to 
be an even function of the momenta, not explicitly depending on the time. 
Each molecule is supposed to interact with others during a negligible part 
of its life-time, and only binary encounters are considered; moreover, the 
nature and number of the molecules are supposed unaltered by collisions, so 
that processes like chemical action and ionization are excluded. 

The equations of motion B 2,i govern the changes in the co-ordinates and 
momenta of each molecule when isolated; they do not take account ofthe 
interactions between two or more molecules, though the motion during an 
encounter is governed by equations of the type B 2,i relative to a Hamil¬ 
tonian function H which is a function ofthe co-ordinates and momenta of all 
the participating molecules. If the molecules are rigid elastic spheres, their 
motions during a collision can be regarded as a limiting ease of motion 

24-2 
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governed by such a Hamiltonian function. Actually, since such molecules 
interact only instantaneously, at each binary collision of two rigid elastic 
spheres the co-ordinates q\ Q' of the two molecules, and their momenta 
p', P', are discontinuously changed, say to q, Q andp, P. 

If the encounters are not sudden, the continuous interaction may for 
convenience in our present discussion be replaced by a discontinuous one. 
Let the supposed undisturbed motions up to the instant T' 0 when the en¬ 
counter is regarded as beginning be called the prior motion, and let the 
motions after the instant T 0 when the encounter is considered as ending be 
called the subsequent motion. Imagine that the prior motion of the two 
molecules continues after the time T' 0 as if the interaction did not occur, so 
that the equations B 2,i still hold for each molecule; their mass-centres will 
therefore continue to travel along straight lines, and at a certain instant T' 
their mutual distance will attain a minimum value. Let q', Q' and p', P' 
denote the co-ordinates and momenta of the two molecules at this instant, in 
the imagined undisturbed motion. 

Likewise imagine that the subsequent undisturbed motion of the two 
molecules is continued backwards in time, from the “end” of the encounter 
(: T 0 ), as if the interaction did not occur; in the corresponding rectilinear 
motion of the two mass-centres, a minimum mutual distance would be 
attained at some time T. Let q, Q and p, P denote the co-ordinates and 
momenta of the two molecules at this instant, in the imagined motion. If 
the times T, T' were the same, the effect of the actual encounter, at times 
not included within the duration T 0 — T' 0) could be exactly represented by 
supposing no interaction between the molecules except a discontinuous one 
at the instant T{ = T'). In general T and T' will differ by some fraction of 
T 0 —T' q , but as this time-interval is supposed negligible, we can ignore 
T — T '; the encounter can still be replaced by a discontinuous “collision”, 
at some instant during the actual encounter. 

The condition that the distance between the mass-centres of two 
molecules moving independently is a minimum will be expressible as a 
general relation between their co-ordinates and momenta, say 


Q, P)~0, 


where the form of the function <f> depends on the nature of the molecules, 
but not on the values of the variables. Thus i determines the time T, and 

“ ly e',n = o 


determines the time T', the function 4> being the same in i and a. Since 
the motions of the molecules could be reversed along the same paths, if i is 
satisfied then so also is ,. _ _ t 

-p, Q,~P) = o. 


•3 
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and likewise if 2 is satisfied, so also is 

-p\ Q', -p / ) = 0. 

Let the number of molecules whose co-ordinates q s and m omenta p s lie in 
ranges dq $ , dp s at time t be /(g> p f) 

where dq, dp are written for dq x dq z ...dq k , dp x dp 2 ...dp k ; f(q, p, t ) is the 
number-density of the points representing molecules in the phase-space. 
After time dt, if it were not for encounters, this number of molecules would 
form the set f(q + qdt, p+pdt, t+dt)dqdp 

(the volume of phase-space which they occupy being equal to dqdp, by 
Liouville’s theorem). Now, if a collision occurs during dt between molecules 
whose co-ordinates and momenta at the beginning of dt are q, p and Q". P\ 
the point in a 4&-dimensional space, with the ‘‘co-ordinates” q, p, Q", P ”, 
must lie between the surfaces 

$(q,p, Q", P") = 0, <fr(q + qdt, p+pdt, Q" + Q"dt, P" + P"dt) = 0; . 4 

if it lies on the first of these surfaces, the collision occurs at the beginning of 
dt; if on the second, at the end of dt. Hence the number of collisions carrying 
molecules out of the set dqdp is 

ff(q,p)f(Q",P")dqdpdQ"iP’, 

integrated over the volume v" between these surfaces such that q, p lie in 
the ranges dq, dp. The number carrying molecules into this set is similarly 

P')dq’dp'dQ'dP', 

the integral being over the volume v' between 

<j>{q',p', Q’, P') = 0, <fi(q' + q'dt, p’ + p'dt, Q' + Q'dt, P’ + P'dt) — 0, ^ 

such that collisions between molecules whose co-ordinates and momenta at 
the beginning of dt are q',p' and Q', P' result in the first of the systems enter 
ing the set dqdp. Hence finally 

J /(«'. p’)f(Q', P')dq'dp'dQ'dP'-\j(q,p)f(QP’) dqdpdQ'dP' 

= dqdp{f(q + qdt, p+pdt, t+dt)—f{q,p, t)} 

= ^*{ 1 + 2 ^+ 20.19 

, . Jdf -tdBdf dEdJ_\\ 

“ [dp, d is dq s SpJl ’ 

This is the generalization of Boltzmann’s equation. 


.6 
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B 4. The uniform steady state. Consider now the uniform steady state 
at rest. Tor this, we may assume that 

M, ~P) = M,P), .. 

i.e. that a given set of velocities is as probable as the same set reversed. This 
is a probability assumption which is reasonable, but not self-evident. 

To find/, multiply B 3,6 by log f(q,p) and integrate over the whole range 
of q and p. Since dfjdt = 0, and / and H are both even functions of the p's. 
the right-hand side will be the integral of an odd function of the p’s, which 
vanishes. Thus 

p ')l og f{q,p)dq'dp'dQ'dP' 

“//(«» P")logf{q,p)dqdpdQ"dP" = 0. 

The first integral now represents a sum over all collisions during dt, the 
co-ordinates and momenta before dt being q', p', and Q', P'\ it is thus over 
the whole volume between the surfaces B 3, 5 . The second integral also repre¬ 
sents a sum over all collisions during dt, but the initial co-ordinates and 
momenta are denoted by q, p and Q", P". Replacing these variables of 
integration by q', p' and Q’, P', we get 

P , ){logf(q,p)-logf(q',p')}dq'dp'dQ'dP' = 0, .a 

the integration being over the volume between the surfaces B 3 , 5 . In this , 
q andp denote the co-ordinates and momenta of one of the colliding systems 
after dt; the corresponding quantities for the other system will be denoted 
by Q and P. 

In z we can interchange q, p and q’, p' with Q, P and Q', P'\ thus 

//(«', P')f(Q', P')$ogf(Q, P)-logf(Q’> P')}dq'dp'dQ'dP ' = 0.3 

Again, by 1 , 

//(«'» ~ P')f(Q-P'){logf(q, -p)~logf(q', -p')}dq'dp'dQ'dP' = 0. 

.4 

Now, as noted in B 1, to every encounter corresponds a reverse encounter, 
such that the initial co-ordinates of the one are the final co-ordinates of the 
other, and the initial momenta of the one are minus the final momenta of the 
other. The discontinuous processes replacing these encounters occur at 
identical points of the direct and reverse motions (the distance between the 
mass-centres of the two molecules is a minimum just before and just after 
a discontinuous process). Thus, in 4, q ', — p', Q', — P' denote the co¬ 
ordinates and momenta of molecules which have undergone a collision 
during the previous interval dt (that reverse to the one in which q', p 1 , Q\ P 
are initial co-ordinates and momenta), while q, —p denote co-ordinates and 
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momenta of one of these molecules before the time dt. We may therefore, 
consistently with our former notation, replace q'. —p~ O', — P\ q. —p hy 
(P P: Q> D, q . p . the change amounting to a mere renaming of variables. 
Then 

p ) {^gf(q', p’)—log f(q, p)}dqdpdQdP = 0. 

This integral extends over the whole range of q, p. Q and P, which are co¬ 
ordinates and momenta of systems which have collided during the previous 
interval dt, since every collision is reverse to another. If q. p. Q. P are ex¬ 
pressed in terms of qp', Q\ P' then, by Liouville's theorem, applied to the 
two molecules, which are regarded as forming a single dynamical system,* 

dqdpdQdP = dq'dp'dQ’dP’. 

Hence 

if(Q> P)f(Q » p ) {logf{q' : p')-logf(q, p)}dq'dp'dQ'dP’ = 0, .5 

the integration being over the whole range of q\ p\ Q' and P . which 
are co-ordinates and momenta of systems which will collide in the following 
interval dt (i.e. the integration extends over the same volume as in 2 and 3 ). 
Interchanging q, p and q', p’ with Q, P and Q\ P\ we get 

//(«> p)f(Q. P)Q°gf(Q’, P')-ioeHQ: P)]dq'dp’dQ'dP’ = 0..6 

Adding a, 3 , 5 and 6 , we find 

o = P')-f(q,P)f(Q, P)} 

xlog {f(.q,p)f(Q, P) f(.q',P')f(Q', P')} dq'dp'dQ'dP'. 

This implies, by the argument of Chapter 4, that for all values of q\ p\ 
Q r , P' such that collisions are possible 

logf{q,p) + \ogf{Q, P) = logf(q',p’)-rlogf{Q'. P'). 

This result expresses the fact that collisions of a given type are balanced in 
detail by collisions in the reverse direction: this is the form taken by the 
principle of detailed balancing in the present case. It shows that log/ is a 
linear combination of summational invariants of encounter. 

* Liouville’s theorem cannot be applied directly. It must be applied three times, 
first to the actual motion during an encounter, regarding the two molecules as a single 
system, so that the H considered in the proof given in B 2 is here to be regarded as a 
function of the 4k scalar variables q„ p s , Q s , P s ; secondly, it must be applied to the 
imagined undisturbed motion in the interval T 0 ' to T' (B3); and thirdly, to the 
imagined motion in the interval T to T 0 . In the last two cases the theorem is applied 
separately to each molecule, the H considered being that of B 3. 
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Among the possible summational invariants may be enumerated the 
number of systems, their linear and angular momenta, and their energy- 
of these, the momenta cannot occur in log/, since this is an even function 
of p. Hence, if no other quantities are conserved, the expression for/is 

J ’ .7 

where A and A are constants. By consideration of the translatory kinetic 
energy it can be shown, as usual, that A = 1/JcT; A can be related to the 
number-density of the molecules. 

It can be verified that with this form for / the generalized Boltzmann 
equation B 3,6 is satisfied. The right-hand side clearly vanishes; the first 
term on the left is equal to 

j v f{q>P)f(Q> P)dq'dp'dQ'dP', 

or, taking q, p, Q , P as variables of integration in place of q', p\ Q\ p : 
\f(q,p)f(Q,P)dqdpdQiP. 

The last integral is over all values of q, p, Q, P which are co-ordinates and 
momenta of molecules which have collided*in the preceding interval dt, and 
which are such that q, p lie in ranges dq, dp. By B 3 , 3 , this means that the 
integration is over the volume between the surfaces 

4>{q, p, Q, P) = 0 , <p{q-qdt,p-pdt, Q-Qdt, P-Pdt) = 0 , 

such that q, p lie in dq, dp. This volume is a thin sheet, bounded on the one 
side by the same area of <f>(q, p, Q,P) — 0 as the volume v between 

$(q,p, Q, P) = 0, <f>(q + qdt,p + pdt, Q + Qdt, P + Pdt ) = 0, 

such that q, p he in dq, dp. It lies on the opposite side of this surface from r. 
the thicknesses of the two volumes, measured from this surface, are equal. 
Since the differences between the values of q, p, Q, P on the two sides of 
the surface are infinitesimal, we can replace our integral by one over the 
volume v. Hence the two terms on the left-hand side of B 3,6 are integrals 
of equal quantities over equal volumes, and the left-hand side also vanishes; 
thus the equation is satisfied. 

A similar argument can be used to show that in general the first term on 
the left of B 3,6 is equal to 

f f(q',p')f(Q',P')dqdpdQdP, 

J V 
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so that the Boltzmann equation can be expressed in the form 


[){/(«'. f»')/(0', P')-f(q,p)f(Q , P)}rf0rfP 

-jJsl y C cH ?H ? f\ i 

“Hct 1 f \cp r cq r ~lq r TF r h' 


.8 


Bor the purposes of the present argument, however, the earlier form is the 
better. 


B 5. Generalizations of the argument . The generalization of the proof to 
a mixture of gases follows the same lines as in the ordinary proof of the H- 
theorem. The functions / for the different gases satisfy equations similar 
to B 4,7, the constants A being different, but A the same for all. The generali¬ 
zation when multiple collisions are permitted is also immediate; a relation 
similar to B 3,i will be satisfied by the co-ordinates and momenta of 
colliding molecules: this can be taken to represent the fact that at this point 
Emr- is a minimum, where m is the mass of a molecule, and r the distance of 
its mass-centre from the common mass-centre of the colliding group of 
molecules. If processes like chemical action are permitted, the constants _4 
for the molecules taking part will not be independent, as the number of 
molecules of a given type will not be a summational invariant for collisions: 
every chemical action that can take place between the molecules in the gas 
implies a reaction relation between the quantities A for the molecules 
taking part. 

The proof can also be generalized to apply when a magnetic field H is 
present, so that the Hamiltonian function H is no longer an even function of 
the p’s. In this case, let the velocity-distribution function be denoted by 
f(q. p, H). In place of B 4,i we now suppose that 

/(9, - p, -H)=f(q,p,H), 

so that a given set of velocities in a given field is as probable as that set 
reversed in the reverse field; this is so, since in the second case the molecule 
travels along the same path as in the first, but in the reverse direction. 
Equation B 4,4 is similarly replaced by 

//(«', - p',H)f(Q ', — P'. H) {log/ (q, —p, H) . 

— log f{q'> ~P - H)}dq'dp'dQ'dP ' = 0, 

derived by consideration of the steady state in the gas in which the field is 
reversed; the argument then proceeds as before, using collisions in the gas 
in which the field is reversed as reverse collisions. 
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B 6. The quantum derivation of f. It is interesting to compare the 
derivation of the velocity-distribution function/on the basis of quantum 
mechanics, with the classical derivation by Lorentz. Suppose that the gas is 
confined in a box. Each molecule then has the state of its translational and 
internal motions specified completely by a set of quantum numbers. Write 
n for the group of quantum numbers specifying one possible state of a mole¬ 
cule, and let f(n, t) be the probability that one of the molecules is found in 
the state n at time t. We suppose that each of the quantities / is small, 
so that no account need be taken of degeneracy. 

The change from one quantum state to another as a consequence of inter¬ 
action with other molecules is always supposed to occur abruptly, bv a 
process similar to the discontinuous process of B 3. Also, if “collisions” are 
possible as a consequence of which molecules initially in the nth and A T th 
quantum states pass to the n'th and W'th, inverse collisions whereby 
molecules initially in the n'th and W'th states pass to the nth and Nth are 
also possible, and the probability per unit time of the two processes is the 
same. Denote it by K(n, N, n', N'). Then the probability per unit time 
that in the gas a molecule should pass out of the nth state as a consequence 
of interaction with other molecules is 

1 f(n)f(N)K(n,N,n',N'), 

N, n', N' 

and the probability that it should enter this state is 

2 f(n')f(N')K(n, N, n', N'). 

N,n',N' 

Hence ^ = 2 (f(n')f(N')-f(n)f(N))K(n,N,n',N') .t 

Cl n ' 9 N' 

This expression possesses a formal similarity with that for d e f/dt found in 
Chapter 3. Transforming as in 4.1, it is found that, if* 

H = 2/fa) l°g/(n), . 2 

then 


a f= 2 {log f(n)+\}{J(n')f(N')-f{n)f{N)}K(n,N,n',N') 

n, y, n\ N' 

= i I {/(«')/(#’)-/M/W} 

n, N, n’, N' 

X \og{f(n)f(N)/f(n')f(N’)}K(n, N, n', 1 V'). . 3 

* In 2 and 3 the symbol H denotes a Boltzmann’s function (Chapter 4), not a 
Hamiltonian function as in B 2-B 5. 
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It follows, as usual, that the condition for a steady state is that 
log/(w) + log/(i\ T ) = logf(n')+-logf(X') 
for all possible “collisions”, and so 

/ in) = A e~ E n, . 4 

as before, where E n is the energy of the nth state. Incidentally, we may 
observe that here the condition for a steady state is equivalent to the con¬ 
dition for detailed balancing of collisions taking molecules from the nth and 
i\ r th states to the n 'th and A 7 'th, and the inverse collisions. 

It is somewhat surprising that the quantum argument should be so much 
more simple than the classical, since the latter is a limiting case of the former. 
The reason is twofold. Firstly, the quantum theory itself deals with prob¬ 
abilities, and part of the statistical difficulties are taken over by it. and, 
secondly, quantum theory considers standing waves, classical theory con¬ 
siders progressive waves, i.e. particles; it is possible to represent standing 
waves as the sum of progressive waves, or vice versa, but the statistics for 
the two will not be identical. 

It is also to be observed that the theory is simple only when both trans¬ 
lational and internal motions are taken as quantized. If only the internal 
motion is taken as quantized, while the translational motions are treated 
classically, the difficulties are much greater; and this method seems to be 
necessary in dealing with the transport phenomena.. 
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HISTORICAL SUMMARY* 

1. The history of the kinetic theory of gases has been traced back to 
ancient Greece, where Democritus and Epicurus founded the atomic theorv of 
matter, later expounded by Lucretius. In the early days of modern science 
(1650-1750) Gassendi, Hooke and Daniel Bernoulli independently revived 
the atomic theory, and developed some consequences of the kinetic theorv. 
After a lapse of nearly a century the kinetic theory was taken up and actively 
extended by a series of workers, including Herapath (1821), Waterston 
(1845), Joule (1848), Kfronig (1856), Clausius (1857), Maxwell (1859-79) 
and Boltzmann (1868-1904). The last three may be regarded as the main 
founders of the kinetic theory of gases. 

In 1859 Maxwell discovered the law of distribution of molecular velocities 
in a uniform gas in equilibrium, and also rediscovered the equipartition of 
the mean molecular energy for molecules of different mass in a gas-mixture, 
that Waterston had found in 1845. The discussion of these two results was 
long continued, by Maxwell himself, by Boltzmann, Kirchhoff, Lorentz, and 
Jeans, amongst others. One outcome was the recognition that Maxwell’s two 
results did not depend on special molecular properties. The new science of 
statistical mechanics grew out of these discussions, and the first glimpses 
were obtained of the difficulties concerning equipartition of energy, which 
led to certain developments of the quantum theory. 

Some account of the course of this work may be found in such treatises on 
the kinetic theory of gases as those by Meyer or Jeans; and the collected 
works of Maxwell and Boltzmann contain several papers which refer to the 
historical aspects of the kinetic theory. These accounts deal also with the 
improvements in the theory of the equation of state of a gas, by van der 
Waals and his successors. 

The special subject of the present book is the theory of non-uniform gases, 
developed not by approximate methods based on the conception of the 
mean free path, but by the mathematical methods originated by Maxwell 
and Boltzmann. A brief outline of the progress of this part of the kinetic 
theory will here be given. 

2. Maxwell’s paper (i) “ On the dynamical theory of gases ”, of May 1866, 
first formulated the discussion of a non-uniform gas in a proper mathe¬ 
matical way. In this he derived the equations of transfer, which give the 
total rate of change of any mean molecular property, analysed into parts 
respectively due to molecular encounters, the motion of the molecules from 

* The numbered references relate to the classified list of papers on pp. 389-90. 
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point to point, and the action of external forces. His detailed results all 
referred, however, to a gas whose molecules are point-centres of force 
varying inversely as the nth power of the distance, where n — 5 ; he found 
that the adoption of this particular molecular model greatly simplified the 
evaluation of the complicated integrals that represent the effects of molecular 
encounters. At that time, also, he thought that there was “reason from 
experiments on the viscosity of gases to believe that n = 5 ” for actual 
molecules; later experiments showed that this is not so. 

Maxwell pointed out that if n is not equal to 5 his integrations could not 
proceed without a knowledge of/, the velocity-distribution function: he did 
not indicate how in that case/ could be found. In most of the earlier work, 
including that of Maxwell himself, the rigid elastic sphere had been adopted 
as the molecular model, and the results obtained were in many respects in 
qualitative agreement both with experiment and with Maxwell’s new 
results for his special model. The rigid spherical model, however, could not 
be treated by Maxwell’s mathematical method, in the absence of a knowledge 
of/. 

Maxwell’s work gave the first accurate theoretical determinations of the 
coefficients of viscosity, thermal conduction, and diffusion in gases, for any 
molecular model. 

3. In 1872 Boltzmann established the H-theoremiSa), his object being to 
show that molecular encounters would bring about a Maxwellian distribu¬ 
tion of velocities in a gas left to itself, whatever the initial distribution. This 
greatly strengthened the arguments for the Maxwellian velocity-distribu¬ 
tion which, as Maxwell left them, were still weak. 

In the same paper he also discussed non-uniform gases, and gave his 
famous integro-differential equation* which / must satisfy, whatever the 
state of the gas or the forces acting on it. He obtained a solution of this 
equation for a gas composed of Maxwellian molecules (n = 5), showing that 
Maxwell’s formulae for the coefficients of viscosity, thermal conduction, and 
diffusion could be derived directly from it. 

In 1875 Boltzmann generalized his if-theorem r2b) to the case when the 
gas is in the presence of a conservative field of force (4.14). 

In 1887 Lorentz(4) pointed out an error in Boltzmann's proof of the 
ff-theorem for polyatomic gases: the error was connected with the non¬ 
existence of inverse encounters in certain cases. In this paper Lorentz also 
improved Boltzmann’s proof for monatomic gases, and made an advance 
towards the transformation 3 . 54 , 5 ; the special form of this equation, in 
which 9 — log/, and F =/, was first given by Boltzmann (2 a t. 

* Equation (44) of that paper. 
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4. In 1 879 Maxwell (3) carried the theory of non-uniform gases to a further 
approximation (see Chapter 15), showing that, in a rare gas, stresses would 
result from inequalities of temperature. He cited Boltzmann’s integral 
equation for/, and supposed, “with Boltzmann”, that in a gas in which 
there are inequalities of temperature and of velocity / = / 0 ( 1 + F), where / 0 
is the function corresponding to the steady state, and “F is a rational 
function” of U, V, W, “'which we shall suppose not to contain terms of 
more than three dimensions”. This supposition gives the correct tempera¬ 
ture stresses for a Maxwellian gas (but not for gases of other kinds); Maxwell 
did not formally justify it in his paper. He had by then realized that the 
variation of viscosity with temperature did mot support the view that 
molecules are Maxwellian (n = 5); but nevertheless he again restricted him¬ 
self to molecules of this type “for the sake of being able to effect the inte¬ 
grations” with respect to the variables of encounter. He determined the 
form of the function F from his equations of transfer, without commenting 
on the fact that the solution obtained is consistent with Boltzmann’s 
equation, of which in fact he made no real use. 

5. In 1880-1 Boltzmann ( 2 i) published three long memoirs on viscosity, 
in which he reviewed Maxwell’s two papers on non-uniform gases, mentioning 
Max-well’s reference to the integral equation for /, and saying that un¬ 
fortunately the solution of this equation is easy only for the case of Max¬ 
wellian molecules, where it is not required for the theory of viscosity, con¬ 
duction, and diffusion. “In all other cases, and especially for the hypothesis 
of elastic spheres, the solution of the equation meets with great difficulties.” 
He gave a complicated approximate method of solution with the object of 
calculating the viscosity. The investigation, which in all occupies 168 pages 
of his Collected Works , appeared to yield no simple result, and Boltzmann 
remarked that one must almost despair of the general solution of his 
equation. 

Boltzmann also applied the same approximate methods* to construct a 
theory of diffusion ( 21 ). In a later paper he seems to be referring to these 
laborious approximate treatments of viscosity and diffusion when he says 
that on account of the complexity and the uncertain convergence of his 
series-formulae “the coefficients of viscosity, conduction and diffusion could 
scarcely be calculated numerically from them ”. This work represents one of 
the unsuccessful passages in the history of the development of the present 
theory. 

6 . In 1872 Stefan (29) obtained the first approximation to the coefficient 
of diffusion in a gas-mixture whose molecules are rigid elastic spheres, by 

* A brief summary of Boltzmann’s method is given by Enskog (Dissertation, p. 3). 
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assuming that Maxwell s velocity-distribution holds separately for each 
constituent gas relative to its own mean motion. This assumption is in¬ 
correct, and the error involved in the approximation could not be estimated. 

Langevin ( 28 ) in 1905 generalized Stefan’s work to spherically sy mm etrical 
molecules of any type, using a method similar to that of Maxwell’s 1S66 
paper. Langevin’s formula gives the first approximation to D 12 , 

which is independent of the relative concentration: for the case n = 5 it 
reduces to Maxwell’s. Langevin was aware that his assumption regard¬ 
ing /for the component gases would not be applicable in finding the viscosity 
or conductivity. 

7. In 1900 M. Brillouin (24) gave a general expression for the velocity- 
distribution function, correct to second-order derivatives of the density, 
mean velocity, and temperature of the gas, using the fact that this function 
must be invariant for a change of axes. The physical significance of his work 
was limited, however, because he did not attempt to evaluate the unknown 
functions of the molecular velocity involved in his expression. Accordingly, 
while he obtained a general expression for the stress-system in a gas, he was 
unable to indicate the relative importance of the various terms in this 
expression. His expressed intention of extending his work to gas-mixtures 
was apparently never fulfilled. 

8. The first advance, after Maxwell, towards an accurate theory for a 
non-uniform gas was made in 1905 by Lorentz(iO), for the special case of a 
mixture, in which the molecules of one set are of negligible mass compared 
with those of the other set, and encounters between the light molecules can 
be ignored. This case was considered in connection with the theory of 
electrons in a metal. The results obtained are exact (as limiting cases of the 
general formulae—cf. 10.5), and of great value and interest. They were 
derived from Boltzmann’s equation, which was much simplified by the 
special assumptions of Lorentz; but his work gave no indication of the general 
method of solution of Boltzmann’s equation. 

Lorentz’s special type of gas was further discussed by J. J. Thomson, 
Jeans, H. A. Wilson, Ishiwara and H. Bohr ( 22 ). Bohr generalized the theory 
in certain directions, and reduced the calculation of the electrical and thermal 
conductivities to the solution of an integral equation of the Fredholm type. 

9. In 1911 Enskog(26) published two papers on the kinetic theory, the 
first dealing with a simple gas, the second with a mixture. He followed the 
method of expansion in powers of U, Y, W devised by Boltzmann, but found 
that the method would not yield useful results without elaborate calcula¬ 
tion, and that in the case of a mixture it led to unsymmetrieal and compli¬ 
cated expressions. 
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In tie second of these papers Enskog mentioned that a temperature 
gradient in a mixture would in general produce diffusion. In a paper on 
electron theory (1912), which reproduced, in a simpler way, many of the 
special results obtained by Bohr, Enskog calculated the coefficient of 
thermal diffusion for a Lorentzian gas. 

10. The general theory next advanced along two lines. One was sug¬ 
gested by a discussion of Boltzmann’s equation, by Hilbert (5) (1912), who 
considered the special case of rigid spherical molecules. He approached the 
subject from the standpoint of the pure mathematician, laying stress on the 

necessity for a proof that a solution of Boltzmann’s equation actually exists_ 

a point that the physicist is content to assume, the more readily because he 
knows in how many respects such an equation as that of Boltzmann repre¬ 
sents but an approximation to the conditions of the natural problem. 
Hilbert reformulated Maxwell’s idea of successive approximation to /, and 
showed that the solution of Boltzmann’s equation could be effected bv 
solving an infinite series of linear integral equations of the second kind. 

This important discussion showed how the kinetic theory of non-uniform 
gases could be given a satisfactory logical form on the basis of the theory of 
integral equations. Hilbert, however, did not succeed in obtaining a solution 
for / in a convenient form, because of his treatment of the term dfjdt in 
Boltzmann’s equation. An example of the defect in Hilbert’s solution is 
afforded by a research founded upon it, by Boguslawski(30), who applied 
Hilbert’s second approximation (containing the viscosity terms) to the hydro- 
dynamic equations, to discuss the longitudinal standing oscillations of a gas; 
he found a damping factor ^ _ ^^tjp 

instead of the true factor e -2 ^; the result is clearly in error unless t is small. 
Boguslawski showed, however, that Hilbert’s equations lead to the true 
result if they are applied successively to short time-intervals, with new 
initial conditions each time. 

In 1913 Lunn(3i) generalized Hilbert’s discussion to apply to any type 
of spherically symmetrical molecule. 

In 1915 Pidduck(ii) used Hilbert’s transformation to obtain a numerical 
solution of the problem of self-diffusion for rigid elastic spherical molecules. 
His calculation gave the first accurate result obtained for any of the free- 
path coefficients, other than for gases of the Maxwellian and Lorentzian 
types. His treatment was, however, not only laborious and elaborate, but 
also very special; he stated that the symmetrical kernel of the transformed 
integral equation which he used shows no special properties in the case of 
Maxwellian molecules; and in the numerical solution it appears to be 
necessary to repeat all the calculations in every special case worked out. 
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11 . During the period 1911-16 the same problems were discussed by 
Chapman, whose work was based on Maxwell’s equations of transfer In 
1912 he determined (25a) first approximations to the coefficients of viscosit v. 
conduction, and diffusion, assuming, like Maxwell, that/ = f 0 (l - F) where 'f 
is of the third degree in U, V, TT. This assumption, valid for a Maxwellian 
gas, is not true for other types; the error involved in other eases could not 
be determined without further knowledge of /. 

In 1916 Chapman (6) published a generalization of the work of his first 
paper, in which the incorrect assumption as to the form of/was eliminated. 
He derived the form of the second approximation to /, using considerations 
of invariance; his expression contained certain unknown functions of U. F, IF. 
which were determined by using an infinite set of equations of transfer. 
The coefficients of viscosity and conduction were deduced in the form of 
expressions containing the ratio of two infinite determinants. The results 
of the former paper were shown to be good approximations to the general 
formulae, though this could not have been foreseen. In a further paper, 
published in 1917, he extended his work to a gas-mixture. 

The phenomenon of thermal diffusion, found by Chapman in the course of 
his work, was regarded by him as novel, Enskog’s discovery of it in 1911 
not being remembered. Even the reality of the phenomenon seemed open 
to doubt, until in 1916 experiments by Dootson confirmed it. 

12. In 1917 Enskog(Ta) published his TJpsala Dissertation, in which he 
perfected the determination off from Boltzmann’s equation. His method 
was a modification of that of Hilbert. He derived general formulae for the 
viscosity, conduction, and diffusion in simple and mixed gases, and also 
determined the pressure-tensor to a third approximation. The method and 
the details of the calculations were different from those in Chapman's 
paper, but the two methods give precisely the same results. 

Enskog was unaware of Chapman’s paper of 1916 when his Dissertation 
was published. In 1921, when he gave an account (To) of the integrations 
and numerical work involved in his Dissertation, but not included there, he 
took the opportunity to compare his results with those of Chapman’s papers. 
This revealed a few algebraic and arithmetical errors which affected some of 
Chapman’s formulae for the coefficients for a mixture. 

13. The special appropriateness of Sonine polynomials for the expansions 
involved in the Chapman-Enskog theory was demonstrated in two papers 
published by Burnett (9) in 1935. This is perhaps the final improvement to 
be made in the general theory of non-uniform gases at ordinary densities. 
From the mathematical standpoint, one important advantage of Burnett’s 
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method is that the convergence of the series used can be established without 
difficulty—a point winch Chapman and Enskog were content to pass over 
except that the former established the convergence for the special case of a 
Lorentzian gas. Further, the computations based on Burnett’s expansions 
though essentially the same as those made by Chapman and Enskog. are 
materially lightened by the form in which the results are obtained. 

In his first paper Burnett considered the second approximation to /. for 
simple and mixed gases, using partly the Maxwellian equations of transfer 
and partly the integral equation of Boltzmann. In the second paper he set 
out the method by which/ can be calculated to any degree of approximation 
for a simple gas; the expressions naturally become complicated when 
products of first-order differential coefficients, or differential coefficients of 
higher order, are included. The contribution of the third approximation to 
the stress-system had already been considered by Maxwell (3) (1879), by 
Enskog(7) (1917), and by Lennard-Jones(8) (1923); the first of these con¬ 
sidered only second derivatives of the temperature, the second also con¬ 
sidered products of first derivatives, and the third found terms depending 
on the non-uniformity of acceleration of the gas. A treatment of the third 
approximation, by methods differing somewhat from those both of Enskog 
and Burnett, is given in our Chapter 15. 

14. A noteworthy feature of the expansions for / in powers of C, adopted 
by Chapman and Enskog, is that, despite the slow convergence, the expres¬ 
sions derived from them for the coefficients of the mean-free-path phenomena 
converge quickly. The following comment on this fact, taken from a letter 
by Pidduck to Chapman (1922), may be of interest: “It seems to me that 
what you and Enskog are really doing is to apply the Rayleigh-Ritz method 
to Boltzmann’s equation. Suppose we have a circular ring of arbitrary cross- 
section, and want to find the distribution of induced alternating current of 
given frequency. Cutting the cross-section into elements of area, we can 
either write down the linear equations for the infinitesimal currents, 
allowing for mutual induction, and get an integral equation in the limit, or 
(since the matrix is self-conjugate), use an easy minimum principle, assume 
an expansion of current-density and get Rayleigh-Ritz equations for the 
coefficients. The second method has the same relation to the first that the 
equations of transfer have to Boltzmann’s equation. The analogy helps to 
explain why highly convergent expressions are got for certain integral 
constants (e.g. the coefficient of viscosity) when the expansion for / con¬ 
verges slowly. Suppose that we try to solve the electrical problem for a 
rectangular section by an expansion of the type x n y m . A moderate number 
of terms will no doubt give a good approximation to the electrokinetic 
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energy and rate of dissipation of energy, notwithstanding that the expansion 
may altogether cease to he satisfactory near the corners.” 

15. The preceding account shows by what stages the general method of 
determination of /, and of the coefficients of the mean free-path phenomena. 
was reached. The method applies to any type of spherically symmetrical 
molecule possessing only translatory kinetic energy. The results involve 
integrals, depending on the type of molecule, which have to be calculated 
numerically. This was first done by Maxwell (l) for his special type of mole¬ 
cule (repelling as r~ n , where n = 5). Chapman <15) (1922) showed how such 
integrals could conveniently be calculated for any value of n, and worked 
out a number of particular cases. 

Lennard-Jones ( 16 ) (1924) extended the work to molecules repelling 
according to the formula ar~ n +br~ m ; if the sign of b is negative, and 771 < n, 
the force of interaction is an attraction at large distances. He showed that 
the above integrals are of specially simple form if m — 3 and b is small, and 
calculated them for several values of n. This work was later continued by 
Hasse and Cook (17, 18 ) (1926-31) who did not confine their work to the case 
when b is small. 

If in Lennard-Jones’s formula we make %->oc, we get the case of rigid 
spherical molecules surrounded by an attractive field of force. If this force 
is weak, the integrals can be evaluated in finite terms; the evaluation was 
done for certain values of m by Enskog (1917) and James( 20 ». 

Still more recently Massey and Mohr (19) (1933-4) considered the quantum 
interaction between rigid spherical molecules, and between helium molecules, 
and calculated the values of the integrals in these cases. 

16. F. B. Pidduck (12) (1922) made an important extension of the general 
theory to a gas composed of rough spherical rotating molecules. This 
molecular model, suggested by Bryan (23), is much simpler to handle than 
one to which Jeans (27) devoted some attention, namely, smooth spheres 
whose centre of mass does not coincide with the geometrical centre. Both 
types of molecule permit colhsional interchange between translatory and 
rotatory kinetic energy, but Jeans limited his treatment of the eccentric 
spherical molecules to the case of small eccentricity, for which the inter¬ 
change between translatory and rotatory kinetic energy is slow: this reduces 
the interest of his discussion from the standpoint of this book; he gave no 
detailed treatment of the free-path phenomena for such molecules. The 
work of Pidduck, on the other hand, demonstrated that the rate of trans¬ 
mission of heat through the gas is reduced (so far as the ratio / = A jic v is a 
measure of this rate) when the gas possesses rotatory as well as translatory 
energy; this result is in agreement with experiment. The Bryan-Pidduck 
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model was later (1924) generalized by Chapman and Hainsworth( 13 ), who 
supposed that the distance between the centres of two such molecules at 
collision (that is, the sum of their radii) varies with the relative velocity of 
the two molecules. 

17. A further important and difficult extension of the general theory was 
made by Enskog(i4) (1922), who showed how the theory of dense gases (and 
perhaps of liquids) could be developed. His work was based on the van der 
Waals molecular model—a smooth sphere surrounded by a field of attractive 
force—and was successful in giving a theoretical account of the densitv- 
dependence of the viscosity, which at moderate temperatures accords well 
with observation. Enskog later (26 c) (1928) gave a new and more general 
derivation of the equations of transport for dense gases and liquids. 
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CLASSIFIED LIST OF THEORETICAL PAPERS 

(The titles of papers written in other languages are here translated) 

The development of the general mathematical solution 

(lfjJ. C. Maxwell. On the dynamical theory” of gases. Phil. Trans. Roy. Soc. 157, 
49, 1867 (Collected Works, 2, 26-78); see also Nature , 8, 537, 1S73. and 
16, 244, 1877. 

(2) L. Boltzmann, (a) Further studies on the thermal equilibrium among gas- 

molecules. Wien. Ber. 66, 275, 1872 (Collected 1, 316-4U2 <; 
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Theorie der linearen Integralgleichungen, p. 270. 
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viscosity and thermal conduction, in a non-uniform simple monatomic gas. 
Phil. Trans. Roy. Soc. A, 216, 279, 1916; (b) On the kinetic theory of a 
gas; Part H, A composite monatomic gas, diffusion, viscosity and thermal 
conduction. Phil. Trans. Roy. Soc. A, 217, 115, 1917. 

(7) D. Enskog. (a) The kinetic theory of phenomena in fairly rare gases. Dissertation, 

Upsala, 1917; (b) The numerical calculation of phenomena in fairly rare 
gases. Svensk. Yet. Akad., Arkiv.f. Mat, Ast. och Fys. 16, 1, 1921. 

(8) J. E. (Lennard-) Jones. Phil. Trans. Roy. Soc. A, 223, 1, 1923. 

(9) D. Burnett, (a) The distribution of velocities in a slightly non-uniform gas. 

Proc. Land. Math. Sqc. 39, 385, 1935; (6) The distribution of molecular 
velocities and the mean motion in a non-uniform gas. Proc. Lond. Math . 
Soc. 40, 382, 1935. 


( 10 ) 

( 11 ) 


Exact solutions for important special cases 


H. 


A. Lorentz. The motions of electrons in metallic bodies. Proc. Amsterdam 
Acad. 7, 438, 5S5, 684, 1905. See also Arch. Neerland. 10, 343. 190o, and 
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F. B. Pidduek. The kinetic theory of the motions of ions in gases. 


Proc . Lond. 


Math. Soc. 15, 89, 1916. 


Extensions of the general theory 

(12) F. B. Pidduek. The kinetic theory of a special type of rigid molecule. Proc. Roy. 

Soc. A, 101, 101, 1922. _ . . 

(13) S. Chapman and W.Hainsworth. Some notes on the kinetic theory of viscosity. 

conduction, and diffusion. Phil. Mag. 48, 593, 1924. . 

(14) D. Enskog. Kinetic theory” of thermal conduction, viscosity, and self-chff^^ 

in certain dense gases and liquids. Svensk. Akad. Handl. 63, no. 4, 1 
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Classified List of Theoretical Papers 

Calculation of the gas-coefficients for special laws of force 

(15) S. Chapman. On certain integrals occurring in the kinetic theory of gases. 

Manchester Mem. 66, 1, 1922. 

(16) J. E. (Lennard-)Jones, on the determination of molecular fields. I. Prom the 

variation of the viscosity of a gas with temperature. Proc. Roy. Soc. A 
106, 441, 1924. 

(17) H. R. Hasse. Phil. Mag. 1, 139, 1926 (on ionic mobility). 

(18) H. R. Hasse and W. R. Cook. Phil. Mag. 3, 977, 1927; Proc. Roy. Soc. A, 125, 

196, 1929; Phil. Mag. 12, 554, 1931. Of these the two first are on gaseous 
viscosity, and the third is on the mobility of ions. 

(19) H. S. W. Massey and C. B. 0. Mohr. Free paths and transport phenomena in 

gases, and the quantum theory of collisions: (a) On the rigid sphere 
model, Proc. Roy. Soc. A, 141, 434, 1933; (6) On the determination of the 
laws of force between atoms and molecules, ibid. 144, 188, 1934. 

(20) C. G. P. James. Proc. Carrib. Phil. Soc. 20, 447, 1921. 

OTHER PAPERS 

(21) L. Boltzmann. Wien. Ber. 81, 117, 1880 ( Collected Works, 2, 388-430); Wien.Ber. 

84, 40, 1881 ( Collected Works, 2, 431-522); Wien. Ber. 84, 1230, 1881 
[Collected Works , 2, 523-556); Wien. Ber. 86, 63, 1882 ( Collected Works, 
3, 3—37); Wien. Ber. 88, 835, 1883 ( Collected Works, 3, 38-63); Jahresber. 
d. D. Math. Verein, 6, 130, 1899 [Collected Works , 3, 598-608). 

(22) FT. Bohr. Dissertation, Copenhagen (1911). 

(23) G. H. Bryan. British Assoc. Reports, pp. 64-102, 1894. (Here is introduced the 

concept of perfectly rough elastic spherical molecules.) 

(24) M. Brillouin. Ann. Chim. Phys. (7), 20, 440, 1900. 

(25) S. Chapman, [a) Phil. Trans. Roy. Soc. A, 211,433,1912 (the first approximation 

to the complete theory). (6) On thermal diffusion: Phil. Mag. 34, 146, 
1917 (for gases of equal molecular weight); ibid. 38, 182, 1919 (for 
separating isotopes); ibid. 7, 1,1929 (for rare constituents in gas-mixtures); 
(c) On approximate theories of diffusion, Phil. Mag. 5, 630, 1928; [d) On 
the convergence of the infinite determinants in the Lorentz case, Joum. 
Bond. Math. Soc. 8, 266, 1933. 

(26) D. Enskog. [a) Phys. Zeit. 12, 56 and 533, 1911 (first approximations to the 

complete theory); [b) Ann. der Phys. 38, 731, 1912 (theory of electrons); 
(c) Svensk. Akad., Arkiv.f. Mat., Ast. och Fys. 21 A, no. 13, 1928 (general 
derivations of the equations of transport). 

(27) J. H. Jeans. Phil. Trans. Roy. Soc. A, 196, 399, 1901; Quart. Joum. Math. 25, 

224, 1904. (The equipartition of translatory and rotatory kinetic energy is 
considered for smooth spherical molecules with a slightly eccentric mass- 
distribution.) 

(28) P. Langevin. Ann. Chim. Phys. (8), 5, 245, 1905. 

(29) J. Stefan. Wien. Ber. 65, 323, 1872. 

(30) S. Boguslawski. Math. Ann. 76, 431, 1915. 

(31) Lunn. Bull. Amer. Math. Soc. 19, 455, 1913. 
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XOTE OX SECOND-ORDER TEXSOR FORMULAE 

In Chapter 1 and elsewhere in this book, no reference is made to the 
antisymmetrieal or skew part of a second-order tensor. It seems worth 
while to mention here the notation we have found useful in other parts 
of mathematical physics (such as elasticity and electromagnetism] for 
this skew tensor. We write 

w = i(w - w). 

so that, by 1.3,5, w = w-f-w. 

The two tensors on the right are the symmetrical and antisymmetrieal 
(or skew) parts of w. 


Clearly 


\{w^~w^) = 


The skew tensor w has the 

array 



o, 

l{ic xv -ic yx ). 

Mv: xz -iv :x ) 


i( u 'yx — w xy) ■> 

0 , 



\{w sx - w xz ). 

\{W z y~W y= ), 

0. 


Thus it can be specified by its three elements 


w yz , w zx , 

which are | (w yz -w zl/ ), \( w *y~ w y^- 

These can be shown to be the components of a vector ic which is of the 
rotational type (1.1). This is called the vector of the tensor w or w. 

In the special case when w is a dyadic AJB, the vector is clearly L4 a J5: 

in the ease of a differential dyadic, such as the vector is 

or \ curl c. 

It is easy to show that w. a = a a w. 


so that w.a = w.a-t-a ait. 

Hence, as an example (cf. 15.3) 
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Alternating electric fields, 343 
Angular velocity of molecules, 200, 202, 
205 

Atmosphere, solar, 179, 322 
Attraction, molecular, 35, 53, 177, 180, 
223, 227, 257, 284 
van der Waals’, 227, 284, 286 
Avogadro’s hypothesis, 37, 41 

Balancing, detailed, 70, 379 
Bessel functions, 124, 29S 
Boltzmann’s equation for the velocity- 
distribution function /: simple gas, 
46, 107; mixed gas, 134; “rough 
sphere” gas, 201; dense gas, 275; 
ionized gas in magnetic field, 329; 
generalized, 373 

Boltzmann’s H-theorem: simple gas, 
69; mixed gas, 83; connection -with 
entropy, 81 
Boundary pressure, 31 
Boyle’s law, 38 

Bryan-Pidduck “rough sphere” mole¬ 
cular model, 199, 218 

Carnot cycle, 41 

Centres of force, 53, 170, 190, 221, 248, 
256 

Chaos, molecular, 60, 76, 92, 273 
Charles’s law, 38 

Coefficient of conduction, diffusion, etc.: 

see under Conduction, Diffusion, etc. 
Collision cross-section, 300, 301 
Collision-frequency, 89, 93 
Collision-interval, 91, 93 
Collisional transfer, 273, 281, 282 
Collisions, molecular, 46, 53, 59, 89, 273; 
inelastic, 346, 352; see also En¬ 
counters 

Compressibility, 288 
Conditions of orthogonality. 111; of 
solubility of equations, 110, 120,142, 
208 

Conduction of electricity, 311, 320, 
321; direct and transverse, in mag¬ 
netic fields, 328, 335; in metals, 341 
Conduction of heat: general theory, 
43; elementary theory, 103; accurate 
theory for simple gas, 121 ; mixed 
gas, 144; “rough sphere” gas, 210 ; 


Eueken’s approximate theory, 237; 
further approximation (for a simple 
gas in non-uniform motion), 265. 
266, 270; dense gas, 287 ; ionized gas 
in magnetic field, direct and trans¬ 
verse conduction, 337; in metals, 342 
Coefficient of conduction, A, for 
simple gas: mean free-path formula, 
104; accurate general formula, 128; 
notation for approximations, 162; 
first- and second approximations, 
162; first four approximations for 
rigid elastic spheres, 169; first and 
second approximations for point- 
centres of force, 172, 173, 235: 
“rough sphere” gas, 213, 215; dense 
gas, 288; numerical values, 241 
Coefficient of cqnduction, A, for gas- 
mixture-, general formula, 145: first 
approximation (general expression i. 
166, 24 2; Lorentzian gas, 189, 191; 
convergence of successive approxi¬ 
mations for Lorentzian gas, 197: 
variation with concentration-ratio, 
242 

Conduction-viscosity ratio f: mean 
free-path formula, 104; notation for 
approximations, first and second 
approximations, 162; first, four 
approximations for rigid elastic 
spheres, 169; first and second ap¬ 
proximations for point-centres of 
force, 173, 235; “rough sphere”gas, 
214, 216; dependence on tempera¬ 
ture, 241 

Conservation of number, mass, momen¬ 
tum and energy, 51, 52, 135 
Continuity, equation of, 51 
Convection, of heat, 2 71; of electricity, 319 
Convergence of formulae, 126. 348, 386; 
in Lorentzian ease, 193 

Degeneracy in gases, 295, 304 
Dense gases (Ch. 16, p. 273): van der 
Waals’ equation, 284; Enskogs 
theory of viscosity, 286, and of 
thermal conductivity, 287; com¬ 
parison of Enskog’s theory with 
experiment, 288; gas-mixtures, 292; 
diffusion, 293 
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Density: mass-, number-, 26, 43; uni¬ 
formity of, 4 

Detailed balancing, 70, 379 

Diameters, molecular, 59, 220, 224; 
numerical estimates from viscosity, 
229, and from diffusion, 252; quan¬ 
tum theory, 303 

Diffusion: elementary theory and its 
defects, 104-106; accurate theory, 
142; for mechanically similar mole¬ 
cules, 197; theory for “rough 
sphere” gas, 214; in dense gas, 
293; in ionized gas in magnetic 
field, direct and transverse diffusion, 
335 

Pressure-diffusion, 244; forced dif¬ 
fusion, 244; thermal diffusion, 142, 
252-258, 311, 312 

Coefficient of mutual diffusion Z> 12 : 
approximate (mean free-path) for¬ 
mula, 105; accurate general formula, 
144, for Lorentzian gas, 189; ap¬ 
proximations: notation, 162; first 
and second approximations (general 
expressions), 165; first approxima¬ 
tion [JDjJj. for rigid elastic spheres, 
point-centres of force, K li r~ v , attract¬ 
ing spheres, and rough elastic 
spheres, 245; for highly ionized -gas, 
179; for dense gas, 293; second 
approximation, 246; later approxi¬ 
mations (for Lorentzian gas), 196; 
variation with concentration-ratio, 
246, 247; dependence on density 
and temperature, 248; numerical 
values, 252; units, 248 
Coefficient of self-diffusion D n : 
approximate (mean free-path) for¬ 
mula, 106; accurate general formula 
for rigid elastic spheres, 198; first 
approximation for rigid elastic 
spheres, 249, and Kelvin’s calcula¬ 
tions, 250; first approximation for 
“rough sphere” gas, 214 
Coefficient of thermal diffusion D T , 
and the thermal diffusion ratio 
ky( = Dy/D 12 ): general expressions, 
144, 149, 167; for Lorentzian. gas, 
190, 192; convergence of approxi¬ 
mations in Lorentzian case, 196; 
first approximation to k T , 253, 254; 
variation of k y with the concentra¬ 
tion-ratio, 255, and with the tem¬ 
perature, 256; the ratio JR T , 256 

Distribution of velocities, 26 


Distribution-function /, 27; Maxwell’s, 
5, 72, in a conservative field of force, 
80, in a rotating vessel, 81; see also 
Boltzmann’s equation 
Divergence, of a vector, 13; of a tensor, 15 
Dyadic, 14; differential, 18 
Dynamics of encounters : for “smooth” 
molecules, 53, 59, 170, 180; for 
rough spheres, 199 

Elastic molecules: rigid smooth spheres, 
9, 53, 89; rough spheres, 199 
Elasticity, general equations, 79 
Electric conductivity, 311, 320, 321; 
direct and transverse, in magnetic 
fields, 328, 335; in metals, 341 
Electric fields, intermolecular, 177-179; 

alternating, 343; strong, 345, 346 
Electrons, 304; electron-gas degeneracy, 
307; diffusion, thermal diffusion and 
electric conduction by, 311; thermal 
conduction by, 314; specific heat in 
metals, 315; with large energies, 
velocity distribution, 345-352; in¬ 
elastic collisions, 352 
Element: of volume, 13; of spherical 
surface or solid angle, 13; of any 
surface, 28 

Encounter, molecular, 3, 52; dynamics 
of binary encounter for “smooth” 
molecules, 53, and for rough spheres, 
199; geometry of, 56; statistics of, 
59; direct, inverse and reverse, 64, 
66 , 201, 370, 374; generalized 

molecules, 372 

Energy: heat-, 1, 8, 36; equation of 
conservation for simple gas, 52, and 
for mixed gas, 135; transfer of, 201 
Enskog’s equation of change, 49; his 
method of solution of Boltzmann’s 
equation, simple gas, 107-118, mixed 
gas, 136-142; his method of expan¬ 
sion andintegration, 359-369;theory 
of dense gases, 273-290 
Entropy, 41; connection with Boltz¬ 
mann’s ff-function, 81 
Equation of change {or transfer or con¬ 
servation) of molecular properties, 
especially number, mass, momen¬ 
tum and energy: for simple gas, 47, 
49, 52; for mixed gas, 134, 135; for 
dense gases, 279, 280 
Equation, of state : for rare gas, 38 ; 
for dense gas /van der Waals’ 
equation), 284, 286 
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Equipartition of energy, 41, 85 
Erf x, 95, 98 
Error function, 72 
Ettingshausen effect, 328 
Eucken’s theory of heat conduction, 237, 
241 

Excitation energy, 352 

Fifth-power law of intermolecular 
action (Maxwell): diagram of orbits, 
58: theory for, as special case of 
general theory, 173; theory deduced 
directly, 175 

Flow of molecular properties, 28; 
number-, 30 

Flux-vector, 31; thermal, 43 
Force, external: influence on distribu¬ 
tion of density and velocities, 77—SO; 
occurrence in Boltzmann’s equation, 
(i) when independent of the mole¬ 
cular velocity, 46, (ii) when de¬ 
pendent on the molecular velocity 
(ionized gas in magnetic field), 322; 
influence on diffusion, 143, 244; 
electric, resulting in electric current- 
flow, 311, 320, 321; alternating 
electric fields, 343; strong electric 
fields, 345, 346 

Force, intermolecular, 3, 53, 68, 151; 
point-centres of, 170; Maxwell’s 
fifth-power law, 173; inverse-square 
law, 177; Sutherland and Lennard- 
Jones types of interaction, ISO-187; 
influence on pressure, 35, 2S4, 286; 
influence on diffusion-coefficient, 
245, and numerical values of the 
force-index, for repulsions between 
unlike molecules, inferred from 
249; ditto for thermal diffusion, 
254, 257; influence on viscosity ft, 
221 , and numerical values of the 
force-index inferred from ft, 223; 
ditto according to Sutherland and 
Lennard-Jones models, 223—229 
Free-path, molecular, 3; mean, 3, 89, 
93; Tait’s mean path, 91; numerical 
values, 91; quantum theory of, 300; 
case of degeneracy, 310, 311, 318; 
frequency-function for free paths of 
assigned length, 96; free-path theory 
of viscosity, conduction, and dif¬ 
fusion, 100-106, and its defects, 106; 
ditto for ionized gas in magnetic 
field, 325 

Frequency of collisions, 89, 93 
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Function: Bessel, 124, 29S; Erf, 95, 9S; 
error, 72; hypergeometrie, 195; 
Legendre, 297, 300, 301, 361; 

Sonine, 123; symmetric, 111, 129 

Gas : simple, 25; mixed, 43; Lorentzian, 
1S7; Maxwellian, 173-177; “rough 
spheres”, 199-217: dense. 273-294; 
quantum theory of, 295-304; de¬ 
generate, 304-31$; ionized, 319-322; 
ionized in magnetic field. 33$, and 
Lorentzian case, 33$; electron-sas 
in metals, 340; in alternating electric 
field, 343; in strong electric field, 345 
Geometric variables of a molecular 
encounter, 56 

Gradient-vector, 13; velocity-gradient 
tensor, 19 
Gram-molecule, 38 

Hall current, 32S, 335, 342 
Hamiltonian function, 370 
Heat, specific: cj, 39, 12$, 206; e £ , 39; 
per gram-molecule, 40; numerical 
values, 42; for electrons in metals, 
30S, 315 

Heat energy, I, 8, 36; -density, 37; 

mechanical equivalent of, 2, 37 
H-function, Boltzmann’s, 69, 70; con¬ 
nection with entropy, 81 
Ii-theorem, Boltzmann’s, 69, 76, 77, $3 
Hydrostatic pressure, 34, 112, 206, 
284 

Hypergeometric function, 195 

Index of intermolecular force v, 170, 
190; V — 5, 173; v = 2, 177; attracting 
spheres (Sutherland), 182; repulsive 
and attractive fields (Lennard- 
Jones), 184, 191; connection with 
temperature-variation of viscosity/*, 
220-223, and of diffusion D 12 , 248; 
numerical values inferred from ft 
(simple gases), 223, and from 
(mixed gases, v 12 ), 249; connection 
with thermal-diffusion ratio, 256, 
and numerical values v 12 derived 
therefrom, 257 
Inelastic collisions, 346, 352 
Integrals: exponential, 20; multiple 
(transformation), 20, 21; theorems 
on transformations, 21-23, 67, 85, 
268, 290, 307 

Interaction, molecular: see Force, inter¬ 
molecular 
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Interpretation of kinetic-theory results, 
6-8 

Interval, collision-, 91 
Invariants, summational, 50; for rough 
molecules, 202; dense gases, 279; 
general molecules, 375 
Inverse encounter, 64, 66, 201 
Inverse square law, 177 
Ionization, 346, 356 

Ionized gas, 177, 319; in magnetic field, 
322; in magnetic and alternating 
electric field, 343; in strong electric 
field, 345 

Jacobians, 21, 65, 90, 152, 371 
Joule’s equivalent, 2, 37 

Laguerre polynomials, 124 
Legendre functions, 297, 300, 301, 361 
Lennard-Jones molecular model, 
184; Lorentzian gas, 191; viscosity, 
227 

Liouville’s theorem, 3, 370, 375 
Lorentzian gas, 187; viscosity, 230; 
thermal-diffusion ratio k r , 254; 
conduction of heat and electricity 
in metals, 315; in magnetic field, 339 

Magnetic fields, 322, 354 
Mass: molecular, 8, 25, 43; angular 
velocity, 202; -density, 26; -velocity, 
26 

Maxwellian distribution of molecular 
velocities, 5, 72; in smooth vessel, 
76; in presence of external forces, 
77; in rotating gas, 80; in a mixed 
gas, 84; in a “rough sphere” gas, 
206; in a dense gas, 277; in an 
ionized gas in a magnetic field, 324; 
divergence from, in an ionized gas 
in a strong electric field, 346-352 
Maxwellian molecules: see Fifth-power 
law 

Mean free-path: see Free path 
Mechanical equivalent of heat, j, 2, 37 
Mechanics: classical, 9; quantum, 9, 304; 
statistical, 3, 6, 37, 41, 83, 85, 304, 
316, 370; wave-, 304 
Metals: conduction (thermal and elec¬ 
trical) and specific heat, 315—318; 
transport phenomena in a magnetic 
field, 340 

Mobility of electrons, 321 
Molecular chaos, 60, 76, 92, 273; dia¬ 
meters, see under D; encounters, see 


under E; force or interaction, see 
under F; hypothesis, 1; mass, 8, 25, 
43; momentum, 31, 44; motions, 25 • 
property <fi, 28; range of influence, 
67, 178; speed, 24; structure, 6, 
370; variables, 25, 199, 371; velo¬ 
cities, 25; weight, 38 
Molecules: attracting, 2, 35, 53, 182, 
184, 284; charged, 177, 299, 304, 
309, 319; complex, 52; diatomic, 
43, 53, 237; electronic, 309, 315; 
general, 370; identical or unlike, 
299; ionized, 319, 356; Lennard- 
Jones type, 184; Maxwellian, 173; 
mechanically similar, 197; model, 
7, 53, 199, 215, 216; monatomic, 
235; non-spherical, 7, 53; point- 
centres of force, 53, 170; poly¬ 
atomic, 53, 235, 237; rigid, 2, 6, 25; 
rigid elastic spheres, smooth, 9, 53, 
59, 89, 168, and rough, 25, 199, 236, 
240; rotating, 7, 25, 199-217; 

smooth, 25, 53, 235; spherically 
symmetrical, 1, 7, 25, 53, 199; 
Sutherland, 182 

Momentum, molecular, 31, 44; equation 
of, 51, 135 

Multiple encounters, 178, 273, 377; 
integrals (transformation), 20 

ISTernst effect, 329; heat theorem, 309 
Neutrons, 304 

Number-density, 26, 43; -flow, 30 

Orthogonality conditions, 111 

Paradoxes of kinetic theory, 82, 325 
Parameters of Enskog’s solution, 110,117 
Path, free or mean free: see under F 
Peculiar angular velocity, 205; speed, 
26; velocity, 26 

Persistence of velocities, 96-99 
Phase-angle 8 n (quantum theory of 
molecular interaction), 297, 301 
Planck’s constant, 295, 304 
Point-centres of force, 53, 170, 190, 
221, 248, 256 

Polynomials: Laguerre, 124; Legendre, 
297, 300, 301, 361; Sonine, 123 
Position-vector, 12 

Pressure, 8, 31, 34; on boundary, 31; 
hydrostatic, 34; internal, 33; -tensor, 
31; successive approximations, 112, 
first, 112, second, 123, third, 263- 
271; low pressures, 101, 270, 271 
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Probability, 4, 5, 27, 60, S3 
Products: of vectors, scalar and vector, 
11 ; of vectors with tensors, 16; of 
tensors with tensors, 16 
Properties of molecules, 28; flow of, 
28 

Quantum theory, 9,295,304; of collisions, 
296; steady state, 37S 

Radiometer, 272 

Range of molecular influence, 67, 178 
Rarefied gas, 116, 260; viscosity, 101, 
271; heat flow, 270 

Ratio: conductivity to viscosity, 

f=A j/ic v , see under Conduction; 
conductivity, electric to thermal, 
316; persistence-ratio of velocities 
after collision, 97, 98; of specific 
heats, 40, 42, 206; thermal-diffusion 
ratio, ky (and R T ), see under 
Diffusion 

Recombination in an ionized gas, 356 
Reverse collisions or encounters, 201, 
370 

Reversibility, 82 
Righi-Ledue effect, 329 
Rigid molecules, 2, 6, 25; elastic 
spheres, smooth, 9, 53, 59, S9, 16S, 
220, and rough, 25, 199, 236, 240 
Rotating molecules, 7, 25, 199-217 
Rotation-vector, 12, 209, 331 
Rough spherical molecules, 199-217; 
of variable radius, 215; disadvan¬ 
tages as a molecular model, 216 

Scalar product of vectors, 11 
Self-diffusion: mean free-path theory, 
106; accurate theory, 197, 214, 249; 
Kelvin’s calculations, 250 
Shock-wave, 271, 272 
Slip at wall, 102, 220 
Solar atmosphere, 179, 322 
Solid angle, 14 

Solubility of integral equations for j (r) , 
110, 120, 142, 208 
Sonine polynomials, 123 
Specific heats, 39-42, 128; for “rough 
sphere ” gas, 206; for polyatomic gas, 
237; numerical values, 42 
Speed: molecular, 24; peculiar, 26 
Spherical molecules: see under Molecules 
Statistical mechanics, 3, 6, 37, 41, 
S3, 85, 304, 316, 370 
Statistical weight, 304 
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Statistics: of encounters, 59; Bose- 
Einstein, 309; Fermi-Dirac, 304 
Steady state: uniform, 69; in smooth 
vessel, 76; in presence of external 
forces, it; quasi-steadv, in rotating 
gas, 80, mixed gas, 84, 85, “rough 
sphere” gas, 204, dense gas, 277; 
ionized gas in magnetic field, 324, 
and in strong electric field, 346-352 
Streams, molecular, interaction of (quan¬ 
tum theory), 296 
Stress-system: see under Pressure 
Su mm ational invariants: see tinder In¬ 
variants 

Surface element, 13 

Sutherland’s constants: S 13 (dif¬ 
fusion), 183, 249; S (viscosity and 
conduction), 184, 223-226, 241; 
numerical values of, 5, 225 
Sutherland’s molecular model, 182, 
21S, 223-226, 241, 245 
Symmetrical tensor, 15, function, 111, 
129; see also Tinder. Molecules 

Temperature, 1 , S, 37-40, 206 
Temperature drop at wall, 104 
Tensor, 14; conjugate, 15; divergence, 
15; integrals, 21-23, 268, 290-292; 
non-divergent, 15; products with 
vectors or with tensors, 16; rate 
of strain and rate of shear tensors, 
19; sy mm etrical, 15; unit tensor, 
15; velocity-gradient tensor, 19, 
259; antisymmetrical or skew, 391; 
vector of, 391 

Thermal conduction: see under C 
Thermal diffusion: see under D 
Thermal flux, 43 

Transformation of multiple integrals, 20 
Transport phenomena, 100, 295, 324 

Uniformity of density, 4 
Unit vectors, 10; tensor, 15 

Van der Waals’ attractions, 227; 
equation, 280, 284 

Variables, molecular, 25, 199, 371; of 
encounter, 56 

Vectors, 10-14; divergence of, 13; flux- 
vector, 31; gradient vector, 13; 
integrals, 21-23; position vector, 12; 
products with vectors, 11, 12, and 
with tensors, 16; rotation vector, 
12, 209, 331; unit vector, 10; of 
tensor, 391 
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Velocity, angular, of molecules, 200, 
202, 205, of gas, 79-81, 205; dis¬ 
tribution, 26; distribution function. 
(see ■under D and under Boltzmann’s 
equation); -space 24; -domain, 24; 
-gradient tensor, 19, 259; mass-, 44, 
319; mean, 26, 319; peculiar, 26; 
peculiar angular, 205; persistence 
of, after collision, 96 

Viscosity, equations for the stress com¬ 
ponents, 123 

Viscosity coefficient, {i, for simple gas 
(see below for mixed gas): approxi¬ 
mate mean free-path theory, 100, 
and at low pressures, 101; accurate 
general formula, 123; notation for 
approximations, 162; first four 
approximations for rigid elastic 
spheres, 169, 218; first and second 
approximations for point-centres of 
force, 172, 173, 218; first approxi¬ 
mation for attracting and repelling 
molecules, 181, jand for Suther¬ 
land molecules, 184, 218, and for 
Lennard-Jones molecules, 187, 218, 


and for “rough sphere” molecules, 
213, 215, 218, for a dense gas, 286; 
numerical values of [i at 0° C., 229; 
dependence on density, 219, on 
temperature, 220-229; molecular 
diameters inferred from (i, 220, 229; 
force-index inferred from fi, 223; 
Sutherland’s constant, numerical 
values, 225; force-index for Lennard- 
Jones molecules, 228 
Viscosity coefficient, (i, for mixed gas : 
general formula, 146; first approxi¬ 
mation (general expression), 167, 
230; Lorentzian gas, 190, 191, 194, 
197; variation with concentration- 
ratio, 230, and with temperature, 
232 

Volume-element dr, 13 

Wall, pressure on, 31; slip at, 102; tem¬ 
perature-drop at, 104 
Wave fields of molecules, 295, 304; 

-mechanics, 304 
Weight, molecular, 38 
Wiedemann-Franz law, 316 
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REFERENCES TO NUMERICAL DATA 
FOR PARTICULAR GASES 

SIMPLE GASES 

(1) (2) (3) (4) (5) ( 6 ) (7) 

j«(0 6 C.) fi(T), fi(T); 
y, C v , C‘ v , and s and fi{T), other A and 
c v , C p — C v cr v S data f( =A /{c v ) D n 

1 Air Air p. 42 p. 229 p. 223 p. 225 — p. 241 —■ 

2 Ammonia NH 3 „ „ „ „ — ,, — 

3 Argon A „ „ „ „ p. 228 „ — 

4 Carbon monoxide CO „ „ „ „ — „ p. 251 

5 Carbon dioxide C0 2 „ „ „ „ pp. 226, „ „ 


6 Chlorine Cl 2 „ „ „ „ — „ — 

7 Deuterium D 2 — „ — — — „ — 

8 Ethylene C,H 4 „ „ — „ — . „ — 

9 Helium He „ „ „ „ pp. 220, „ — 

222 

» 10 Hydrogen H 2 „ „ „ „ — „ „ 

11 Hydrochloric acid HC1 — „ „ — — — 

12 Hydrogen sulphide H 2 S „ „ — „ — — — 

13 Krypton Kr — „ — „ — „ — 

14 Methane CH 4 „ „ „ „ — ,, — 

15 Methyl chloride CH 3 C1 — „ — — 

16 Neon Ne — „ „ „ — „ — 

17 Nitrogen N, „ „ „ „ pp. 226, „ „ 

289* 

18 Nitrous oxide N 2 0 „ „ „ „ — » — 

19 Nitric oxide NO „ „ „ „ — „ — 

20 Oxygen 0 2 „ „ „ „ — „ 

21 Sulphur dioxide SO, „ „ — „ — » — 

22 Xenon Xe — „ — „ — „ — 

* Column (5), p. 289, refers to [i for N, at high pressures (15 to 966 atmo¬ 
spheres). 
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GAS-MIXTURES 


Variation with composition: 

/1 for H a , He at 0° C.; for He, A at 20° C., 100° C... p. 232 
A for He, A at 0° C., p. 243 
i > 12 for He, A; H 2 , CO a , p. 248. 

The following table indicates the gas-pairs for which numerical data are tabulated: 
* refers to Table 27, p. 252; values of jD 12 and of <r 12 . 

f refers to Table 25, p. 249; values of s (in D 12 ocT s ) and the force-index v 12 . 
j refers to Table 28, p. 257; values of Rt (p. 256, from thermal diffusion) and the 
force-index v lz . 

C0 2 CaH* He H 2 Kr CH 4 He N 2 N a O 0 2 S0 2 Xe Rn 
Air , Ak *f — — * — * — — — 

Argon A — — *f — j — 

Carbon monoxide CO * * — * — — — * — * — — — 

Carbon dioxide C0 2 — — — *fj — * — * *f * — — — 

Deuterium D 2 — —- — j — — — t — — — — — 

Ethylene C 2 H 4 — — — * — — — — — — — 

Helium He — — — — J — J f — — — . J ? 

Hydrogen H 2 — — — — — * t *} * *f} * — J 

Krypton Kr — — — — — — j-— — — — J — 

Methane CH 4 — — — — — — — — — — — — — 

Neon Ne — — — — — — -— — — — — t — 

Nitrogen N 2 — — — — — — — — — *f — — — 

Nitrous oxide N 2 0 — — — — — — — — — — — — — 

Oxygen 0 2 — — — — — — — — — — — __ 

Sulphur dioxide SO, — — — — — — — — — — — — — 

Xenon Xe — —• — — — — — — — — — — — 

Radon Rn — — — — — — — — — — — — — 
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